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PREFACE 


This revision is so complete as to affect every section of the book. 
While all good features of the old text were kept intact, improvements 
were made by eliminating every item that did not have a definite 
purpose, by changing the logical as well as the pedagogical order, by 
simplifying the major developments, and by adding new theory, new 
proofs, and new problems. VThe following paragraphs will indicate 
some major changes. 


The treatment of graphs indicates the type of improvement made. 
In the old text all the graphs were treated without interspersed exer¬ 
cises. In the new treatment great emphasis is placed on the graph of 
the sine curve, including the cosine curve as a special case. Inspection 
of the curve and ideas got by plotting it for the five basic angles, 0°, 
90°, 180°, 270°, and 360°, lead easily and clearly to the concepts of 
period, amplitude, and intercepts. Then follows a list of problems 
involving these ideas in many ways. With this clear knowledge based 
on a single elementary curve, the student proceeds to consider care¬ 
fully distributed material on the graphs of the other functions, the 
graphical addition of curves, and the use of these curves to represent 
electric currents, sounds, and waves generally. This plan of develop¬ 
ing the simplest basic fundamentals of a subject in detail and then 
bringing in the natural extensions directly suggested by thoroughly 
understood basic material is used again and again throughout the 
book. The best problems together with pictures giving life and 
rea ity by suggesting practical situations, were kept. Some were 
rewritten, new ones were supplied, all were regraded, and the long or 
difficult ones were furnished with appropriate hints and marked with 
stars . Among the more interesting of the new problems may be 
mentioned those on railroad curves, §21, and those on waves, §52 
Worthy of note also are the very short problems at the beginnings of 
rta, wqmrrn 6 careful thinking and the minimum of pencil work, they 
recall and focus attention on facts pertinent to the longer solutions 

acfumcyTf 2 Uhl fTV"'*. rectly - A discussion points out that 
ccuracy of the table used should agree with that of the given data 

Then problems with three-place, four-place, and five-pC tabt! 
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respectively, emphasize the point everywhere. Also answers with indi¬ 
cated accuracy to be obtained by the slide rule and by graphical 
methods bring out clearly the relations of instruments and numbers 
obtained by using them. 

The forms for computations constitute another important feature. 
Natural forms which follow the trend of thought through typical prob¬ 
lems have been developed, and these are followed by concise forms 
using the least amount of writing while carrying a complete record. 
The student easily understands the concise forms from the longer 
natural ones and tends to take advantage of the short cut if he solves 
many problems. 

Vectors representing journeys, flights of airplanes, winds, velocities, 
and forces furnish very simple, real, and interesting applications of 
trigonometry. Also, because of the great importance of vectors in 
physics and advanced mathematics, the growth of the vector concept 
should be started early. Consequently, a short chapter on vectors has 

been included. 

Valuable help and cooperation has been received in the preparation 
of this text, Capt. W. H. Price and Capt. Robert B. Pirie have taken 
great interest in the book and have given encouragement in various 
ways. Admiral William V. O’Regan and Colonel John Tyler have 
provided detailed help and suggestions in the preparation of the manu¬ 
script. The Department of Mathematics at West Point supplied notes 
and comments based on years of classroom experience, and many users 
have generously sent criticisms of all kinds. Our colleagues gave 
suggestions directly and indirectly; in particular, Professor John 
Tierney supplied some excellent ideas and read the proof sheets. It is 
with great pleasure that the authors acknowledge this valuable aid and 

express their deep appreciation for it. 

Lyman M. Kells 
Willis F. Kern 
James R. Bland 

Annapolis, Md. 

June, 1951 
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LIST OF SYMBOLS 

read is identical with. 

read is not equal to. 

read is less than. 

read is greater than. 

read is less than or equal to. 

read is greater than or equal to. 

y), read point whose coordinates are x and y. 
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EULER 

Hipparchus (c. 140 b. c.) definitely began the science of trigonometry by working 
out a table of chords, that is, of double sines of half the angle. 


Claude Ptolemy (c. 150) did for astronomy what Euclid did for plane geometry. 
His work on astronomy was a standard of excellence for many centuries. 

John Napier (1550-1017) invented logarithms. This remarkable invention 
affects the whole world with constantly increasing power. 

Leonard Euler (1707-178:1) was, in a sense, the creator of ,^ d ^ n h ^ a ^ n o iat,Cal 
expression. The equation e'* = cos z + » s.n * w called by his name. 
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PLANE TRIGONOMETRY 




CHAPTER I 


trigonometric functions of an acute angle 


1 Introduction. A cadet who was 6 ft. tall found that his shadow 
was 3 ft. long (see Fig. 1). He argued that, since h.s he.ght was twice 
the length of his shadow, the height of a nearby flagpole must be twice 
the length of its shadow. He then measured the shadow of the flagpole 
and found that it was 7 ft. long. He concluded that the height.of t 
flagpole was twice the length of its shadow, or 2 X 7 ft. - 14 tt. in 
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other words, by observing that the ratio of the height of a certain right 
triangle to its base was 2/1, he found the height of a flagpole without 

measuring it. 

This is a very elementary illustration of the use navigators, survey¬ 
ors, engineers, and others make of trigonometry. By applying the 
complete theory of the ratios of the sides of a right triangle (that is, 
trigonometry) to data obtained by measurements, they find heights of 
inaccessible mountains and distances through them; distances across 
lakes, rivers, and inaccessible swamps; boundaries of fields and coun¬ 
tries; and positions at sea. Engineers use trigonometry every day in 
their work of constructing large buildings, bridges, and roads; astrono¬ 
mers use it to compute a standard time of day; surveyors use it con¬ 
stantly to find all sorts of heights, distances, and directions; and navi¬ 
gators use it to compute latitude, longitude, and course at sea. 

Trigonometry has other very important uses. The ratios of the 
sides of right triangles are capable of describing phenomena of a 

3 
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periodic nature such as the to-and-fro motion of a pendulum and the 
motion of waves. Consequently, they play an important part in the 
theory of light and sound, in electrical theory, in wave analysis, and in 
all investigations dealing with phenomena of a vibratory character. 
The problems set forth in this book deal, for the most part, with heights 
and distances of inaccessible objects and are designed primarily to 
familiarize the student with the trigonometric functions and with some 
of their practical applications. Besides learning these practical uses 
of trigonometric functions, the student will see why they are adapted 
to represent, in advanced mathematical and physical theory, the above- 
mentioned vibratory motions. 

2. The tangent, the sine, and the cosine. Consider any acute angle 
such as angle A of Fig. 2(a). From any point R on one side of the 




Fig. 2. 

angle drop a perpendicular to the other side meeting it in C. The 
ratio CB! AC of the lengths CB and .4C is called the tangent of angle 
A. This is expressed in symbols by 

la* A = • (1) 

the abbreviation tan being used for tangent. Let us prove that an 

acute angle can have only one tangent and that equal acute angles 

have equal tangents. . 

Let BC and BiCi in Fig. 2(6) represent line segments, each being 

drawn from a point on one side of angle .4 perpendicular to the ot er 
side. Then the triangles ABC and AB\C\ are similai, since t ey are 
right triangles having an acute angle of one equal to an acute ang e o 
the other. Since corresponding sides of similar triangles are piopor 

tional, we have 

CB = CjBi (2) 

AC AC i 

Thus the value ot the ratio CB/AC is determined when an acute angle 
is given. Consequently, an acute angle has only one tangent. 
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Also, two acute angles that have the same tangent are equal. Let 
A and A' in Fig. 3 be two angles such that 

tan A — tan A'. (3) 

Construct the right triangles shown in Fig. 3. Then, from (3) and the 
definition (1), 

CB A C'B' 

_ = tan A = tan A = j^ r (4) 

Hence the two triangles in Fig. 3 are similar, having an angle (90°) of 
one equal to an angle of the other and the including sides proportional. 



Therefore angles A and A', being corresponding angles of similar tri¬ 
angles, are equal. 

For convenience, we shall indicate that an angle is a right angle by 
drawing a small square at its vertex. 

Thus the small square at C in Fig. 4 
indicates that angle C is a right angle. 

Two other ratios, besides the tangent 
of an angle, are very important. The 
ratio CB/AB in Fig. 4 is called the sine 
of angle A, and the ratio AC/AB is 
called the cosine of angle A. Using the 





Adjacent leg£ 
Fiq. 4. 


o 


abbreviations cos for cosine and sin for sine , we have from Fig. 4 


sin A = 


cos A = 
tan A — 


opposite leg 
hypotenuse 
adjacent leg 
hypotenuse 
opposite leg 
adjacent leg 



These ratios are called trigonometric functions. By using the same 
me of reasoning applied in the case of the tangent, we can show that 
the value of each of the three trigonometric functions of an acute angle is 
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determined when the acute angle is given. Furthermore, it can he shown 
that, if the value of any one of the three trigonometric functions of an acute 

B angle is equal to the value of the same function 
of a second acute angle , the two acute angles are 
equal. 

Example 1. Find the values of the three 
trigonometric functions of an angle A if its sine 
is f. 



Solution. Draw a right triangle having its 
hypotenuse 5 units long and one leg 3 units 
long (see Fig. 5). The acute angle opposite the 3-unit leg is angle 
.4, since its sine is f. Also, the side 


AC = \/25 - 9 = 4. 

Then, from Fig. 5, we read in accordance with the definitions (5) 

= i > 


sin A 
cos A 
tan A 


A 

5* 

3 

4- 


Example 2. A surveyor wishing to find the height of a lighthouse 

measures the angle A at a point 120 ft. from its base. His findings are 

represented in Fig. 6, where tan A = -j. 
What is the height of the lighthouse? 
Solution. From triangle ABC we 

read 

CB* 

jc or tan A " 120 


s 

s 


,\A 

s 



tan A = -7-^’ L' or tan A — 


120 V 


Fig. 6. 


q Solving this equation for CB and re¬ 
placing tan A by its value f, we obtain 


CB = 120 tan A = 120(f) = 80 ft.* 


EXERCISES 

1. Read tan A from each of Figs. 7, 8, and 9. 

2. Read sin A and cos A from each of Figs. 7, 8, and 9. 

3. Read sin B, cos B, and tan B from the right triangle in each of Figs. , 

8, and 9. 

• Throughout this book the answers to illustrative examples will be printed in 
boldface characters. 
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4 {( 12. 3 

Fio. 7. Fiq. 8. Fig. 9. 


4. Compute the missing length of side for each of Figs. 10, 11, and 12, and 
then read sin A, cos A, and tan A from each right triangle. 



5. Construct a right triangle having length of hypotenuse 13, length of a 
leg 5, and angle A opposite the 5-unit side. Then read sin A, cos A, and tan A 
from the figure. 

6. Using the plan suggested in Exercise 5, find cos A and tan A if sin A 
n 


7. If tan A — -rs, find sin A and cos A. 

8. If cos A = find sin A and tan A. 

9. From Fig, 13 find sin A, cos A, and tan A, and 
then show that 

(a) sin A cos A = ab/(a 2 + 6 1 ). 
sin A 

(5) -- j = tan A. 

' cos A 



(c) (sin A)* + (cos A) 2 = 1. 13 - 

10. An observer at A (see Fig. 14), 1110 ft. from and on a level with the base 
of the Washington Monument, sights its top and finds that the angle A is such 
that tan A = £. Find the height of the monument. 





Fl °* 14 - Fio. 15. 

I , 1 ! - 15 represents a ladder leaning against the side of a house. If the 

Mder IS 26 ft. long and oos A - T , how far is the foot of the ladder from the 
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12. The length of string between a kite and a point on the ground is 255 ft. 
If the string is straight and makes with the level ground an angle whose tangent 
is how high is the kite? 

13. A base line AC 350 ft. in length is laid along one bank of a river. On 
the opposite bank a point B is located so that CB is perpendicular to AC. The 
tangent of the angle CAB is then measured and found to be -Tp. Find the 

width of the river. 



bo 

<u 

*55 

o 

Q. 

Q. 

o 


3. The cotangent, the secant, and the 
cosecant. Besides the ratios (5), three 
others are used extensively. For angle A 
they are called cotangent A, secant A, and 
cosecant A and are represented by cot A, 
sec A, and esc A. 

Referring to the right triangle in Fig. 16, we make the following 
definitions: 

adjacent leg 


cot A = 


sec A = 


esc A = 


opposite leg 
hypotenuse 
adjacent leg 
hypotenuse 


( 6 ) 


opposite leg 

The six trigonometric functions, sine , cosine, tangent , cotangent, 

secant, and cosecant , will be referred to as 
basic trigonometric functions.* 

Just as before, the value of each trigono¬ 
metric function is determined when the 
acute angle is given; and if the value of 
any one of the six trigonometric functions 
of an acute angle is equal to the value of 
the same function of a second acute angle, 
the two acute angles are equal. 

Since y/x = 1 -f- (x/ij), it appears from the definitions (5) and (6) 
ind Fig. 17 that 



Fig. 17. 


C 

a 
c 
b 

cot A = - 
a 


esc A = - = 


sec A = r = 


_ 1 _ 

a/c 

1 

b/c 

1 


sin A 
1 

cos A 
1 


(7) 


or 


a/b tan A 

* In this chapter any angle mentioned is understood to be an acute angle, 0 
90°. In Chap. IV, trigonometric functions of angles of any magnitude will e 

considered. 



§3] THE COTANGENT, THE SECANT, AND THE COSECANT 9 


It will be well for the student to think of esc A, sec A, and cot A as 
reciprocals of sin A, cos A, and tan A, respectively; thus, to find esc A, 
think of the fraction for sin A and then write its reciprocal. 

EXERCISES 

1. From each of the Figs. IS, 19, and 20 write the six trigonometric func¬ 
tions of angle A. 



5 8 1 

Fio. 18. Fig. 19. Fio. 20. 


2. From each of the Figs. 21, 22, and 23 write the six trigonometric func¬ 
tions of angle A. 



3. Find the values of all the trigonometric functions of an acute angle hav¬ 
ing (a) its sine equal to ( b ) its tangent equal to A, (c) its cosine equal to 


4. Using values obtained from Fig. 24, prove that 

(а) (sec A)* — (tan A) 1 = 1. 

(б) (esc A)* — (cot A) 1 = 1. 

b 

Fiq. 24. 

5. Given that cos D = sin E = ff show that 

(a) sin D cot E = 

(b) sec D sec E = 

6 ; f lv ? n that sin D = *, tan E = A, cos F = A, cot G = show that 
me following equations are true: 

(а) (cos D) 2 sec G cos E = A- 

(б) (esc D) 2 cot F cot E — 2. 

(c) sec E tan F cot G sin G tan D = 

(<f) sin D esc E sec G cos E = 2. 

(c) esc D cot F esc G cos E = -irp 
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7. Using values obtained from Fig. 25, show that 

(а) a = c sin A =6 tan A. 

( б ) b = c cos A = a cot A. 

(c) c = a esc A = b sec A. 

8 . Referring to Fig. 25, if 

(a) c = 27 and sin A = i, find a. 

(b) c = 36 and cos A = -j, find b. 

( c) a = 42 and cot A — j, find b. 

(d) a = 64 and esc A = §, find c. 

(e) 6 = 12 and sec A = 7 , find c. 

(J) b = 24 and tan A = t, find a. 


A 



9. Figure 26 represents a radio tower. AC is a cable 
anchored at point C on a level with the base of the tower. 
The angle C made by the cable with the horizontal is such 
that sec C = §. If the distance from C to the center B 
of the base is 220 ft., find the length of the cable. 


Fio. 26. 


10. The central pole of a circular tent is 30 ft. high and is fastened at the top 
by ropes to stakes set in the ground. Each rope makes an angle A with the 
level ground such that esc A = f. Find the length of each rope. 


>- 


R 


4. Trigonometric functions of 46°, 30°, 60°, 0°, 90°. If a sq uare be 
constructed with sides 1 unit in length, its diagonal will be 
= V2 units long and will make a 45° angle with a side (see Fig. 27). 

6 Then, from the triangle ABC (Fig. 27), we read in 

accordance with definitions (5) and (0) 

sin 45° = 1/V2. csc 45 ° = 

cos 45° = l/\/2, sec 45' = V2/1, 

tan 45'= 1/1, cot— 1/1- 

If an equilateral triangle be constructed with 
sides 2 units in length and if the bisector of one 
of its angles be drawn, this bisector will have 
a length of -nits, will make a 30» angle with each of two s.des^ 
and will be perpendicular to the third side (see Fig. 28). Hence, fro 
the triangle ABC of Fig. 28, we read 

sin 30' = 1/2, esc 30° = 2/1, 

cos 30' = V3/2, sec 30 = 2/V3, 

tan 30' = l/t/3. cot 30 ° = " v/3/1. 
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V 


Fig. 28. 


Fig. 29. 


Placing the triangle of Fig. 28 in the position shown in Fig. 29, we 
read from triangle ABC 


sin 60° = \/3/2, 

cos 60° = 1/2, 
tan 60° = V3/1, 


esc 60° « 2 /a/ 3, 
sec 60° = 2/1, 

cot 60° = 1/V3. 


The trigonometric functions of 0° are, by definition, the results 
obtained by placing opposite leg 

equal to zero and adjacent leg equal 0 “ l B 

to the hypotenuse in the definitions A ^ -riQ 

(5) and (6). Hence they may be F 1 ^ 

read from Fig. 30. Since BC = 0 IG ' 

and since division by zero is excluded from algebraic operations, it 
appears that esc 0° and cot 0° are undefined.* From Fig. 

30, we write ® 

'fa 

sin 0° = 0, esc 0° undefined, 

cos 0° = 1, sec 0° = 1, 

tan 0° = 0, cot 0° undefined. 


Similarly, from Fig. 31, we write 


sin 90° = 1, 
cos 90° = 0, 
tan 90° undefined, 


esc 90° = 1, 
sec 90° undefined, 
cot 90° = 0. 


11 


Do not memorize the values in this article, but be able to 
reproduce them from appropriate figures. 


V 

Fio. 31. 


« i“e° n 0 l cot A and 

mately 6700. xample esc (xtSttot) is approxi- 
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EXERCISES 


1. Without referring to the text, read from a figure, appropriately prepared, 
the trigonometric functions of 45°. In the same manner, derive the trigono¬ 
metric functions of 30° and of 60°. 

2. Using values from your figures, find the values of 

(а) tan 30° sin 60° sec 30°. 

(б) esc 45° cot 60° cos 45°. 

(c) sin 30° esc 60° cot 45°. 

(d) tan 45° sec 60° — sin 30° cot 60°. 

3. Find the values of the trigonometric functions of 0° and 90° without refer¬ 
ence to the text. 

4. Show that cos 60° = 2(cos 30°) 2 — 1. 

esc 90° 

6. Show that 5 tan 2 30° = sec G0°- . * cos 0°. 

CSC ol) “t“ 1 


6. Find the trigonometric functions 
of angle A from each of Figs. 32, 33, 
and 34. 




Fig. 34. 


0.000291 



u> 


Fig. 33. 


7. Show that 

(«) sin 60° = cos 30°. (6) tan 45° = cot 45°. 

*8.* Verify that 

x 1 + sin 30° 1 — cos 60° 4 sin 30° 

1 - sin 30° “ 1 + cos 00° “ (cos 30°) 2 ‘ 
cos 60° 1 + sin 6(F 

1 - sin 00° “ cos G0° 


C 



★9. From Fig. 35 find the lengths of 
the sides AD, AC, and AB, and using 
these values find the values of the 

cot 15° and tan 15°. 

Hint. Note that 0 = 15°. Why? 

Hence AB = AC. Why? 
that its solution is long or that it is difficult. 
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5. MISCELLANEOUS EXERCISES 

As an introduction to the list of exercises below, it will be instructive 
to apply a simple, but very important, method of trigonometry. 
Equate two expressions for a function of an angle 
and solve the result for an unknown quantity, or 
use it with other equations to obtain desired results. 

Occasionally it will be convenient to use the 
symbols < for is less than, > for is greater than, 

^ for is less than or equal to, and ^ for is greater 
than or equal to. 

Example. If in Fig. 36, SR represents 60 ft., 
cos A = 4{, sin B = , find the lengths repre¬ 

sented by RQ, QS, and QP. 

Solution . First prepare the right triangles shown in Fig. 37. Then, 

O 

using the italicized statement, write sin A = ^ [from Fig. 37(a)] = J1 




Fig. 37. 


(from Fig. 36). Therefore 


bx = 3(60), or x = 36. 

Similarly 

COS A - | or y = 48. 

Now using triangle PQS and Fig. 37(6), obtain 


cos B — 





EXERCISES 

1. Copy Fig. 36; take sin A = f, cos B = H; and reproduce the solution 
oi tfle example without reference to the text. 


14 TRIGONOMETRIC FUNCTIONS OF AN ACUTE ANGLE [Chap. I 
4 

rt ^ v ✓ 

2. Compute the unknown side of the triangle in 
Ff£: 38, and read from the triangle the six trigono¬ 
metric functions of angle D. 


i If tan A = §, find cos A, cot A , and esc A. 
til Find x and y from Fig. 39 if tan A = -y. 





Fig. 39. 


Fig. 40. 


(6. For the triangle of Fig. 40 find the value of sin B cos B tan B cot A. 
o. If sin A = cos B = find (sec A) 2 — (tan B) 2 . 

7. Which of the six trigonometric functions are undefined for (a) 0°; 
(b) 90° ? 

8. Write the values of four trigonometric functions of (a) 0°; (6) 90°. 

9. Give reasons why the following statements are true: 

(а) sin A is not greater than 1 if 0° ^ A S 90°. 

(б) cos A is not greater than 1 if 0° ^ A ^ 90°. 

(c) esc A «= 1 if 0° < A ^ 90°. 

(d) sec A ^ 1 if 0° ^ A < 90°. 

(e) tan 45° = 1. 

(/) tan A < 1 if 0° g A < 45°. 

(g) tan A > 1 if 45° < A < 90°. 

( h) cot A > 1 if 0° < A < 45°. 

10. From the triangle of Fig. 41 deduce that 
(a) angle B = 90° - angle A. 

(, b ) sin (90° - A) = cos A. 

(c) tan (90° - A) = cot A. 

(d) esc (90° - A) = sec A. 

(c) 1 + (tan A) 2 = (sec A) 2 . 

(/) 1 + (cot A) 2 = (esc A) 2 . 


H 



Fio. 41. 



(li) If in Fig. 42, tan A = 4, find the lengths a and h. 
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A farmer, wishing to find the area 
triangular piece of land represented 
by the triangular map of Fig. 43, finds 
by measurement that side AB represents 
120 rods and tan A = Find the re¬ 
quired area. 




Fig. 43. 


c 




13. Replace “tan A = f” in Exercise 12 by “cos A = and solve the 
resulting problem. 


/iJln Fig. 44 QR is 39 units long and sin A = f, 
cos"® = A- First find lengths x and y and then 
find length z. 



*16. Figure 45 shows two ships at A and B in the same vertical plane with 
an airplane. The airplane is 2000 ft. high, and the lines of sight from it to A 



Fio. 45. 


and B make angles with the horizontal of 44° and 32°, respectively. Find the 
distance AB. Assume that cot 44° = 1.036 and that cot 32° = 1.600. 
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D a A 



*16. In Fig. 46, OD = 35 units, AB = 29 
units, esc x = f, tan y = V'* Find the 
lengths of all line segments in the figure. 


6. REVIEW AND TEST QUESTIONS 



1. Write the six basic trigonometric functions of the 
angle A defined by Fig. 47. 


y. If cot A = I, find in radical form sin A, cos A, and esc A. 

(3? Write the values of (a) sin 30°; (6) cos 30°; (c) tan 60°; (d) cot 45 ; 


(e) sec 45°; (/) esc 60°. 



4. Find the value of the product sin B cos B 
tan B cot A where angles A and B are defined by 

Fig. 48. 


fe. Of two acute angles A and E, sin a = tt - »• 

value of sec .4 (cos J3) 2 (sin B) 2 (csc .A) 2 . 

6. (a) Is there an angle A for which cos A > 

(6) Is tan A less than 1 if A is less than 45 ? 

(c) For what acute angles x is cot x greater than 1 

(d) For what acute angles x is tan x greater than 1 1 

(«) Is there an angle A for which sec A is less than 1 1 

7. (a) Can two unequal acute angles have the same tangentT 
(6) Can two acute angles having the same sine be unequal? 

(c) Does cos 60° equal 2 cos 30 ? 


Find the 
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( d ) Does sin 60° equal cos 30°? 

(e) Does tan 60° equal cot 30°? 
(/) Does sec 60° equal 1/csc 60°? 


, 8/ Find the lengths of y and z in Fig. 
4£nf sin A = f and cot B = 



(§/ A plot of ground has the form of a right triangle with one leg 101.0 yd. 
long and its adjacent acute angle 20°. Use the fact that tan 20° = 0.364 to 
find the length of the other leg and that sec 20° = 1.064 to find the length of 
the hypotenuse. 


jiy. Find the lengths of y and z in Fig. 50. 
Assume that tan 35° = 0.700. 



Fio. 50. 

*11. An airplane starts from a station and rises at an angle of 10° with the 
horizontal. By how many feet will it clear a vertical wall 110 ft. high and 
900 ft. from the station? Assume that tan 10° = 0.176. 


*12. Find the lengths of the two smallest line 

segments in Fig. 51 if tan A = f. Note that 
cos A = 




CHAPTER II 


FUNDAMENTAL RELATIONS 
AMONG THE TRIGONOMETRIC FUNCTIONS 


7. Foreword. Chapter I dealt mainly with the definitions of the 
trigonometric functions and simple applications of them. This chap¬ 
ter deals with some important relations among these functions and 
some basic processes of great importance for the whole subject. The 
chapter is designed to give familiarity with these basic trigonometric 
relations, power to simplify expressions, and the ability to devise 
simple formulas. 

8. Identities. Generally an equation like 



holds true only for certain values of its variables. Thus x 2 1—0 

holds only if x is 1 or —1. On the other hand 


x 2 — ! =* (x + l)(s - 1) 


holds true for all values of x.f It is called an identity. An identity 
is an equation which is satisfied by all values of its variables for which 
its members have meanings. This chapter is devoted mainly to 

identities. 

Since we have defined trigonometric functions only for angles Irom 
0° to 90°, the identities will be verified only for this range. However, 
when the general definitions of Chap. IV are given, we will be able to 
see that all identities considered in this chapter hold for the general 

values of the functions. . , . . „ 

9. Simple identities. Since the values of the trigonometric func¬ 
tions are independent of the length of the hypotenuse of the right tri¬ 
angle used in the definition, take the hypotenuse as unity and construct 


• The symbol - is frequently used to mean “is identically equal to. Hokto, 

for convenience, we shall use the ordinary symbol of equa ‘f ‘^"Imer val 0 < ,1 
t All identities considered in this chapter hold for angles.^" " v “' 0 < 

< 90°. Some of the identities will have undefined members for the angles 

and 90°, because division by zero is involved. 

18 
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Fig. 1. From it we read at once 


a ■ A 

j — a = sin A, 

esc A = - 
a 

A 1 
sec A — y 
o 


cot A = - 
a 


j = b = cos A 

_ 1 _ 

sin A , 

1 

cos A’ 

1 


B 


1 


tan A — - = 


a/b tan A 
a __ sin A 
b cos A’ 



cot A = - = 


b 

a 


cos A 
sin A 


Collecting these formulas for convenience of reference, we have 

1 


esc A = 
sec A = 


cot A = 


and 


sin A 

1 

cos A 

1 

tan A 


/ 


(i) 


tu<t = 

cos A 


cot A = 


cos A 
sin A 


Also, by reading trigonometric functions of A and 90* 
we obtain *j 

cos (90° — A) = a — sin A, 
sin (90° - A) = 6 = cos A, 


(2) 

— A from Fig. 1, 


tan (90° — A) = - = cot A. 

(1 


By using this procedure the student may prove the following formulas: 


cos (90° - A) 
cot (90° - A) 
esc (90° - A) 


( 3 ) 


sin A, sin (90° — A) = cos A, 

: tanA, tan (90° - A) = cot A, 

5 sec A, sec (90° - A) = esc A, 

or stated in other words, any trigonometric function of an acute 
is equal to the co-function of its comolement + Ute “ gle 

the significance of the prefix ^ 

functions; it has reference to the word compUmel tng “ toc 
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Example 1. Simplify 

sin A cos (90° - A) esc .4 cot A - sin (90° - A). (a) 

Solution. From equations (3), we have 

cos (90° - A) = sin A, sin (90° - A) = cos A, ( b) 

and from equations (1) and (2) 


esc A = 


1 

sin A’ 


cot A = 


cos A 
■ • 

sin A 



Replacing cos (90° — i4), sin (90° — A), cot A, and esc A in (a) by 
their values from ( b ) and (c), we obtain 


... 1 cos A . 

sin A • sin A • ——;-cos A 

sin A sin A 



Since sin A is a number, it may be canceled with sin A. Hence ( d ) 
simplifies to 

cos A — cos A = 0. 

Example 2. Find an acute angle x which satisfies the equation 

sin (3x — 30°) = cos (2x + 10°). (a) 

Solution. Using the first equation of (3) to replace cos ( 2x + 10°) 
of (a) by sin (90° — 2x — 10°), we obtain 

sin (3a: - 30°) = sin (90° - 2x - 10°). 

This equation is satisfied if ^ 

3x - 30° = 90° - 2x - 10°. 

Solving this equation for x, we get x = 22°. 


EXERCISES 

1. Substitute 35° for A in the first of equations (3) to prove that cos 55° 
= sin 35°. Using the same plan, express as functions of angles less than 45°: 

(«) sin 75°. (l>) cos 87°. (c) tan 89°30'. 

(d) sec 49°20\ (c) cot 45°50'. (/) esc 70°20'16 ,/ . 

2. Read the solution of Example 2 and use the same method to find values 
of the unknown quantities that wjjl satisfy the following equations: 

(а) sin (3x) = cos (7x). , ih/ ~ yt ^ J.W 

(б) cos (Gy) = sin (2 y + 18 j ~ ; T 

(c) tan (30° + Kh4) = cot (5A). 

, .,////,’A fa ,l “7 


) 
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(d) sin (25° + 3 B) = cos (35° + 75). 

(e) cot (65° - 30) = cot (5° + 70). 
if) esc (20 + 60°) = sec (40 - 36°). 

3. Use the identities (1) and (2) to simplify 


(6) tan 0 cot 0. 

(d) cos 0 sec 0 cot 0. 
(/) sec 0 cot 0. 

(h) (sec 0) 3 (cos 0) 2 . 


(a) sin 0 esc 0. 

(c) esc 0 tan 6. 

(«) (sin 0)(csc 0) 2 . 

(g) (tan 0) 2 cot 0 cos 0. 

4. Simplify 

(a) cos (90° - 0) cot 0. 

(b) 4(cos 0) 2 sec 0 cot (90° - 0). 

(c) 6 cot 0 cos (90° — 0)(sec 0) 2 . 

(d) [cos (90° - 0)] 2 cse 0 cot 0. 

(c) 3(tan 0) 2 [sin (90° - 0)] 2 (csc 0) 2 . 

(/) 2(cos 0) 2 [cot (90° - 0)] 2 (csc 0) 3 . 

6. Verify each of the following identities by transforming the left-hand 

member, the right-hand member, or both members until they have the same 
form: 

(а) 1 + sin a cot a = sin a esc a -f cos a. 

(б) tan a + sec a = sin a esc (90° - a) -}- tan a esc a 
(*!» «>’ csc ««ot a - cos a = (cos a) 2 sec a tan a sin a. 


(c) 

(d) 

(e) 


(sin 0) 2 . . 

= (sin 0) 4 (sec 0) 2 (csc 0) 2 . 


cot 0 
csc 0 


= sin (90° - 0). 


(/) cos <p csc <p tan <p = 1. 
ig) (sin il) 2 (csc A ) 2 -f (cos 4) 2 (see A ) 2 = 2. 
cos A tan A . 
tan (90° — A) Sm ^ sec ^■ 

(t) tan 0 (cos 0) 2 - tan (90° - 0)(sin 0) 2 = 0. 

O') sin 0 tan 0 sec 0 = sec 0 cot (90° — 0) sin 0 

(*) sec 9 cot 9 cot (90- - 9) - sin 9 csc (90" 9) = sec 9 - tan 9. 

10. Relations derived from the 

Pythagorean theorem. From the 

nght triangle of Fig. 2 with unit 

hypotenuse, we have a/1 = sin A 

and 6/1 = cos A. Now by the 

Pythagorean theorem, a 2 + b 2 = 1. 

Replacing a and 6 in this equation 

by sin A and cos A, respectively 
we get 


B 



a(=sin A) 


Fio. 9 


sin 2 A -f cos 8 A = 1, 

J? 4 3; f 
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Here sin 2 A = (sin A) 2 , cos 2 A = (cos A) 2 ] in general we shall use the 
notation indicated by 


sin* 0 = (sin 0)*, tan r <p = (tan y>) r , etc. 
Divide (4) first by cos 2 A and then by sin 2 A to obtain 

1 sin 2 A . cos 2 A 1 


(5) 


sin 2 A cos 2 A _ 

cos 2 A cos 2 A cos 2 A 


sin 2 A , cos 2 A _ 
sin 2 A sin 2 A sin 2 A 


( 6 ) 


or 


, using relations (1) and (2), - . , 

S>'h*A f- **** - f 
tan 2 A + 1 = sec 2 A , 

kl + cot 2 A = esc 2 A. 


( 7 ) 

( 8 ) 


EXERCISES 

1. By using relations (4), (7), and (8) simplify 

(a) 1 - sin 2 0. (6) 1 - cos 2 0. (c) sec 2 0 - 1. 

(d) sec 2 0 - tan 2 0. (e) 1 - esc 2 0. (/) esc 2 0 - cot 2 0. 


( 0 ) 


(sin 2 A cos 2 A) 


(a) 

(c) 

(e) 


(sec 2 

A — tan 2 A) 

equations (1), (2), (3), 

sin 2 <p cos 2 

sec 

<p cos <p 

(1 - 

sin y){\ + sin <p ) 

u - 

cos ^)(1 + cos <p) 

sin (p 

. COS <P 
+ 


0ft) 


1 — cos 2 0 
1 — CSC 2 0 


(6) (sec 2 (p — l)(csc 2 — 1). 

(d) tan v? + cot <p. 

(f) (sin <p + cos <p) 2 - 2 sin cos c>. 

tOU y/ y-' 

3. Transform each of the expressions in the left-hand column into the oik* 

written to the right of it. 

(a) esc 2 0 + sec 2 0. 

(b) . . \ - + 1 


tan 2 A + 1 cot 2 A + 1 

(c) cos 0 tan 0. 

(d) sin 2 0 -r- esc 2 0. 

cot 2 A 

W 1 + cot 2 A 

(/) cos 2 A tan 2 A + sin 2 A cot 2 A. 

(,)i+ tanM 


sec 2 0 esc 2 0. 

1 . 


sin 0. 
sin 4 0. 

cos 2 A 

1 . 

sec A. 


1 -f sec A 

11. Verification of identities. Trigonometric identities are gen¬ 
erally verified by using the fundamental identities 1, 2, 3, 4, 7, an 
(a) to transform one member of the identity to t e oi er or 
transform both members to the same expression. The follow g 
examples will illustrate the procedure. 
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Example 1. Verify the identity 

(tan 0 + cot 0) 2 = sec 2 0 + esc 2 0. 
Verification. Expansion of the left-hand member gives 

tan 2 0 -j- 2 tan 0 cot 0 + cot 2 0. 


Since cot 0 • tan 0 = 1, we may write this in the form 

(tan 2 6 + 1) + (1 + cot 2 0). 

From the equations of (7) and (8), this expression is 

sec 2 0 + esc 2 0. 


Example 2. Verify the identity 

1 — cot 4 0 = 2 esc 2 0 — esc 4 0. 

Verification. In the following outline, the work on the left of the 
vertical line gives the steps for reducing the left-hand member to a 

function of sin 0; the work on the right of the vertical line applies to 
the right-hand member: 


2 esc 2 0 — esc 4 0 = 

_2 __ 1 _ = 

sin 2 0 sin 4 0 
2 sin 2 0 — 1 
sin 4 0 


1 — cot 4 0 = 

- _ cos 4 0 _ 
sin 4 0 — 
sin 4 0 — cos 4 0 
sin 4 0 * 

sin 4 0 — (1 — sin 2 0) 2 

sin 4 0 — 

—•1+2 sin 2 0 
sin 4 0 

Thus the identity is verified, since we have shown that both its mem¬ 
bers are equal to the same expression. 

. Au *rnative verification. The steps outlined in the following plan 
give a more direct verification: 


1 — cot 4 0 = 

(1 + cot 2 0)(1 — cot 2 0) — 
esc 2 0(1 - cot 2 0). 


2 esc 2 0 — esc 4 0 = 
esc 2 0(2 — esc 2 0) =s 
esc 2 0(2 - cot 2 0 - 1) = 
CSC 2 0(1 - cot 2 0). 


EXERCISES 


Transform each of the following expressions into the 
to the right of it: 


expression written 
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1. cos 9 esc 9 tan 9. 

2. tan A sec A cot A cos A tan (90° — 4). 

3. 2 cos 2 A — 1 . 

4. sec 2 A + tan 2 A. 

6 . sin (90° — B) cot B sin B — 1 . 

6 . (esc A — cot A)(csc A + cot .4). 

7. (sec A — tan A)(sec A + tan A). 

8 1 I 1 

sin 2 A ' cos 2 A 

9. (sec 9 — cos 0)(csc 9 — sin 0). 

0 

10. esc A cot A cos A + 1 . 

11. sec 2 A esc 2 A. 

Verify the following identities: 


12 . 

13. 

14. 
16. 
16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 

24. 

26. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 


sin 0 sec 0 cot 0 = 1 . 

sec A 

tan A =-t- 

esc A 

(cos A — l)(cos A -f- 1) = — sin 2 A. 

cot C sin C + cos C = 2 cos C. 

sin 0 cot 0 + cos 2 0 sec 9 = 2 cos 6. 

(1 — sec 2 A){ 1 — esc 2 A) = 1 . 

cos 2 a(l + tan 2 a) = 1 . 

(sin <p — cos (p ) 2 =1 — 2 sin <p cos <p. 

tan (90° - A) tan A - cos 2 (90° — A) = sin 2 (90° 

tan x + cot x = sec x esc x. 

(tan y + cot y) cot y = esc 2 y. 

cot 9 cos 9 + sin 9 = esc 9. 

sin 2 A sec 2 A = sec 2 A — 1. 

cos (3 . cos /3 0 Q 

——£—5 + z - ^-5 = 2 sec p. 

1 + sin p 1 — sin p 

sin 4 x — cos 4 x = 2 sin 2 x — 1 . 

1 4 * tan 2 a 


. = tan 2 a. 

+ cot 2 a 

cos x . 1 + sin x 


+ 


= 2 sec x. 


+ sin x ' cos x 

sc 2 <p — esc 2 <p cos 2 <p = 1 . 

ec 4 a — tan 4 a = sec 2 oc 4 - tan 2 a. 

ec A + esc A 


= sec A esc A. 


in A + cos A 

an A sin A 4- cos A = sec A. 

sc 4 A — cot 4 A = 2 cot 2 A + l. 

an x — cot x , _ 

= sec x 4 " esc x. 


in x — cos x 


1 . 

cot A. 

1—2 sin 2 A. 

2 sec 2 A — 1 . 

— sin 2 B. 

1 . 

1 . 

sec 2 A esc 2 A. 

sin 9 cos 9. 
esc 2 A. 

sec 2 A 4- esc 2 A 


4). 
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tan 8 sin 8 _ sin 9 

tan 9 — sin 9 1 — cos 6 


36. tan <p — esc <p sec <p( 1—2 cos 2 tp) — cot <p. 

37. cos 6 A + sin 6 A = 1 — 3 sin 2 A cos 2 A. 

__ 1 — cos x . . 

38 - r + cos I = (esc X cot I)*. 

*39. (sec 0 + tan #) ! = S ! n f . 

1 — sm 9 


*40. 

*41. 

*42. 

*43. 


sec y + tan y 

cos y + cot y = sec y tan 


cos A 1 — sin A 

1 + sin A + “SO- 2<sec A ~ tan A) ■ 

_1_ 4 tan 2 x 

(cos 2 x — sin 2 xY (1 — tan 2 xY = ** 

tan 6 -j- sec 6 — 1 1 -J- sin 9 

tan 9 — sec 0+1 - cos 6 


12. Basic processes used to form identities. If the given parts of a 
rectilinear figure are one side and enough angles to determine it, and 
if the remaining parts of the figure are expressed in terms of the given 
ones, then any relation got by one of the following processes is an 
identity: (a) reading an equation by using a definition of a trigonometric 
Junction , §2, §3, (6) equating two expressions for the same length or area 
or (c) applying a proposition from geometry . Although most of the 
identities obtained are of little value, the process of expressing all 
parts of a figure in terms of given ones is very important. It is the 
process of deriving formulas for desired heights, distances, and angles, 
ihe essence of the process is repeated application of the principle of §5. 



Fiq. 3. 
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Solution. 

From triangle ABD 




x i 

- = cos A , 
c 

x = c cos A, 

(a) 


h . . 

- = sin A } 
c 

h = c sin A. 

(b) 

From triangle BDC 




\ = tan A, 
n 

y = h tan A, 

(c) 


z A 

h = sec A, 

z — h sec A. 

(d) 

Replacing h 

in (c) and ( d ) by its value from (6), obtain 



y = c sin A tan A, 
z = c sin A sec A. 

(e) 

(/) 

Figure 4 is obtained by replacing x, 
from (a), (6), (e), and (/). 

h, y, and z in Fig. 3 by their values 



To get an identity, write AC/AB = sec A, clear of fractions, and 
replace AC and AB by their values from Fig. 4 to obtain 

c(cos A -f- sin A tan A) = c sec A. id) 

Also, since AC 2 = AB 2 + BC *, we have 

c 2 (cos A -f- sin A tan A) 2 = c 2 + c 2 sin 2 A sec 2 A. (h) 


EXERCISES 


1J Read the illustrative example and then reproduce its solution without 


reference to the text. 

2. Obtain an identity from Fig. 4 by (a) writing sin 
from triangle ABC', ( b ) equating two values of the area 


A equal to its value 
of triangle ABC. . 
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f 3. In Fig. 5 show that CB = tan A and 
Air = sec A and write these values on their 
corresponding lines. Obtain five identities 
from the figure thus prepared, four by setting 
each of the functions sin A, cos A, cot A, esc A 
equal to its value read from the figure and one 
by application of the Pythagorean theorem to 
the figure. 


B 



Fiq. 5. 


/r 

(_4^ Carry out for Fig. 6 the procedure 
corresponding to that of Exercise 3. 


B 



Write tan A on BC and Vl + tan*A on AB in Fig. 5 and then read 
five basic functions in terms of tan A from the figure. 

6. By a procedure suggested by Exercise 5 design a figure for reading five 
basic functions in terms of sin A and read them. 


diameter AB of the circle in Fig. 7 has 
length d, find the length of the chords m, n, p t q 
in terms of d, Q, and <p. 



U )Referring to Fig. 8, show that the length 
OB is a cos 0, OC is a cos* 0, OD is a cos* 0. 



D 

Fia. 8. 
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*9. Derive from Fig. 9 AB = 2a cos 6, BC = 2 a sin 6 cos 6, and then show 
that sin 26 = 2 sin 6 cos 6. Also show from the same figure that cos 26 = 2 
cos 2 6 — 1. 


B 



I'm;. 9. 


B 



*10. Referring to Fig. 10 find the lengths of AE, BC, BD, and AD, and then 
equate two values of the area of triangle ABD to obtain 

-ja 2 sin 26 — a 2 sin 6 cos 6. 

Also show that BE — a — 2a sin 2 6 and therefore that 


cos 26 = 1 — 2 sin 2 6. 


11. Referring to Fig. 11 show that AD = a sin 6, DB = a cos 6, DC = a 
cos 6 tan <p, BC = a cos 6 sec <p, AE = a sin (6 + <p). Then form an identity 
by equating two values of the area of triangle ABC. Check this identity by 
setting 6 = 30°, <p = 30° and finding that its two members are equal in this 

case. 


B 



Fig. 11. 


D 



12. Referring to Fig. 12 show that OE = a cos A cos B, EC = a cos A 
sin B, FD = a sin A cos B. Then find sin (A + B ) in terms of sines and 

cosines of A and B from triangle OGD. 

13. Referring to Fig. 12, find cos (A + B) in terms of sines and cosines of 

A and B. 
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*14 Referring to Fig. 13 show that 

CD = 865 tan 30° cot 40°. 

Also write an expression for the area of the trapezoid. 



B 



Fio. 13. 

*16. Referring to Fig. 14 show that 
(o) DC = a sin 34° esc 20° sin 36°. 

(b) AB/AC = sin 20° sec 36° cot 34° + cos 20° sec 36°. 

16. BD in Fig. 15 is a straight path followed by a ship and L is a lighthouse. 
The navigator, when at Si, measures the angle LS { D = 0, called the angle on 

4 



/ gain ’ WheI1 at S ' after makins thc run r = SlS - he measures angle 
(a) Show that 

LS = r sin 0 sin <p esc ($» — 0) 

M _ • * 

SiSt — sm ^ cos ^ csc “ 0). 

reckoriir S’ W * = ^ ^ “ SlSi the mn > obt ained by dead 

ecKomng, and LS = r sin <p the shortest distance from ship to landmark 

his process of finding the distance LS is called doubling the antfe on the bow! 
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13. REVIEW AND TEST QUESTIONS 



c 

<75 


1. From Fig. 16 read the equations (1), (2), 
(3), §9, and (4), §10. Then deduce (7) and (8). 


2. Write an equivalent expression for each of the following: 


1 


1 sin A sin (90° — /l) 


sin A’ sec A’ cos A’ sin A 


> cos (90° — A) 


B 



3. Express AC and CB of Fig. 17 in terms 
of cos A and read from it sin A, tan A, sec A, 
and esc A in terms of cos A. 


4. From an appropriately prepared figure read cos A, tan A, and esc A in 
terms of sec A. 

6. Write three pairs each consisting of a basic trigonometric function and 
its reciprocal and three equations each consisting of a function of A and a func¬ 
tion of 90° — A. 

6. Simplify 

(a) 5(1 — sin 2 A) sec 2 A. 

(b) sin A esc A tan A tan (90° — A). 

(c) (sec 2 0 - tan 2 0)(csc 2 0 - cot 2 0)(sin 2 0 + cos 2 0). 

(</) sin (90° - B) cot B cos (90° - B) - 1. 

7. Verify the following identities: 

(а) tan (90° — x) tan x — cos 2 (90° — x) = sin 2 (90 — x). 

( б ) C08 1 


1 + sin x n 
— - -- 2 sec x. 


1 + sin x ' cos x 

8. Find a value of x satisfying 

(a) cos (x + 20°) = cos (80° - 2x). 

(b) tan (2x - 10°) = cot (x - 35°). 

9. Find x, v, «, »nd w in terms of m and A from Fig. 18 and then form an 
identity in m and A by equating two values of the area of triangle ABC. 
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Fio. 18. Fig. 19. 

10. Find from Fig. 19 an expression for ON in terms of m and functions of 
A, B, and C. 

11. From Fig. 20 express x as a product of m and functions of A, B, and C. 



Fig. 20. Fig. 21< 


. Find from Fig. 21, in the form of a product of basic trigonometric func¬ 
tions of angles, an expression for (a) CD] (6) AC. 

*13. Verify the identity 

cos A , 1 — sin A 

1 + sin A + “ cos A = 2(sec A ~ tan A )- 
*14. Verify the identity 

tan 6 + sec 6 - 1 _ 1 -\- s j D $ 
tan 0 — sec d -{- 1 cos d 
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THE RIGHT TRIANGLE 


14. Solution of a right triangle. The sides and angles of a triangle 
are called its parts. When the right angle, a side, and another part of 

a right triangle are given, the remaining 
parts can be computed. Thus if c and A, 
the parts encircled in Fig. 1, are known, 
then parts a, b, and B can be computed. 
This process of finding the unknown parts 
of a triangle from the given parts is called 
solving the triangle. Note the convenient 
notation in Fig. 1; each side is designated 
by a small letter and the opposite angle by the capital letter having the 
same name. This notation will be used throughout the book. 

To find an unknown part of a right triangle, write an equation involving 
the unknown part and known parts, and solve the equation for the unknown 
part. For example, from the triangle of Fig. 2 obtain 



a 


363 


= tan 30°. 


Now multiply through by 363 and replace tan 30° by 1/\/3 to obtain 

363 


a = 



V§ 

Similarly, from Fig. 2 obtain 


c = sec 30° = 2 


a 


363 


V3 


or 


2 \ 726 

c = 363= 




VSJ V3 


The following table gives the values of the basic trigonometric func¬ 
tions accurate to three decimal places for each degree from 0 to 90 . 
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Numerical Values of the Trigonometric Functions 



0.087 

0.105 

0.122 

0.139 

0.150 





0.242 

0.259 

0.270 

0.292 

0.309 

0.326 

0.342 

0.358 

0.375 

0.391 

0.407 

0.423 

0.438 

0.454 

0.409 

0.485 

0.500 

0.615 

0.530 

0.545 

0.559 

0.574 

0.588 

0.602 

0.616 

0.620 

0.643 

0.656 

0.669 

0.682 

0.605 

0.707 


57.299 

28.654 

19.107 

14.336 




11.474 

9.567 

8.206 

7.185 

6.392 

5.759 

5.241 

4.810 

4.445 

4.134 

3.864 

3.828 

3.420 

3.230 

3.072 

2.924 

2.790 

2.669 

2.559 

2.459 

2.366 

2.281 

2.203 

2.130 

2.063 

2.000 

1.942 

1.887 

1.836 

1.788 

1.743 

1.701 

1.662 

1.624 

1.589 

1.556 

1.624 

1.494 

1.466 

1.440 

1.414 


0.070 

14.301 

0.998 


0.087 

11.430 

0.996 

1.004 

0.105 

9.514 

0.995 

1.006 

0.123 

8.144 

0.993 

1.008 

0.141 

7.115 

0.990 

1.010 

0.158 

6.314 

0.988 

1.012 

0.176 

6.671 

0.085 

1.015 

0.194 

5.145 

0.082 

1.019 

0.213 

4.705 

0.978 

1.022 

0.231 

4.331 

0.974 

1.026 

0.249 

4.011 

0.970 

1.031 

0.268 

3.732 

0.966 

1.035 

0.287 

3.487 

0.961 

1.040 

0.306 

3.271 

0.956 

1.046 

0.325 

3.078 

0.951 

1.051 

0.344 

2.904 

0.946 

1.058 

0.364 

2.747 

0.940 

1.064 

0.384 

2.605 

0.934 

1.071 

0.404 

2.475 

0.927 

1/079 

0.424 

2.356 

0.921 

1.086 

0.445 

2.246 

0.914 

1.095 

0.466 

2.145 

0.906 

1.103 

''0.488 

2.050 

0.899 

1.113 

0.510 

1.963 

0.891 . 

1.122 

0.532 

1.881 

0.883 

1.133 

0.554 

1.804 

0.876 

1.143 

0.677 

1.732 

0.866 

1.165 

0.601- 

1.064 

0.857 

1.167 

0.625 

1.600 

0.848 

1.179 

0.649 

1.640 

0.839 

1.192 

0.675 

1.483 

0.829 

1.206 

0.700. 

1.428 

0.819 

1.221 

0.727 

1.376 

0.809 

1.236 

0.754 

1.327 

0.799 

1.252 

0.781 

1.280 

0.78$ 

1.209 

0.810 

1.235 

0.777 

1.287 

0.839 

1.192 

0.706 

1.305 

0.869 

1.150 

0.765 

1.325 

0.900 

1.111 

0.743 

1.346 

0.933 

1.072 

0.731 

1.367 

0.966 

1.036 

0.719 

l.aop 

1.000 


0.707 

1.414 





Uru 
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All answers computed by using this table should be rounded off to 
three significant figures. The value of a function of a given number 
of degrees will be found in the row with the given number of degrees 
and in a column having the name of the function at the top of it if the 
angle is in the range from 0° to 45° inclusive or at the bottom of it if 
the angle is in the range from 45° to 90° inclusive. 

If the angle is not an exact number of degrees, the value of a function 
of an angle may be found by interpolation. For example, to find 
esc 57.4°, take values of esc 57° and esc 58° from the table, and com¬ 
puting differences, obtain the following: 


o 

• 

O 

i 

'esc 57.0° = 1.192' 

esc 57.4° = x 

L 

esc 58.0° = 1.179 


Since, for small changes, change in angle is nearly proportional to 
change in cosecant, 

• 04 

change in esc = -j— (.013) = 0.005 nearly. 

Hence 

esc 57.4° = 1.192 - 0.005 = 1.187. (a) 



Example. Solve the right triangle in which 
angle A = 57.4° and the opposite side a = 2.00. 
Solution. From the triangle of Fig. 3 


or 


c 

a 


2M = CSC 57 ' 4 °’ 


c = 2.00 esc 57.4°. 



Replacing esc 57.4° in this equation by its value 
from (a) obtain 

c = 2.00(1.187) = 2.37. 


Proceeding in a similar manner obtain 

b = 2.00 cot 57.4° = 2.00(0.039) = 1.278. 

When the first significant figure of an answer is 1, a four-figure 
answer instead of a three-figure one is often tabulated. 

EXERCISES 

1. Carry out in detail the solution of Fig. 3 for 6. 
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Solve the right triangles having the sets of parts numbered 2 to 9: 


2. a = 10.0, A = 53.0°. 
4. b = 101, A = 26.0°. 
6. b = 3.10, B = 66.4°. 

8. c = 9.80, B = 38.6°. 


3. c = 10.0, B = 38.0°. 
5. a = 2.00, B = 29.5°. 
7, c = 3.24, A = 25.8°. 

9. a = 8.11, A = 48.4°. 


10. Solve the right triangle in which c = 7.86, a = 5.88. 

Hint, sin A = a/c — 5.88/7.86 — 0.748. Now using the table on page 
33 and computing differences, obtain 


1 


sin 48.0° = 0.7431 
sin A = 0.748 J 5 


Therefore 

and 

Now find 


12 . 


L sin 49.0° = 0.755 
change in angle = (A)l° = 0.4° (nearly), 

t 

A = 48.4° (nearly). , s 

b = c cos A = 7.86 cos 48.4° = 7.86(0.664) = 5.22. 


i J 


After solving the triangle of Exercise 10, solve the right triangles having the 
sets of parts numbered 11 to 16: 


11. c 
13. c 
16. a 


2.00, a 
20.0, b 
2.92, b 


1 . 00 . 

5.41. 

3.00. 


12. c - 10.0, a = 4.38. 
14. q = 53.6, b = 200. 
16. a = 1.864, b = 4.75. 

D 


17. The two stations A and B shown 
in Fig. 4 are 5000 ft. apart. When an 
airplane D was directly above A, an 
observer at B found angle B to be 31.2° 
as shown. Find the distance from the 
plane to station B . 





Fio. 4. 


18. A 20-ft. ladder is so placed against a wall that the foot of the ladder is 
height dl tte Z £ reach?^ ^ h °“ plane ' To w >>et 


19. The rafters of a house make an angle 
of 40.8° with the horizontal and are 16.0 ft. 
long from the top of the wall to the highest 
Point of the roof. Find the height h of the 
edge of the roof above the wall (see Fig. 5). 
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*20. A rectangular bin is 42 in. long and 30 in. wide. What angles does a 
vertical, diagonal partition make with the sides of the bin? 


B 



21. At a point A 200 ft. from the base 
of a lighthouse, a yachtsman finds angle 
A to be 29.5°, as shown in Fig. 6. Find 
the height BC of the lighthouse. 


*22. A farmer wishes to fence a field in the form of a right triangle. If one 
angle of the triangle is 43.2° and the hypotenuse is 200 yd., find the amount of 
fencing needed. 

23. When the direction of the sun makes an angle of 35.2° with the horizon¬ 
tal, an oil derrick casts a shadow 150 ft long. How high is the derrick (see 

Fig. 7)? 


/ 


/ 






/ 

/^ 35 . 2 ° 

_i- 



150* 


Fig. 


7. 



*24. The mine A in Fig. 8 is attached to the fixed point B by meansof the 
SOO-ft. cable AB. When the cable is vertical, the mine is 15.0 ft. be 
surface of the water. How far from the surface is it when the tidal curren a 

swung it to the position A'? 

16. Solution of right triangles by slide rule. The solution of a right 
triangle by means of the slide rule is very short. It is interesting, a 
spending considerable time in the computation of a problem, o o 
by "hde rule the results, accurate to three figures, in a sn-fraction f 
the time spent in computation. From time to time sett ng^, used m 
solving various types of problems will be given with special 
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to the Log Log Duplex Trig* slide rule manufactured by the Keuffel 
& Esser Co. If the student has a different type of rule, he will gen¬ 
erally be able to make the setting suggested after changing the scale 
reference to apply to his rule. Occasionally reference to the K & E 
Manual of instructions, supplied with each Log Log Duplex Trig slide 
rule, will be given so that the operator can understand the reason for 
the setting. For the slide-rule solution of right triangles see K & E 
Manual, Secs. 29, 32. 

16. General remarks on logarithms of trigonometric functions. 
Logarithms are used in computation to gain accuracy and speed. In 
general, use a three-place table for data accurate to three figures, a 
four-place table for data accurate to four figures, and a five-place table 
for data accurate to five figures. However, a five-place table may be 
used when four-figure or less accurate data are given, and a four-place 
table may be used with three-figure data. In these cases no interpola¬ 
tion is necessary but all final results should be rounded off to agree in- 
indicated accuracy vrith the given data. In general, when lengths 
accurate to three figures are given, angles accurate to tenths of a degree 
are used. For example, such data as a = 4.58, b = 0.983 agree in 
accuracy with A = 78.3°, B = 11.7°. Similarly four-figure data for 
lengths agree in accuracy with angles to hundredths of a degree, and 
five-figure data for lengths with angles accurate to thousandths of a 
degree. It is customary to use angles in degrees, minutes, and seconds 
with data accurate to five figures for lengths. 

The angles in a considerable number of problems are given in degrees 
and minutes together with data accurate to four figures. Such prob¬ 
lems are conveniently solved by using a five-place table without inter¬ 
polation and rounding answers to the nearest minute for angles and the 
nearest fourth significant figure for other values. 

, method of using five-place tables will be explained here. As 

indicated by the sample page in the next article, the five-place table 

considered lists the logarithms of the six basic trigonometric functions 

for angles from 0° to 45° at intervals of 1 min. From this any required 

logarithm of a trigonometric function of an angle may be found. The 

four-place table in Appendix IV may be used for data accurate to 
tour figures. 

17. To find the logarithm of a trigonometric function of an angle, 
the solution of the following example illustrates the method of finding 
the logarithm of a trigonometric function of a given angle. 

* Registered U.S. Patent Office by Keuffel & Esser Co., Hoboken, N.J. 
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Example. Find log sin 35°42'17". 

Solution. From the table take the values of log sin 35°42' and 
log sin 35 0 43', construct the following form, and then compute the dif¬ 
ferences exhibited. 



log sin 35°42'00" 
log sin 35°42'17" 
log sin 35°43'00" 


= 9.76607 - 10 
= x 

= 9.76625 = 10 



The small changes in angle are nearly proportional to the corresponding 
changes in logarithm. Therefore 


Change in logarithm = -J-J(18) = 5 (nearly) 

and log sin 35°42'17" = 9.76607 - 10 + 0.00005 = 9.76612 - 10. 

To perform the interpolation by means of the proportional-parts 
column, read 9.76607 - 10 as the log sin 35°42'; near this entry in the 
column headed d V note the number 18, in the proportional-parts 
column headed 18 and in the row with 17 of the column headed " 
read 5, and add 0.00005 to 9.76607 - 10 to obtain 9.76612 - 10. 


EXERCISES 


Find numerical values of the expressions numbered 1 to 10: 


1. log sin 39°46'17". 
3. log cos 81°21'43". 
6/log cot 49°16'21". 
7. log tan 20°11'11". 

9. log sec 81°19'31". 


2. log sin 59°31'26". 
4. log tan 28°29'49". 
6. log sin 64°47'51". 
8. log esc 16°17 / 18 ,/ . 

10. log cos 12°19'14". 


Using the table in Appendix IV, find the values of 


11. log sin 58.64°. 
13. log tan 81.43°. 
16. log cos 20.44°. 


12. log cos 23.56°. 
14. log cot 68.42°. 
16. log sin 44.65°. 


18 To find the angle when the logarithm is given. The solution of 
the following example iUustrates the method of finding an angle when 
the logarithm of a trigonometric function of the angle is given, 
xample. Find the acute angle B when log tan B — 0 14920 

0 XA^'a that 0 14920 lies between two entries 

written 0 ; 4 41 h O “ th f 8ample page in the column ""th i tan 
written at its foot. Note that 0.14914 = log tan 54°39' and 0.14941 

“log tan 64 40'; hence make the following form and compute the 
differences exhibited. impure rne 
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log tan 54°39'00" 

log tan B 

log tan 54°40'00" 


0.14914 

0.14920 

0.14941 



The small changes in angle are nearly proportional to the small 
changes in the logarithm. Therefore 


Change in angle = ^° T (60") = 13" (nearly), 

and 

B = 54°39'13" (nearly). 

To get the correction y by the proportional parts table: find the 
tabular difference 27 between the entries 14914 and 14941 of the 
tangent column; find the difference 14920 - 14914 = 6; opposite 
the boldface 6 in the proportional parts column headed 27 read 13 in 
the seconds column. When entering a difference column with a dif¬ 
ference exactly halfway between two entries, always give preference 
to the boldface entry. 


EXERCISES 

Find the value of A in the expressions numbered 1 to 10: 


1. log sin A = 9.31461 — 10. 
3. log cot A = 0.01210. 

6. log cos A = 9.92112 — 10. 

7. log tan A = 0.11161. 

9. log sin A = 9.02218 — 10. 


2. log tan A = 9.03141 — 10. 

4. log sin A = 9.12867 - 10. 

6. log cos A = 9.21611 - 10. 

8. log cot A = 9.86192 - 10. 

10 . log sec A = 0.21210. 


Using the table in Appendix IV, find the value of A accurate to hun¬ 
dredths of a degree: 

11. log sin A = 9.6413 — 10. 12. log cos A = 9.2314 — 10. 

13. log tan A = 9.5416 - 10. 14. log tan A = 0.4613. 

16. log cot A = 0.6942. 16. log sin A = 9.2258 - 10. 

19. Solution of the right triangle by means of logarithms. 1 o solve 

a triangle by means of logarithms: 

I. Draw a figure, approximately correct in shape, of the triangle to 
be solved; letter it in the conventional manner and encircle letters 
representing given parts. 

II. List the given data and write the formulas to be used in the 

solution (including check formulas). 

III. Write each formula in logarithmic form; under each such for¬ 
mula provide a form for logarithms, operations, and desired results. 


§ 19 ] 


SOLUTION OF THE RIGHT TRIANGLE 


41 


Then fill in the blank spaces provided for logarithms and compute the 
desired results. 

Example. Solve the right triangle in which a = 117.24, b = 214.39. 

n t . » v • _ _ 


Fig. 

9 and in accordance with II list 

. the 

given data and write the formulas to be 

used 

in the solution. 



a = 

117.24, tan A 

a 

- V 

(a) 

b = 

214.39, c 

— a esc A, 

(b) 


B 

1 

O 

O 

o 

II 

(c) 


Now complete the solution as outlined by III above: 


log tan A = log a -f- colog b 
log a = 2.06908 
colog b = 7.66880 — 10 

log tan A = 9.73788 - 10 
A = 28°40'18" 

B = 61°19'42". 


log c = log a -f- log esc A 
log a = 2.06908 
log esc A = 0.31895 

log c = 2.38803 
c = 244.34 


B 



@ 

C 


A condensed form of the solution, in which every expression on any 
line refers to the first number in the line, follows: 


a = 117.24 
b = 214.39 
A = 28°40'18" 
c = 244.34 
B = 61°19'42" 


(a) 

log a — 2.06908 
colog b = 7.66880 - 10 

log tan A = 9.73788 - 10 


(b) 

log a = 2.06908 

log esc A = 0,31895 
log c = 2.38803 


The slide-rule solution, to be used as a check, appears below. 

Push hairline to 214 on scale D, 
draw index of scale C under the hairline, 
push hairline to 117 on scale D } 
at hairline read A = 28.7°, 

draw 28.7° of scale S under the hairline, 
at hairline read C = 244°. * 

B = 90° - A = 61.3°. 

See Sec. 32, K & E Manual. 
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EXERCISES 


Solve the following right triangles: 


1. b = 14.670, 

A = 35°15'00" 

4. a = 8.67892, 
b = 2.4639. 

7. c = 98.245, 
a = 95.573. 

10. a = 3.2914, 
b = 5.7842. 


2. c = 6.2750, 

5 = 18°47W'. 

5. c = 672.34, 

• A = 35°16'25". 

8. B = 27°9'14", 
a = 35.421. 

11. a = 72.131, 

A = 76°17'32". 


3. c = 1200.7, 
a = 885.60. 

6. a = 645.32, 
b = 396.25. 

9. A = 44°10'38", 
c = 24.896. 

12. c = 1672.1, 
b = 83°2i'n". 


Solve the following right triangles by employing the plan, stated in §16, of 
using a four-place table without interpolation on three-figure data and round¬ 
ing off the final results to conform with the given data: 


13. b = 16.4, 
A = 36.2°. 

16. a = 98.2, 
c = 105. 


14. c = 6.41, 
B = 19.4°. 

17. B = 28.4°, 
a = 35.2. 


16. a = 64.5, 
b = 30.6. 

18. a = 72.4, 
A = 74.1°. 


To solve the following right triangles use five-place tables without inter¬ 
polation, rounding final results to the nearest minute for angles and the near¬ 
est fourth figure for other values: 


19. 

A = 65°27', 

20. 


c = 68.74. 


22. 

a = 27.13, 

23. 


b = 49.57. 



a = 386.3, 21. b = 56,730, 

B = 48°39'. A = 75°22\ 

c = 0.6984, 24. a = 0.4216, 

A = 20°52'. c = 0.6915. 


20. Definitions. The terms defined below are used frequently. 

The line of sight is a straight line connecting the eye of an observer 

with the object viewed. , 

The angle of elevation (angle x in Fig. 10) at a point O of an observed 

point B higher than 0 is the angle that straight line OB makes with the 
horizontal. 


,B 


A> 


s>?' 

/ \ 

' \* 
» 

I. 


ov 


/ 


Angle of 
elevation 


Horizontal 
Fio. 10. 



^_Horizontal._^ 

J v / y 

Angle of 
/>. depression 


o/ N . 


\ 


Fio. 11. 


The angle of depression (angle y in Fig. 11) at 0 of an observed 
point C lower than 0 is the angle that straight line OC makes wit 

horizontal. 




§20) 


DEFINITIONS 


43 


The angle subtended at O by a straight line BC (angle z in Fig. 12) 
is the angle formed by lines OB and OC. 


N 



F »«- 12. Fig. 13. 


If 0 and A are two points in a horizontal plane and line ON runs 
north, then angle NO A (see Fig. 13) measured from north clockwise, 
toward or through east, is called the true bearing* of A at 0. Also, a 
ship steaming in the direction from 0 to A is said to have true course 
angle NO A. Figure 13 represents A bearing 130° at 0 and B bearing 
330° at 0. The direction of an object is also indicated by writing a 
letter N. for north or S. for south, then an angle, and finally a letter 

F. for east and W. for west. Thus the bearing of A at 0 in Fie 13 
is S. 50° E., and that of B is N. 30° W. 


EXERCISES 

In the solution of the following exercises employ the plan stated in §16 of 

using a four-place table on three-figure data and rounding off the final results 
to conform with the given data. 


From Fig. 14 find the bearings of 

A* B, and E at 0. State each answer 
*n two ways. 



ria. 14. 

pJ; So’ughoTlfl SMft ' X Ugh ° n a hor “° ntal 

Plane and to dLtence1“m O “ ‘ he ° f *»*» ° f -- 


trueb^^™ 6 b “ rin * *U be understood to be a 
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Fig. 15. 


3. The navigator of a vessel, steam¬ 
ing on a constant course 90° true, ob¬ 
serves a light bearing 58° true and dis¬ 
tant 18 miles. Find (a) how close the 
vessel will approach the light; ( b ) the 
distance run from the point of observa¬ 
tion to the point of nearest approach. 
Figure 15 represents the situation as it 
would appear on a harbor chart. 


4. An observer in a lighthouse is 285.0 ft. above water level. At his eye 
the angle of depression of a boat on the water is 15.6°. Find the distance of 
the boat from a point at water level directly below the observer. 

5. The tallest tree in California is the General Sherman Tree in Sequoia 
National Park. At a point 185 ft. from and on a level with the base of the 
tree the angle of elevation of its top is 55.8°. How tall is the tree? 

6. The flying fortress Caroline Mars has a wingspread of 200 ft. At the 
instant it is directly over an observer the wing tips subtend an angle of 10 at 
the observer. How high is the flying fortress at that instant? 

7. How far can the Peak of Teneriffe be seen at sea if its height is 2 mi.? 
Take account of the curvature of the earth and assume its radius to be 3976 mi. 

8. If the Washington Monument and the Empire State Building were 
placed on the circumference of a circle, radius r ft., on level giound^, the 
angles of elevation of their tops at the center of the circle would be 40.4° and 
62.4°, respectively. Find the ratio of their heights. 



9. An observer in the airplane shown 
in Fig. 16 measures the angle ABC and 
finds it to be 35.4°. He reads from his 
altimeter the altitude BC to be 3460 ft. 
What is the width AC of the island? 


Fia. 10. 

10 Chicago Ill., is approximately due west of South Bend, Ind and 
11 0 miles due south of Milwaukee, Wis. The angle at South Bend subtend 
by Chicago and Milwaukee is 53.1°. Assuming that all three l e m the, same 

horizontal plane and have exactly the relative position* in<£“ c0 “f™ 
to the nearest 10 miles the distance from South Bend to (a) Chicago, W 

Milwaukee. 
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21. Solution of rectilinear figures. The process, used in §12, of 
expressing parts of a figure in terms of given parts enables one to 
derive convenient formulas for desired lengths. An expression is con¬ 
venient for logarithmic computation if it involves only multiplications 
and divisions. In many cases a convenient formula can be obtained 
as follows: (a) Drop perpendiculars in such a way as to form a chain of 
right triangles each of which has a side in common with the next one in 
the chain ; (6) use formulas read from these triangles in deriving the 
required formula. The following solution illustrates the process. 

Example. A surveyor on a mountain peak observes below him two 
vessels lying at anchor 1 mi. apart and in the same vertical plane with 
his position. He finds the angles of depression of the ships to be 18° 
and 10 , respectively. How high does the peak rise above the water? 



Fia. 17. 


Solution. In Fig. 17, H represents the position of the surveyor M 
and A represent the respective positions of the vessels, and the angles 
marked 10° and 18° represent the angles of depression. Draw NP 
perpendicular to MH, and denote the length of NP by x, that of NH 
y y t and the height of the peak by h. From triangle MNP , 

X 

5280 = sin 10°, or x = 5280 sin 10°. (a) 

From triangle NPH, 

(b) 


(c) 


y s * n or h = y sin 18°. 


y _ 

X 


esc 8 , or y = x esc 8°. 

Substituting the value of x from (a) in (6), we obtain 

y — 5280 sin 10° esc 8°. 

* rom triangle LNH 
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Substituting the value of y from (c) in ( d ), we obtain 

h = 5280 sin 10° esc 8° sin 18°. 

The following form shows the computation: 

log h = log 5280 + log sin 10° + log esc 8° -f log sin 18°. 

log 5280 = 3.7226 
log sin 10° = 9.2397 - 10 
log esc 8° = colog sin 8° = 0.8564 

log sin 18° = 9.4900 — 10 

log h = 3.3087 
h = 2040 ft. 


The slide-rule solution, to be used as a check, appears below. 

sh the hairline to 5280 on scale D, 
draw 90° of scale S under the hairline, 
push the hairline to 10° on scale S, 
draw 8° of scale S under the hairline, 
push hairline to 18° on scale S, 
at hairline read 2040 on scale D. 

Hence h = 2040 ft. 



EXERCISES 

1. A straight line AB on the side of a hill is inclined at 15.0° to the hori¬ 
zontal. The axis of a tunnel 486 ft. long is inclined 28.6° below the horizontal 
and lies in a vertical plane with AB. How long is a vertical hole from the 

bottom of the tunnel to the surface of the hill? # 

2. A searchlight situated on a straight coast has a range of 43 mi. A ship 
sails on a line parallel to the coast and 15 mi. from it. What is the distance 
covered by the ship while it remains within range of the light? What angle 
is subtended at the light by a line connecting the extreme positions of the shipj 

3. A line AB along one bank of a stream is 315 ft. long, and C is a P 01 !jjllF 
the opposite bank. The angle BAC is 66.5°, and the angle ABC is 3T8 . 


4. Two points A and B 80 ft. apart lie 
on the same side of a tower and in a hori¬ 
zontal line through its foot. If the angle 
of elevation of the top of the tower at A 
is 21° and at B is 46°, find the height of the 

tower (see Fig. 18). 


M M 

Find the width of the stream. 
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6. A flagstaff 25 ft. high stands on the top of a house. From a point on the 
plane on which the house stands, the angles of elevation of the top and the bot¬ 
tom of the flagstaff are observed to be 60° and 45°, respectively. Find the 
height of the house. 

6. The pilot in an airplane observes the angle of depression of a light 
directly below his line of flight to be 30.4°. A minute later its angle of depres¬ 
sion is 43.0°. If he is flying horizontally in a straight course at the rate of 150 
mi./hr., find (a) the altitude at which he is flying; (6) his distance from the 
light at the first point of observation. 


7. Find the number of square feet of pavement 
required for the shaded portion of the streets shown in 
Fig. 19, all the streets being 50 ft. wide. 


4 



Fio. 19. 


8. A pilot entering a bay on course 60.3° at speed 12.0 knots* sees a light 
bearing 37.3° true, and 20 min. later he sees it bearing 20.0° true. If he keeps 
the same course and speed, (a) when will he be nearest to the lighthouse and 

ow near; (6) when will he be 11.0 mi. from the lighthouse? 

9. Figure 20 represents a 600-ft. radio tower. AC and AD are two cables 

m the same vertical plane anchored at two points C and D on a level with the 

base oUhe tower. The angles made by the cables with the horizontal are 58° 

and 44 as indicated. Find the lengths of the cables and the distance between 
their anchor points. 


A 



captive balloon shown in Fig. 21 is connected to a ground sta 
taffl A b y * “We of length 842 ft. inclined 65.0” to the horieonW In a 

* A knot is a speed of 1 nautical mile (about 6080 ft.) per hour. 
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vertical plane with the balloon and its station and on the opposite side of the 
balloon from A a target B was sighted from the balloon on a level with A. If 
the angle of depression of the target from the balloon is 4.0°, find the distance 
from the target to a point C directly under the balloon. 

11. The Pennsylvania Railroad found it necessary, owing to land slides 

upon the roadbed, to reduce the angle of 
inclination of one bank of a certain railway 
cut near Pittsburgh, Pa., from an original 
angle of 45° to a new angle of 30°, as shown 
in Fig. 22. The bank as it originally stood 
was 200 ft. long and had a slant length of 60 
ft. Find the amount of earth removed if the 
top level of the bank remained unchanged. 

12. A mountain peak C is 4130 ft. above sea level, and from C the angle of 
elevation of a second peak B is 5.0°. An aviator at A directly over peak C 


^ ‘* 307 ? 


Cross section 
Fig. 22. 



Fig. 23. 


finds that angle CAB is 43.8° when his altimeter shows that he is 8460 ft. above 
sea level. Find the height of peak B (see Fig. 23). 



★13. A tower and a monument stand on 
a level plane (see Fig. 24). The angles of 
depression of the top and bottom of the 
monument viewed from the top of the 
tower are 13° and 31°, respectively; the 
height of the tower is 145 ft. Find 
the height of the monument. 


14. From the top of a building the angle of depression of a point in the same 
horizontal plane with the base of the building is observerd to be 47°18'. What 
will be the angle of depression of the same point when viewed from a position 

halfway up the building? . .. 

★16. A railroad is to be laid along an arc of a circle so as to change direction 

by 68.0°. Figure 25 represents the situation. Due to an obstruction e 

distance from the center of the curved piece to point B, where tangen s a i s 
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ends A and D meet, is to be 200 ft. An engineer computes (a) the radius of 
the track; ( b ) the length AB of a tangent at end A; (c) the angles between AB 
and two successive 100-ft. chords, the first passing through A. Find the 
engineer’s results. 



<'ABC=^.CBD 

(a) (6) 

Fia. 25. 


16. Two points A and B 180 ft. apart lie on the same side of a tower on a 
hill and in a horizontal line passing directly under the tower. The angles of 
elevation of the top and bottom of the tower viewed from B are 42° and 34°, 

respectively, and at A the angle of elevation of the bottom is 10°. Find the 
height of the tower. 

Hint. Draw Fig. 26; compute angle ACB = 24®, angle EBC = 8°; and 
note that angle ECF — 42°. Find in order p h BC, p 2 , and h. 



7. From a ship two lighthouses bear N. 40°E. After the ship awls at 
ro knots on a course of 135® for 1 hr. 20 min., the lighthouses bear 10® and 345®. 

«hthouse the dl8tanCe from the ship m the latter to the farther 

(h) Find the distance between the lighthouses. 
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*18. The church A and the lighthouse B represented in Fig. 27 were observed 
from a ship at point S to be on a straight line passing through S and bearing 
N. 15° W. After sailing 5 mi. on a course N. 42° E., the captain of the ship 
found that A bore due west and B bore N. 40° W. Find the distance from the 
church to the lighthouse. 



Fig. 27. 

19. From a point on the bank of a stream the angle of elevation of the top 
of a tree on the opposite bank is 38°23'; from a point 200.6 ft. straight back 
from the bank the angle of elevation of the tree top is 20°22\ Find the height 

of the tree and the width of the stream. . . , 

*20. A lighthouse standing on the top of the cliff shown in Fig. 28 is observed 

from two open boats (boats that are not decked over) A and B in a ver 
plane through the lighthouse. The angle of elevation of the top of the ligh - 



Fig. 28. 


house viewed from B is 16° and the angles of elevation of the t «P “ d b ° t ^“ 
viewed from A are 40” and 23°, respectively If the boaUare 1320 ft.apart, 

find the height of the lighthouse and the height of the c . 

21. If R is the radius of a circle, show thaUhe area A of a regular 

scribed polygon of n sides is A = nR 1 tan —• 
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22. Show that the area of a regular polygon of n sides each of length a is 

. . . na* 180° 

given by A = cot 


n 


23. A tower (Fig. 29) of height k 
stands on level ground and is due north 
of point A and due east of point B. At 
A and B the angles of elevation of the 
top of the tower are a and /3, respec¬ 
tively. If the distance AB is c, show 
that 

h = - C - 

V cot 2 a -f- cot 2 



21 St. Louis, Mo., is approximately 230 miles due north of Memphis, Tenn. 
The angle at Evansville, Ind., subtended by St. Louis and Memphis is 66.6°, 
and the angle at Memphis subtended by St. Louis and Evansville is 35.8°. 
Assuming that all three cities lie in the same horizontal plane and have exactly 
the relative positions indicated, compute to the nearest 10 miles the distance 
from Evansville to (a) St. Louis; (6) Memphis. 

*25. The Queen Elizabeth, while steaming on course 90° true, passed a light¬ 
ship close aboard. From a position on the lightship, the bearing of the stem 
of the Queen Elizabeth was 22° true at the instant the bearing of the bow was 
32 true. Find the nearest approach the Queen Elizabeth made to the light¬ 
ship. The length of the Queen Elizabeth is 1030 ft. 

26. The Leaning Tower of Pisa at present leans 5.2° with the vertical. At 
a point on the leaning side of the tower 216 ft. from and on a level with its base 
and m a vertical plane through the tower the angle of elevation of the top is 
41.8 , Find the height of the tower. 


22. REVIEW AND TEST QUESTIONS 

1. Using the appropriate table for each case, find 

(a) log cos 58°24 / 17' / . (6) log sin 45 Q 16 / 17 ,/ . 

(c) log tan 68.4°. (d) log cot 56.43°. 

rf; g an appropriate table in each case, find acute angles x such that 
(a log sin x = 9.46157 - 10. (6) log tan x - 0.31472. 

(c) log cot x = 9.7214 - 10. (d) log cos x = 9.416 - 10. 

which b f,mctionB 60lve the right triangle “ 
« table8 ’ soIve the right triailgle “ which 
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6. (a) Give the true bearings at 0 
of the points M, P, and Q indicated by 
Fig. 30. 

(6) Define angle of elevation. 



Fig. 



6. From Fig. 31 obtain formulas for 
x and y in terms of m and functions 

of A. 



7. From Fig. 32 write a formula con¬ 
venient for logarithmic computation of 
the value of h. Do no computation. 


8. In building a suspension bridge a cable is to be stretched from the °_ f 
a pier to a point 852.6 ft. from its foot. If from tins point the angle of eleva 
tion of the top of the pier is 27.60°, assuming a straight cable, what leng 

»• »■»“r- 

plane. From the top of the tower the angles of depress*" _of the top 
bottom of the wall are 22.23° and 44.32°, respcct.vely. Find the heig 

*10. A lighthouse bears 40.00° from a ship. Aft * r t ' ie o 
10.80 mi.on true course 130.00°, the lighthouse hears 334.67 at the sh p. 
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the distance from the second position of the ship to the lighthouse (see 
Fig. 33). 





*11. From a point A 10 ft. above the water, 
the angle of elevation of the top of a lighthouse 
is 46°, and the angle of depression of its image 
in the water is 50°. Find the height h of the 
lighthouse and its horizontal distance from the 
observer (see Fig. 34). 












CHAPTER IV 


GENERALIZED TRIGONOMETRIC FUNCTIONS 


23. Foreword. The definitions of the trigonometric functions 
already considered apply only to angles in the range from 0° to 90° 
inclusive. These functions are broad enough to deal with the problems 
involving only the solution of rectilinear figures. In this chapter 
generalized functions will be considered. They agree with the trigo¬ 
nometric functions previously defined for angles in the range from 0° 
to 90° but are defined also for angles of any magnitude. These general¬ 
ized functions are powerful mathematical tools which find their main 
field of application in the theory of vibratory motions such as are met 
in studying the waves of sound, light, and radio. 

This chapter gives the definitions of the generalized functions anti 


considers important relations among them. 

24. Definition of angle. A half line or ray is the part of a straight 
line lying on one side of a point of the line. It is designated by naming 
its end point and another point 
on it. Thus OA in Fig. 1 is the 
ray beginning at 0 and extend¬ 
ing through A. If a half line 
or ray beginning at point 0 ro- 


B 





■*~A 


Counter clockwise 
or positive rotation 

(a) 


0 


►A 


B 

Clockwise or 
negative rotation 

( 6 ) 


Fig. 2. 


tates about 0 in a plane from an initial position 0.4 to a terminal 
position OB, it is said to generate the angle AOB (see Fig. 1). ® 

the legs of a compass are drawn apart, an angle is generated; 

hands of a clock rotate and generate angles. 

When the generating ray is turned through one-fourth of the com¬ 
plete turn about a point, the angle generated is called a right angle, 
degree is * of a right angle, a minute is * of a degree, and a second. 
Ar of a minute. Although either direction of rotation may be co 
0 54 
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sidered positive, it is customary in trigonometry to call angles generated 
by counterclockwise rotation positive angles and those generated by 
clockwise rotation negative angles. In Fig. 2(a) the curved arrow 
indicates counterclockwise or positive rotation through five right 
angles; in Fig. 2(6) a negative right angle is indicated. 


EXERCISES 


1. Construct the following angles: (a) 6 right angles; (6) —6 right angles; 
(c) 5 right angles; ( d ) -3 right angles; (e) 3? right angles; (/) —2* right angles. 


2. Through how many right angles does the minute 
hand of a clock turn from 12:15 p.m. to 2 p.m. of the 
same day (see Fig. 3)? 



Fiq. 3. 


3. What are the magnitude and sense of the angles generated by the hour 
hand of a clock between 3 a.m. and the next 8 a.m.? 

4 Through what part of a right angle does the minute hand of a clock move 
in 1 min. of time? 


6. A Ferris wheel is turning through 3 revolutions in each minute. Through 
how many right angles will it turn in 2 min.? 

6. An imaginary line connecting the center of the earth’s orbit to the center 
of the earth makes one complete revolution each year. Assuming that this 
line turns in a plane at a constant rate, find the number of right angles described 

by this line in (a) 3 months; (6) 7 months; (c) 25 months; (d) 2000 years- (e) 
1 day; (/) 1 hr. 


25. Rectangular coordinates. This article is designed to recall the 
basic concepts of rectangular coordinates. They are used in the 
definitions of the trigonometric functions of any angle. 



Fio. 4. 


In Fig. 4 , X'X represents a straight line directed rightward as indi¬ 
cated by the barb, and 0 is any point on it. Associate with each point 
o the right of 0 a positive number giving its distance from 0 in terms 
of a chosen unit, and associate with each point to the left of it a nega¬ 
tive number having a magnitude giving its distance from 0 Now 
construct Fig. 5 by drawing a line Y'Y directed upward and crossing 
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X'X at right angles. Then, using the same system and the same unit 
of measure as before, associate numbers to the points on Y'Y, the posi¬ 
tive numbers being associated with 
points above 0 and the negative num¬ 
bers with the points below 0. Call 
X'X the z-axis and Y'Y the y-axis, 
and call the four parts into which 
these axes divide the plane the first, 
second, third, and fourth quadrants, 
respectively. 

From any point P in the plane, drop 
a perpendicular to the ar-axis meeting 
it in Q and a perpendicular to the 
y' y-axis meeting it in R. The numbers 

FlG * 6 ' x , associated with Q, and y, associated 

with R , are called coordinates of P, x being called the abscissa of P 
and y its ordinate. The point P is represented by the symbol ( x,y). 




Fig. 6 . 


Thus in Fig. 6, the abscissa of Pi is 2, its ordinate is 3 its coordinates 
are 2 and 3, and it is designated (2,3). Similarly « is es>pm 
(-3,3), P, is designated (-2,-3), and P, is designated (1, 2). 


EXERCISES 

1. Plot the points (2,4), (-2,4), (2,-4), (-2,-4), (4,2), (4, 
(_4 i _2). Why do all these points lie on a circle. 


-2), (-4,2), 
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2. Plot the points (0,1), (0,5), (1,0), (5,0), (0,-1), (0,-5), (-1,0), (-5,0), 

( 0 , 0 ). 

3. Read the trigonometric functions of the angle subtended at 0 by the 
line connecting (a) (12,0) to (12,5); (6) (x,0) to (x,y), assuming x and y to be 
positive numbers. 

4. Where are all the points for which (a) x = 3; (6) y = — 3; (c) x = —4; 
(d) y = 5; (e) x = 0; (/) y = 0; (?) y/x* + y 2 = 3? 

6. What is the abscissa of all points on the y-axis? Wfiat is the ordinate of 
all points on the x-axis? r 

6. Name the quadrant in which (a) the abscissa and ordinate are both posi¬ 
tive; (5pthe abscissa is negative and the ordinate is positive; (c) the abscissa 
is positive and the ordinate is negative; (d) the absc^sa and ordinate are both 
negative. 

7. Assuming that r = y/x 2 -f- y 2 is always positive, in which quadrants are 
each of the following ratios positive? in which negative? (a) y/r; (6) x/r; 
(c) x/y: (d) y/x; ( e ) r/x; (/) r/y. 

*8. Draw triangle ABC where A, 5, and C are the points (1,5), (4,4), and 
(0,1) respectively. Construct a rectangle by drawing lines through A and C 
parallel to the x-axis and lines through B and C parallel to the y-axis. 

(a) From the areas of the rectangle and triangles thus formed find the area 
of triangle ABC. 

Also find the area of the triangle having vertices (6) (-3,3), (3,1) and 
(-5,-4); (c) (2,4), (3,-3), and (-4,-2). 

9. Find the fourth vertex of a parallelogram having three vertices at (—2,1), 
(3,3), and (1,-3) if the line connecting the last two points is a diagonal. 

26. Definitions of the trigonometric functions of any angle. Draw 
the axes (see Fig. 7) for a set of rectangular 
coordinates and consider the angle A gener¬ 
ated by a ray in turning about the origin 0 
from the positive x-axis as initial position to 
any terminal position. Let P be a point 
different from 0 on the terminal ray; let t , 
considered as positive, be the distance from 7. 

0 to P, and let x be the abscissa of P and y its ordinate. Using the 
same notation as for acute angles, we make the following definitions: 
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Fig. 8 . 


The student will have little diffi¬ 
culty in reading the trigonometric 
functions of any angle positive or 
negative if, to connect the general 
definitions with those for an acute 
angle, he will (see Fig. 8) 

associate side adjacent with abscissa x, 
associate side opposite with ordinate y, 
associate hypotenuse with distance r. 


Note in Fig. 9 that, for P, abscissa x = —3, ordinate y = 4, distance 
r = 5 and, using (1), obtain 


sin A 



cos A 



tan A 



To gain familiarity with the definitions (1), the student should read the 
trigonometric functions of angles A, B, and C from Figs. 9, 10, and 11 


Y Y 



In referring to general angles it will be convenient to use the terms 
defined in the following paragraph. 
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An angle is said to be in standard position relative to a system of 
coordinates when its vertex is at the origin and its initial side extends 
along the -positive ray of the x-axis. An angle is said to be of the first, 
second, third, or fourth quadrant if, when in standard position, its 
terminal side falls in the first, second, third, or fourth quadrant, respectively. 

EXERCISES 

P(-5,12) 


1. From Fig. 12 read the values of the trigonometric 
functions of angle A. 


Fig. 12. 

2. Find the trigonometric functions of the angle having as initial side the 
ray from (0,0) along the positive x-axis and as terminal side the ray from (0 0) 
to (-4,-3). 

3. Each of the following points is on the terminal side of an angle 9, in 
standard position; find the trigonometric functions of 9. 

(°) ( b ) (-4,3). (c) (-5,-12). 

W (15,-8). (c) (24,-7). (/) (1,3). 

(0) (2,-3). , (h) (1,V3). (t) (-2,0). 

4. (Mwhat quadrant is 9 if , ^ 

(a) sin 9 pos.?'^ (6) cos 9 neg.? v (c) tan 9 pos.? 

(d) cot 9 neg.? (e) sec 0 neg.? (/) esc 9 pos.? 

5* Of what quadrant is 9 if 

(a) sin 9 pos. and cos 9 neg.? * (6) tan 9 neg. and sec 9 pos.?"' 

(c) cot 9 neg. and cos 9 pos.?*^ (d) cos 9 neg. and sin 9 neg.? 

C e ) cos 0 neg. and esc 9 pos.? (/) cot 9 neg. and esc 9 neg.? 

6. Locate the terminal side of 9 in standard position and find the other func¬ 
tions if 

(a) cos 9 = s, sin 9 neg. (6) tan 9 = sin 9 pos. 

(c) sin 9 = — yy, cot 6 pos. (d) sec 9 = f^an 9 neg.* 

(c) esc 9 = g-, tan 9 pos. (/) cot 9 = —tt, esc 9 pos. 

. -^d the value of 2 tan 0/(1 — tan* 9) when cos 9 — — | and 9 is of the 
third quadrant. 

8. Find the value of (esc 9 - cot 0)(sin* 9 + cos* 9) when sec 9 = -4 and 
tan 6 is negative. 

8. If sin 9 = $•, find the values of (cos 9 — esc 0)/cot 9 for the various 
quadrants in which 9 may lie, 
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240° ... 

/ 

C x=-\f 

r jy 0 


r=2 


F io. 13. 


27. Trigonometric functions of special 
angles. To find the trigonometric functions 
of an angle which is an integral multiple of 
30° or 45°, on a set of coordinate axes con¬ 
struct the angle with vertex at the origin and 
initial side along the positive x-axis, find the 
coordinates of a point on the terminal side , 
and then apply definitions (1), §26. Figure 
13 is prepared for the angle 240°. From it 
we read 


sin 240' 


= -|V3, 


esc 240° = — 


cos 240° = — 


tan 240° — y/Z, 


sec 240° = 


cot 240° = 


2 

V3 

2 


T 

l 

V3 


From Figs. 14, 15, and 16, the student may read the functions of 
— 45°, 180°, and 270°. Observe that cot 180°, esc 180°, tan 270°, and 



sec 270° have no values , since division by zero is excluded from mathe¬ 
matics. We shall refer to them by the symbol und. meaning undefined . 


EXERCISES 

/ 1. Draw a figure, patterned after Fig. 13, for an angle of 210 . Read t 

trigonometric functions of 210° from your figure. 0 . ~ ion 0 * 

2. Write the trigonometric functions of (a) 90°; (b) 135 ; (c) -90 ; (d) > 

and 3^Fhfd tl.c values of tan 0°, sec 180”, esc (-270°), tun (-120°), sin (-G0°), 
cot (-225°). 
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4. Find two positive angles A less than 3G0° for which 

(a) sin A == -j. (6) sin A = — £. 

(c) tan A = s y/d. (d) tan A = —^ \/3. 

(e) cos A = \/y/2. (/) sec A = — 

6. Find all positive angles less than 360° for which 

(a) sin A — 1. ( b ) cos A = — 1. (c) tan A = 0. 

(d) cos A = 0. (e) sin A = 0. (/) esc A = —1. 

(g) cot A = 0. (A) tan A : und. (i) cot A: und. 

6. Evaluate 4 y/Z tan 150° + 3 sin 90° tan 225° - 6 sin 330° -f cos 270°. 

7. Evaluate (a) sin 60° - 2 sin 330°; (6) 2 sin 45° - sin 690°; (c) 3 
cos 60° - cos 180°; (d) 3 sin 690° - sin 90°. 

,8^EvaIuate 4 sin 90° sin 330° sin 180° + (l/\/3) tan 240°. 

*9. Verify that 


tan 30 = 


3 tan 0 — tan 3 0 
1 — 3 tan 2 0 




for each of the following values of 0: (a) 0 = 45°; (6) 0 = 135°; (c) 0 - 120°. 

*10. Verify that sin 40 = 4 sin 6 cos 0(cos 2 0 - sin 2 0) for each of the follow¬ 
ing values of 0: (a) 0 = 30°; ( b) 0 = 120°; (c) 0 = 210°. 

28. Trigonometric functions represented by directed line segments. 
This article considers a geometrical representation of the trigonometric 
functions. Figure I shows a circle with unit radius and center 0, two 
perpendicular axes OX and OY directed rightward and upward and 
meeting the circle in A and B, respectively, and two tangents N'AN 
and M’BM to the circle. Draw line OG meeting the circle in point P 
between 0 and G } crossing N'AN at T and crossing M'BM at C. 
Denote the angle AOG by 0. Drop perpendiculars from P and C to 
the a>axis meeting it in D and E. Then from Fig. I 


UP _ 

_ UP 


• /i 

UU _ 

OD 



UP ~ 

1 


sin 0, 

OP “ 

= 1“ ~ 

cos 

0, 

If _ 

OA ~ 

AT 

1 

—s 

tan 0, 

OE _ 
EC " 

hs 

ii 

cot 

e> 

OT 

or 


sec 0, 

m _ 

oc 



UA~~ 

1 


EC = 

= T = 

CSC 

0. 


(I) 


Now let us agree that the symbol QK shall mean a number representing 
be e ‘“f h of ‘“ e 8! f nent «« Erected from Q to R and that the number 

wardTremM * T”! iS directed ri S ht ™ r d, upward, or out- 

w t j , ," % the terminftl ray of “gie » and negative 

the direction from Q to R is opposite to one of the directions 


62 


GENERALIZED TRIGONOMETRIC FUNCTIONS (Chap. IV 


mentioned. Then in each of the Figs. I, II, III, and IV, all drawn in 
accordance with the instructions for Fig. I, equations (I) hold; that is, 

DP = sin 6, OD = cos 0, 

AT = tan 0, BC = cot 0, (II) 

Of = sec 0, OC = esc 0. 

Observe that, in Fig. II, the numbers associated with OD, AT, BC, 

and OT are negative, indicating that sin 0, tan 0, cot 0, and sec 0 are 




t) of Quadrant II 


6 of Quadrant I 



kY 

|iV 

AJV 


G 

V 

B 


B C/ 

Ag 



M A/' 


JN' 

c n 


D cos 9 0 


0 cos 0 D JU E 


Fig. II 

Q of Quadrant III 


D cos tt • ' 


* 

-IA 


c , c 

TTr mJ 


^ 1 


E X E 


Fig. I 

6 of Quadrant IV 

LY 


X ■_ 

f)\0 Vcos e * a A' 


I / S 


Fig. Ill 


Fig. IV 


negative when t is of the second quadrant. Similar observations apply 
to the functions and associated line segments m the and fourth 

quadrants. By thinking of 0 as increasing from 0 to 300 , 
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from Figs. I to IV how DP = sin 6 varies from 0 to 1 in the first quad¬ 
rant, from 1 to 0 in the second, from 0 to — 1 in the third and from — 1 
to 0 in the fourth. Also observe from Fig. I that A T (= tan 0) varies 
from 0 through values unlimited in magnitude as 0 starts at 0° and 
approaches 90°. In fact the variation of each function can easily be 
reviewed by considering the variation of its line value as 0 changes 
through any range of interest. 


EXERCISES 


1. What is the significance of the fact that the line segment from 0 to D in 
Figs. II and III runs leftward? 

2. Find by means of the line segments in Fig. IV the signs of the basic 
trigonometric functions of fourth-quadrant angles. 

*3. By considering the possible values of ()D, suggested in Figs. I, II, III, 
and IV, describe the variation of cos 0 as 0 changes from 0° to 360°. Also dis¬ 
cuss the variations of AT (= tan 9) and OT (= sec 9). 

4. When 9 = 90°, OG in Fig. I will never intersect line N'AN. What do 
you deduce from this relative to tan 90°? What geometric situation suggests 
that esc 0° and cot 0° do not exist? 

29. Observations. The identities written below were proved in 
Chap. II for the range 0 < A < 90°. If a be replaced by y and b by 

* in the P roofs given in §9 and §10, they apply to general angles. 

The reciprocal relations: 


esc A = 
sec A = 


cot A = 


1 

sin A 
1 

cos A* 
1 

tan A 



The relations tan A and cot A in terms of sin A and cos A: 


*an A = —A cot A _ cosA 

cos A sin A 


Relations derived from the Pythagorean theorem: 



sin 2 A + cos 2 A — 1, 
tan 2 A -f 1 = sec 2 A t 
1 + cot 2 A = esc 2 A, 


( 4 ) 
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The values of the trigonometric functions of any angle A (see Fig. 17) 
in standard position depend only on the position of the terminal side. 
Hence, the values of the basic trigonometric functions of an angle A 
increased or decreased by any number of comolete revolutions are the 


same as those of angled ; in symbols 

fn(A + £360°) = fn(A), (5) 

where k is an integer and fn refers 
to sin, cos, tan, cot, sec, or esc. 




30. Expressing a trigonometric function of any angle as a function 
of an acute angle. Consider the problem of expressing the trigono¬ 
metric functions of 230° in terms of functions of angles less t^an 90 . 
Figure 18 shows an angle of 230° related to an angle of 50 by a self- 
explanatory construction. From the figure we get 


Y 


O 


sin 230' 
cos 230' 
tan 230' 


y oiP 

r 

x of P 


r 

-b = b 
—a a 


= - - = - sin 50°, 
r 

= — - = — cos 50°, 
r 


= - = tan 50°, 



M 

b 

*\^20° 

R 


-b 




P 




and from these we get by relations 

( 2 ) 

CSC 230° = - CSC 50°, 
sec 230° = - sec 50°, 
cot 230° = cot 50°. 


Fio. 19. 


By the use of relations (3), §9, we could 
replace sin 50° by cos (90° - 50°) 

= cos 40°, cos 50° = sin (90° - 50°) = sin 40° etc. 

To get the functions of -20° in terms of funct.ons of 20 , construct 

?ig. 19 and obtain 
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sin (-20°) 




cos ( — 20°) ~ ~ r = cos 20°, 


tan ( — 20°) 




- sin 20°, 


— tan 20°, 


and from these obtain, by using relations (2), 


esc (-20°) = - esc 20°, sec (-20°) = sec 20°, 

cot (-20°) = - cot 20°. 

Observe that two congruent right triangles are formed, one from the 
given angle by dropping a perpendicular from a point P on its terminal 
side to the x-axis and a congruent right triangle in the first quadrant. 
The required relations are easily deduced from these two triangles. 


EXERCISES 

1. In Fig. 20, OP ~ OPi = r. Use it to express the six trigonometric func¬ 
tions of 140° in terms of functions of 40°. 




2. Use Fig. 21 to express the six trigonometric functions of 325° in terms o 
functions of 35°. 

3. Express the trigonometric functions of each of the following angles ii 
terms of functions of an acute angle: 

(«) 243°. (6) 326°. 

(d) 170°. (g) 310°. 

(?) 350°. (h) 470°. 

CO 730°. (Jfe) -200°. 

(») 260°. (n) 130°. 


(c) 198°. 
(/) 155°. 
(t) 545°. 
(0 99°. 
(o) 925°. 


31 Functions of negative angles and angles increased by W 
f irst consider the formulas 



66 


GENERALIZED TRIGONOMETRIC FUNCTIONS IChap. IV 


sin ( — >1) = — sin A, (6) 

cos ( — A) = cos A , (7) 


where A represents any angle. Evidently angles —A and A when in 



Fio. 22. 


standard position on the same axes (see Fig. 
22) will have their terminal sides symmetri¬ 
cal to the z-axis. Take P' on the terminal 
side of angle —A distant r from (0,0). 
Draw P'P' perpendicular to the x-axis meet¬ 
ing it in R and meeting the terminal side of 
A in P. The right triangles OPR and 
OP'R' are evidently congruent. Hence if 
represents P' and ( x,y ) P, then 
x' — x } y' — —y* and 


sin {-A) = ^ 

r 

cos {-A) = ^ 

r 




Dividing (6) by (7) member by member, dividing (7) by (6) member 
by member, equating the reciprocals of the members of (0) and those 
of (7), obtain, respectively, 

tan ( — 4) = — tan A, cot ( — A) = — cot A ) (9) 

esc (-4) = - esc A , sec(-i4) = sec A. (10) 



Next consider the equations 

sin (90° -f- A) = cos A , (ID 
cos (90° + A) = - sin A. (12) 

Take angles A and 90° + A in 
standard position on the same axes 
(see Fig. 23). Take P on the termi¬ 
nal side of A and P' on the terminal 
side of 90° + A so that OP = OP ' 


Fio. 23. _ an( j ( i r0 p perpendiculars from 

P and P' to the x-axis meeting it in R and R'. The two triangles ORP 
and OR'P ' are congruent, having the hypotenuse and acute angle o 
one equal to the hypotenuse and acute angle of the other. 


♦ If A has the form *90°, k an integer, no triangles are formed. However^m 

this case take OP = OP' = r. Then if k is odd, *' = x = 0, y - J “ r ° » 

if k is even, x = *' - r or -r, and y = ~V = 0. In either case equations (6), (7), 


and (8) hold true. 
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inspection of Fig. 23 shows that 


x' — —length of R'O = —RP = —y, 
y' = R'P' = OR = x, 


and 


sin (90° -f- A) — — = - = cos A, 

r v 


cos (90° + A) - J = - (A = - sin A. 


(13) 


PO.y) 


A 


s 

\ 

' \ v \ 
' \ \ \ 


/f&'A 


* \ Vtf 


7 H A' 


P'(x'v') 


P'(*V) 


Fia. 24. 


P(ar.y) 


Fia. 25. 


>1 


\ *'? V z 


R' X 


It may seem that the argument assumes that angle A is of the first 
quadrant. However, the same argument applies without change if 
Fig. 24, 25, or 26 is referred to instead , 

of Fig. 23. P(x'.y') 

Dividing (11) by (12) member by _ ' 

member, dividing (12) by (11) mem- t'&i , * 

ber by member, equating the recipro- —r—tp f / x Up * - c --► 

cals of the members of (11) and those \ v V & * 

of (12), obtain, respectively, ~ 

tan (90° + 4) = - cot A, \ “ 

cot (90° + A) = - tan A, ll4) \ 

esc (90° + A) = sec A, \| 

sec (90° + A) = - esc A. (1B) Fm 26 1 '’ 

EXERCISES 

L Write the values of sin 30° and cos 30°, and then from these and formulas 

(7), (11), and (12) write the values of sin (—30°), cos (-30°) sin 120° 
cos 120°. '* 1 


V(*,y) 

Flo. 25. 


1 




C'^ 
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2. From sin (-60°) = — i y/3, cos (-60°) = * find tan (-60°), 
cot ( — 60°), esc ( — 60°), ar^ sec ( — 60°) by using (2) and (3) of §29. 

3. Given that sin A = § and A is of the first quadrant, find cos A, sin (—A), 
cos (—A), sin (90° + A), cos (90° + A), tan ( — A), and sec (90° + A). 

4. In (11) and (12) replace A by 90° + B to get 

sin (180° + B) = cos (90° + B) — — sin B. 
cos (180° + B) = — sin (90° + B) = — cos B. 


6. In (11) and (12) replace A by — B to prove that 


sin (90° — B) = cos B, 
cos (90° — B) = sin B. 

6. In (11) and (12) replace A by 90° + B and then B by 90° + C to obtain 


sin (270° + C) = - cos C, 
cos (270° + C) = sin C. 

32. Functions of ft90° ± A, ft an integer. By using (6), (7), (11), 
and (12) repeatedly, we shall prove the following theorem. 

Theorem. If fn stands for any one of the symbols sin, cos tan, cot, 
sec, esc, and k is an integer, then 

fn{k 90° ± A) = ±fn(A), k even, (A) 

fn(k 90° ± A) = ±co-fn(A ), ft odd. (B) 


The sign + or - to be used in the right member is the same as the sign 
of the function of the left member in the quadrant of ft90 + A with A 

considered as a positive acute angle. 

Replace A in (11) by 90° + A and then use (12) to obtain 

sin (180° + A) = cos (90° + A) = - sin A. (16) 


Replace A by (90° + A) in (12) and then use (11) to obtain 
cos (180° + A) = - sin (90° + A) - — cos A. 



Replace A by 90° + A in (16) and (17) and change slightly to get 

sin (270° + A) = - sin (90“ + A) = - cos A. (18) 

cos (270° + A) = - cos (90° + A) = sin A. (19) 

Now observe that the results of adding r3«0° = 4r90° to the angles of 
the left members of equations (6) to (19) hold true for all values of A 
and therefore when A is considered acute.* The equations ( ), ( ), 


* Here an acute angle is considered as a positive angle less than 90°. 
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(17),* (6), (7), (18), and (19) changed by the addition of r360°, r an 
integer, to the angles of the left members constitute the proof of the 
special case of the theorem stated above in which fn means sin or cos 
and +A is replaced by -\~A. The above argument with .4 replaced by 
-A completes the proof of the special case of the theorem in which 
fn means sin or cos. 

Using equations obtained from (A) and ( B ) by replacing fn by sin 
and cos in identities (2) and (3) of §29, we can establish the theorem for 
the tangent, cotangent, secant, and cosecant functions. Example 1 
below indicates the method. 

Example 1. Given that sin (7 X 90° - 4) = - cos .4 and 
cos (7 X 90° — A) — — sin A. Derive the corresponding formulas 
for tangents, cotangents, secants, and cosecants. 

Solution. Dividing the first formula by the second, member by 
member, the second formula by the first, and equating the reciprocals 

of the members of the first equation and those of the second equation, 
obtain, respectively, 

tan (7 X 90“ - A) = ~ cos - 4 = C ot A, 

cot (7 X 90° - A) = tan A, 
esc (7 X 90° — A) = — sec A, 
sec (7 X 90° - A) = - esc A. 


Example 2. Use equations {A) and (B) to express the following 
functions in the form of trigonometric functions of 0: 


(a) cos (5 X 90° + 0). (6) sin (8 X 90° - 0). (c) tan (900° + 0). 

Solution, (a) Since 5 is odd, use equation ( B ), and since the cosine 

is negative in the quadrant of 5 X 90° + 0 with 0 acute, that is, in the 
second quadrant. 

cos (5 X 90° + 0) = - sin 0. 


(&) Since k in 8 X 90° — 0 is even, use formula (A). 8 X 90° — 0 

with 0 acute is a fourth-quadrant angle, and the sine is negative there 
Hence sin (8 X 90° - 0) = - sin 0. 

. g S “ c ® 900 ° + 9 = 10 X 90° + 9, use formula (A) for angle 9 
in the third quadrant to get tan (900° + 0) = tan 0. 


l i*k, (6) ; (16) > and (17 >> Ranged by adding r360° to the angle in the left member 
h JS£SSr.*Z ir + 2 ; “ to (6). (7). (18), and (19), changTd by 

tttSS n “ 8 m th0 lef ‘ member: * h “ th6 ,orm 4r + 1 or ir + 3, 



70 


GENERALIZED TRIGONOMETRIC FUNCTIONS [Chap. IV 


EXERCISES 


1. Find equivalent expressions involving acute angles only: ^ 
(a) cos ( b ) tan 110°.-^^ (c) cot 160°.-^ v 


< / 


(d) sin (-20°)-A’'V (e) tan (—100°).^!o(/) sin (-120°)',^/ > 

(g) sec 500°. (h) esc (-500°). (i) cos (-10 X'lkr- 100°). 

2. Find equivalent expressions in terms of basic functions of 0: 

(a) sin (11 X 90° - (b ) cos (10 X 90° + 0). 

(c) tan (5 X 180° + 0). ( d ) sec (450° + 0). 

(e) cot (990° - 0). (/) esc (-540° + 0). 

( ? ) sin (-0 - 180°). ( h ) cos (-810° + 0). 

(i) tan (-630° + 0). 

3. Using the table in Appendix IV, find the sine, cosine, and tangent of 
each angle: 

(a) 100.3°. ( b ) -395.6°. (c) 1097.2°. 

(d) -470.2°. ( e ) -200.4°. (/) -1060.3°. 

4. If A, B, and C are the angles of a triangle, then C = 180° - A - B and 
therefore cos C = - cos (A + B). If the first formula holds true for all 

values of A and B, does the second jiold true? 

6. If sin A = 4, cos A = — \/8/3, find sin (630° + A), cos (630° - A), 

and tan (990° + A). 

6. If cos A = \/3/3 and tan A is negative, find sin (90° + A), tan (2/0 

+ A), sec (540° - A), and cot (-A). . 

7. Given that tan A is negative and cos (270° - A) - s, find sin A, 

tan A, cos (540° + A), esc ( — 180° + A). 

8. Given that esc A is positive and sin (-450° — A) = tt, find esc A, 

cos A, tan ( — 540° — A), cot (270° + A). 

9. Replace A by - A in (11), (12), (14), and (15), transform the results 

slightly, and thus deduce formulas (3), §9. . . 

10. Derive formulas for sin (180- - A) and cos (180- - 4) by replacing A 
by -A in (16) and (17). Then deduce the same formulas directly Iro 

Fig. 27. 


—no 


P'ix'y') 


P(x,y) 


.180 


A \ 


Fia. 27. 


1. Divide equation (16) by (17) member ^ 

ate the reciprocals of "“'"o“ ( V + j), sec (180- + A), and 

uce formulas for tan (180 -r A), c \ 

(180° + A). 
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12. In Exercise 11 replace (16) by (18), (17) by (19), and (180° + A) by 
(270° + A), and solve the resulting problem. 

*13. Find the error in the following argument: sin (190°) = sin (1 X 180° 
+ 10°) = - sin 10°. Also sin (90° + 100°) = - cos 100° since k = 1 is odd 
and 90° -j- 100° is a third-quadrant angle. Since cos 100° = — sin 10°, 
sin 10° = - sin 10°, 2 sin 10° = 0, and sin 10° = 0. 

*14. Simplify 


cos (90° + A) esc (90° + A) cot (-A) 

W sin (—A) + sec (-A) + tan (90° + A)’ 

cos 2 (180° + 0) cos (270° - 0) 

W sin 2 ( —0) sin (180° - 0)' 

cos (270° + 0) tan (180° + 0) sec (90° + 0) 

{C) sin (180° + 0) ' cot (270° + 0) ' esc (360° - 0)’ 

33. The solution of trigonometric equations. To solve a trigonomet¬ 
ric equation: (a) transform the given equation to a form containing one 
basic function; (6) solve for this function; (c) find by inspecting each 
result of step (6) values of the angle involved; (d) test these values in the 
original equation to see whether they satisfy it. 

The following examples indicate the procedure. 

Example 1. Obtain all values of A in the range from 0° to 360° 
satisfying 4 sin A = 3 esc A. 

Solution. Multiply the given equation by sin A to get 


4 sin 2 A — 3 esc A sin A = 3. 



Equate the square roots of the two members of (a) and solve for sin A 
to obtain 


sin A 



sin A = — 


vs 

2 ’ 



Evidently each of the angles 60° and 180° - 60° = 120° satisfies the 
first equation of (6), and each of the angles 240° and 300° satisfies the 
second. Substitution of these values in the original equation verifies 
that they satisfy it. Note that, if any integral multiple of 360° were 
added to each of these answers, the results would be solutions. 

Example 2. Find all solutions of 2 sin 2 0 — 5 cos 0 4- 1 = 0 in tbp 
range from 0° to 360°. 

Solution. Replacing sin ! « by 1 - cos* 0 in the given equation and 
transforming slightly, obtain 


2(cos 0) 2 + 5 cos 0 - 3 = 0. 
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Factoring this equation, equating each factor to zero, and solving for 
cos 0 obtain 

(2 cos 8 — l)(cos 0 + 3) =0, 
cos 0 = jr, cos 0 — —3. 

From cos 0 = ^ find 8 = 60°, 300°. From cos 8 = —3 no answers 
are obtained, since cos 8 cannot exceed 1 in magnitude. 

EXERCISES 

Find all solutions in the range from 0° to 360° inclusive of the following 
equations: 


1. 2 sin 8 = 1. 

3. tan 2 x = 1. 

6. cot 0 = 3 tan 0. 

7. 3 tan 2 0 = 1+ sec 2 0. 

9. tan 2 0 + sec 2 0 = 3. 

11. sec 2 0 = 4. 

13. 6 cos 2 0 = 1 + cos 0. 

16. cot tan 0 = sec 0. 

37 2 sin 2 x + 3 cos x = 3. 

'lS. 2(sin 2 0 - cos 2 0) = 7 sin 0, 
21. sin x + cos x = y/2. 


2. 4 cos 2 0 = 3. 

4. 4 cos 0 = 3 sec 0. 

6. 2 cos 2 0-2 sin 2 0 = 1. 
8. sec 2 0 = 2 tan 2 0. 

10. 2 cos 2 0 — sin 0 = 1. 

12. tan 0 = 2 sin 0. 

14. cot 0 + tan 0 = 2 sec 0. 
16. cot 0 + tan 0 = esc 0. 
18. 2 sec 2 x — tan x = 5. 
20. 2 — 2 sin 2 0 = cos 0. 


Hint. Write sin x = \/2 - cos x, square both members, replace sin* x m 
the result by 1 — cos 2 x. 

Read the hint to Exercise 21 and then solve the following: 


22. sin x — cos x = \/2* 
24. tan x + sec x = 1. 


*23. 4 cos x + 3 sin x = 5. 
*26. 2 tan 0 + 3 sec 0 = 3. 


34. REVIEW AND TEST QUESTIONS 

1. If sin 9 = -T 5 and cos 9 is positive Hnd cos 9, tan 9, and esc 8. 

2. Find the values of sin 9, cos 9, tan 8, sec 9 if 9 equals (a) 330 , W 

' 3 ° Which^of' the following expressions represent equal values: sin 40 , 

os (-50°). sin 220°, - cos 230°, cos 40°, cos (-410°)? 

4. What four functions are negative for a third-quadrant ang e, or a ° 
piadrant angle? What two functions are positive for a second-quadrant 

"t ? What trigonometric functions have values limited to the range from -1 

ol? Which functions may have any value? _ 0) (6) 

6 Express as trigonometric functions of 0 (a) ' ’ 

in (i 80 o + 0); (c) cos (360° - 0); (d) sec (540° + 0); (e) cot ( )• 
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7. Express as functions of positive angles less than 45° (a) sin 286°; ( b ) tan 
248°; (c) sin (-50°); (d) cos (- 485°); (e) cot 156°. 

Solve the equations numbered 8, 9, and 10 for all values of 0 in the range 0° 
to 360°: 

8 . 2 sin 2 0 -f cos 0 — 1 =0. 

9. y/2 cos 2 6 — 3 sin 0 — 2 = 0. 

10. sin x + cos x = V2/2. 

11. Using the table of values in Appendix IV, find the values of the 
following expressions: (a) sin 276.6 & ; (6) cos 1206.32°; (c) tan (-483.24°). 

12. State the rule for expressing sin (490° + 0), k an integer, as ± sin 0 or 

± cos 0. I . . , 
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36. The addition and subtraction of vectors. .4 vector is a quantity 
determined by magnitude and direction and certain laws of operation. 
The force exerted by a boy lifting a 15-lb. weight has magnitude 15 lb. 
and direction upward. A wind velocity of 20 miles per hour eastward 



Fig. 1 Fig. 2. 


has magnitude and direction. These quantities, force and velocity, 
are two of the manv illustrations of vectors. 

A vector is represented by a straight-line segment with a barb on it 
(see Fig. 1). The vector from an initial point A to a terminal point 



(or tip) B is represented by AB,* its 
magnitude, represented by JAB , is the 
length of AB, and its direction is from 
the initial point A to the terminal 
point B. Thus AB in Fig. 1 has ;AB; 
= 4. and direction 30' with AM. 

Two vectors AB and CD are equal 
if they have the same magnitude and 
direction. If they have the same 
magnitude but opposite directions, 
one is the negative of the other. 


Thus in Fig. 2, |ABj = |CD| = |BAj = 4 and AB = CD, AB = -BA. 

The sum of two vectors AB and CD is , by definition , a vector PR 
obtained as follows: draw from any point P a vector PQ equal to AB, then 
draw from Q a vector QR = CD, and finally draw PR (see Fig. 3). 


•Short barbed lines are used on the figures to represent vectors. 
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To obtain the sum of several vectors add two of them, add this sum to 
the third one, add this second sum to the fourth one , and so on. Figure 4 
shows the sum of the three vectors AB, CD, and EF. From the paral¬ 
lelogram of Fig. 3, it appears that 

CD + AB = PQ' + Q'R = PR, 
or 

AB + CD = CD + AB; 

that is, the sum of two vectors is independent of the order of addition. 
By using this fact repeatedly we can show that the sum of a set of 
vectors is independent of the order of addition . 



To subtract a vector CD from a vector AB, add the vector -CD to 
AB as indicated in Fig. 5. 

We shall assume that directed distances, velocities, and forces acting 

at a point obey the same laws as the vectors representing them. For 

example, the velocity of a boy rowing a boat in a river is represented 

by a vector got by adding the vectors representing the velocity of the 

stream and the velocity the boat would have in still water due to the 

rowing. Also a force due to several forces acting at a point is equiva- 

lent to the force represented by the sum of the vectors representing 
the individual forces. 

Example 1. If A is the point (5.00,0), B the point (0,12.00), and 
O the point (0,0), find OB - OA. ’ 

s °lutu>n. Figure 6, page 76, shows OD as the required sum OB + 

08 + 0A '- Solving the triangle OA'D we find length OD = 

13.0 and angle AOD = 180“ - 67.4“ = 112.6“. Therefore the required 
sum is 13.0 at 112.6° with the x-axis. 
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Example 2. A boy who can row at 3.00 mi./hr. in still water heads 
his boat at right angles to the current in a river flowing 4.00 mi./hr. 

Find his velocity. 

Solution. In Fig. 7 AS represents 
the velocity of rowing in still water and 
AT the velocity of the river. The sum 
AR = AT + AS is found by computa¬ 




tion to be 5.00 at angle RAT = 36.9°. Hence the boy’s velocity is 
5.00 mi./hr. at an angle of 36.9° with the direction of the current. 


EXERCISES 


1. A man travels east 6.00 mi. and then north 6.00 mi. Draw two vectors 
to represent the two trips and add them to obtain a vector representing a single 
equivalent trip. Give magnitude and direction of the vector found. 

2. Add a vector of magnitude 3.00 directed horizontally to a veotor of 

magnitude 4.00 directed vertically. # 

3. Draw three vectors to represent three trips, the first 6.00 mi. east, the 

second 6.00 mi. northeast, and the third 6.00 mi. north. Find magnitude and 
angle with east of a trip equivalent in initial and final positions to a trip con¬ 
sisting of a succession of the three trips. 

4. If O is the origin of coordinates, find the sum of vectors OA and UJJ 

where 


(а) A is (6.00,0), B is (0,6.00). 

(б) A is (8.00,0), B is (0,-6.00). 

(c) A is (0, — 3.00), B is (4.00,0). 

(d) A is (5.00,5.00), B is (-10.00,-10.00). 

(e) A is (4.00,0), B is (4.00,4.00). 

(/) A is (5.00,4.00), B is (-3.00,2.00). 

6. Each of two vectors has magnitude 6.90, and they make an angle of 60 

with each other. Find the magnitude of (a) their sum; b) ^ difference. 
6. Add the vectora AB = 10.0 east, BC = 20.0 north, CD = 30.0 nest, 

DE = 40.0 south. 
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7. Add the vectors AB = 10.0 northeast, BC = 10.0 southeast, and 
CD = 10.0 east. 

8 . A boat will make 25.0 mi./hr. in still water. Find its velocity in a 
6.30-mi. current if it is headed (a) with the current; (6) directly opposite to the 
current; (c) at right angles to the current. 

9. An airplane will make 100 mi./hr. in still air. Find its velocity in a 

30.0 mi./hr. wind if the plane is headed in a direction making 45.0° with the 
direction of the wind. 

10. An airplane flies north at 225 mi./hr. The wind is blowing 40.0 mi./hr. 

from the northeast. In what direction is it headed, and what speed would it 
make in still air? 

11. A first boy pulls on a third boy with a force of 22.0 lb. east, and a second 
pulls the third one with a force 38.0 lb. north. Find the magnitude and direc¬ 
tion of the force impelling the third boy. 

12. Replace ( north” by northeast in Exercise 11 and solve the resulting 
problem. 

*13. Replace “east” by southeast in Exercise 11 and solve the resulting 
problem. 

*14. Replace east by N. 20.0° E. and north by N. 80.0° E. in Exercise 11 and 
solve the resulting problem. 

c .r 1 , 6 n The resultaDt force of two for ces is 85.2 lb. north, and one of them is 
o7.4 lb. east. Find the other force. 

*16. Add three forces represented by OA, OB, and OC where points O A B 
and C are (0,0), (0,5.60), (-6.50,0), and (5.80,-9.40), respectively, and ekch 
length of 1 unit in the xy-plane represents 26.0 lb. of force. 


36. Components of a vector. The following development refers to 
lines, points, and vectors all in the same plane. Let PQ be a vector 
m a plane containing a line AB (see 
Fig. 8). Drop perpendiculars from P 
and Q to line AB meeting it in P' and 
Q', respectively. Then P'Q' is the 
component of PQ on line AB. 

If P , Q, and R are three points in a 
plane containing line AB (see Fig. 8) 
then PQ + QR = PR and P'Q' -f Q'R' 

= P'R' by the definition of addition 
of vectors. Hence the sum of the com¬ 
ponents of two vectors on any line is the 
component of the sum of the vectors on Fiq - 8 - 

£7„f v B / t extend 7 the ? r <™ “ d remembering that the sum 
t of vectors is independent of the order of addition, the italicized 

s atement with “two” replaced by “a set of” can be proved. From 
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this it follows that: If S x is the sum of the components on the x-axis of a 
set of vectors and S v is the corresponding sum on the y-axis, then the sum 
of the set is obtained by adding the vectors S z and S v . The solution of the 
following example uses this principle. 

Example. The symbol ( F,a ) represents a force of magnitude F 
making an angle of a with the x-axis. Find a force equivalent to the 
three forces: (50.0 lb., 36.9°), (65.0 lb., 60.0°), (48.0 lb., 200.0°). 



S x =X 1 +X 2 +X 3 
S y =Y 1 +Y 2 +Y 3 


Fig. 9. 


Solution. Relate the forces to a set 
of coordinate axes, and let A r i, X 2 , X 3 
represent the respective components 
along the x-axis and Y h F 2 , Y 3 the 
components along the y- axis. Then 

X! = 50.0 cos 36.9°, 

X 2 = 65.0 cos 60°, 

X 3 = 48.0 cos 200°, 

F r = 50.0 sin 36.9°, 
r 2 = 65.0 sin 60°, 

F 3 = 48.0 sin 200°. 

From these values we find 

S z ~ X\ -f* A r 2 + X 3 — 40.0 

+ 32.5 - 45.1 = 27.4, 

S v = Fi + F 2 -f- > 3 = 30.0 

+ 56.3 - 16.4 = 69.9. 


From the solution of the right triangle with legs 27.4 and 69.9 we get 
the sum (76.0 lb., 68.6°). Figure 9 shows the process graphically. 


EXERCISES 

1. A vector of magnitude 68.0 makes an angle of 60° with a line A B. Find 
the magnitude of its component on AB and of its component on a line per- 

pendicular to AB. .... * „ 

2. Find the magnitudes of the components of the following vectors o 

x-axis and on the y- axis: . 

(а) mag. 48, angle with direction of positive x-axis JO 

(б) mag. 48, angle with direction of positive x-axis 150 . 

(c) mag. 1280, angle with direction of positive x-axis -30 . 

(d) mag. 286, angle with direction of positive x-axis lo0 . 

(e) mag. 2247, angle with direction of positive x-axis 250 . 

3. Find the component on a line running north and south and tha 
line running cast and west of a force of 86.0 lb. acting (a) northeast, (6) 
west; (c) 40° east of south; ( d ) 20° west of north. 
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4. A boy in a boat moves southwest at 8 mi ./hr. on a river flowing east. 
Find the component of his velocity along the river and the component at right 
angles to the river. 

6. An airplane is ascending at 86.6 mi./hr. along a line making an angle of 
30° with the horizontal. Find the vertical component and the horizontal 
component of its velocity. 

6 . Find the sum of the x-component of the following set of forces on the 
x-axis and the sum on the ?/-axis, and add the resulting two forces: 20.0 lb. 
rightward on the x-axis, 40.0 lb. upward on the y-axis, 160 lb. at -135° with 
the positive x-axis. 

All angles in Exercises 7 to 10 are with the positive direction of the x-axis. 
Use the method of Exercise 6 to find the sums of the sets of forces: 

7. 62.0 lb. at 0°, 108.0 lb. at 120°. 

8. 85.6 lb at 100°, 94.3 lb. at -210°. 

9. 5.83 lb at 0°, 6.92 lb. at 90°, 17.96 lb. at 230°. 

10. 865.2 lb at 180.0°, 948.7 lb. at 270.0°, 2294 lb. at 63.82°, 1873 lb at 
-107.63°. 

11. Using the method of the example find the sum of each of the following 
sets of forces: 

(a) (25.0 lb., 0°), (25.0 lb., 90°), (60.0 lb., 36.9°). 

(b) (38.0 lb., 180.0°), (100.0 lb., 53.1°), (80.0 lb., 60.0°). 

*(c) (141.4 lb., 45.0°), (86.0 lb., 120.0°), (127.0 lb., -30°). 

(d) (865 lb., 60.0°), (865 lb., 180.0°), (865 lb., 300.0°). 
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37. Foreword. The basic trigonometric functions are of great 
importance in applications of many kinds because they are periodic; 
that is, each has a complete set of values which it takes on repeatedly. 
Consequently they can be used to represent motions which occur 
periodically like the motions involved in the waves of sound, light, 
heat, and electricity. In fact they are useful in representing any 
phenomena of an oscillatory nature. Graphing the functions gives 
detailed knowledge of their variations, and the graphs suggest and 
emphasize important properties. 

In this chapter the very important unit of angular measure, the 
radian, is introduced. It is used almost exclusively in more advanced 
mathematics and physics because its use avoids certain complicated 
numbers. 

38. The radian. The angle subtended at the center of a circle by an 
arc of the circle equal in length to its radius is called a radian. A chord 
of a circle equal in length to its radius subtends an angle of 60° at its 
center; an arc on the same circle equal in length to its radius would 
subtend at its center an angle slightly less. Therefore an angle of 1 
radian is slightly less than 00°. In fact, since the circumference of a 
circle is 2i tR, the length of the radius is contained in the length of the 
circumference 2tt* times. Since the complete circumference subtends 
360°, 2tt radians (= G.2832 radians) are equivalent to 360°. Accord¬ 
ingly we write 

27r radians = 3G0°, or 7r radians = 180°. (1) 


Since 7 r radians are equivalent to 180°, 1 radian is 1 A times as much, 
that is, 

= 57.2958° = 57°17'45". (2) 


1 radian = 


1 


♦ The number * (= 3.141G nearly) is the ratio of the circumference of a circle 
to its diameter. |< 

80 Si 1 
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Also, from (1), 180° is equivalent to tt radians; hence 1° is equivalent 
to 1/180 times 7r radians. Accordingly, we write 


1 ° = 


7T 


180 


radian = 0.017453 radian. 


(3) 


From formulas (2) and (3) it appears that to find the number of degrees 
in a given number a of radians multiply a by I 8 O/ 71 -, and to find the number 
of radians in a given number b of degrees multiply b by 7 t/ 180 . 

By way of illustration, we write 


10 ' 


- ■» (if-,) 


7r 


radian = — radian; 

lo 


5 ' “ ( 4 ) = (l§o) radian = 2^0 radian; 

0.75 radian - 0.75 = 42.9719° = 42°58'19”. 


(c) 90°. 
(/) 135' 
(t) 480’ 


v. .*/< 

■, •> 


*> 


(c) 7 t/ 72 radians/ 
(J) 0.98 ir radians. 

1" = 0.000005 radian. 


EXERCISES 

1. Express the following angles in radians: 

( 0 ) 45°. (6) 60°. 

(<*) 180°. (e) 120°. A .A 

(g) 22°30'.^ ( h ) 200°.^ 

2 . Express the following angles i^ degrees: 

(a) t/ 3 radians. (6) 37r/4 radians. 

(d) 7 tt/ 6 radians. (e) 207r/3 radians. 

3. Show that, accurate to one figure, 

1 ° = 0.02 radian, 1' = 0.0003 radian, _ __ 

4. Find, accurate to the nearest minute, the following angles in degrees and 
minutes: (a) -nr radian; (6) 2* radians; (c) 1.6 radians; (d) 6 radians. 

6 . Find the ruwgber of radians through which each of the hands of a clock 
turns in (o) 5 m/ffi'; (6) 15 min.; (c) 45 min.; (d) 2 hr.; (e) 6 hr. 30 min. 

6 . Evaluate the following (without tables); 

(a) tan hr. (6) sin U. (c) cos hr. 

W tan jir. (e) sin hr. ", (J) cos r. 

w cofc * T - (h) sec hr. (i) tan (-*). 

39. Length of circular arc. Figure 1 shows a central angle of 1 

radian, a central angle of 6 radians in a circle of radius r, and the inter¬ 
cepted arcs r and s. Since two central angles in a circle have the 
same ratio as their intercepted arcs, we have 
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or 


s = r6 units. 


(4) 





Example 1. The nautical mile, or sea mile, 
used in the United States is the arc length 
subtended on a circle of diameter 7917.59 
miles by a central angle of V (7918 miles is 
approximately the diameter of a sphere hav¬ 
ing a volume equal to that of the earth). 
Find the length of the nautical mile accurate 
to five figures. 


Solution. Using formula (4) with 

r = £(7917.6) (5280) ft. and 
we obtain 


6 = X radian > 


$ 


5 = £(7917.6) (5280) f)Q * 18Q = 6080.4 ft. 

This is approximately the length of the nautical mile. A more accurate 
value is 6080.27 ft. 




Fiu. 2. 

Example 2. On approaching the shore, the captain of the ship 
shown in Fig. 2 measured the angle of elevation of the top of a flagstaff 
and found it to be 2°10'. If he knew the height of the staff was 32 ft. 
and if the foot of the staff was on the same level as the captain s eye, 

find his distance from the flagstaff. / f 

Solution. Using (4) with r the required distance, s = 32', and 

0 = 2°10 / = 2.17tt/ 180 radian, we get* •' / 

* The approximation involved here amounts to replacing tan 0 b) 0 radians. 
If o <0.1 radian < 5°43', 0 approximates sin 0and tan 0 almost to three sigmhenn 
figures, and if 0 < 15°, 0 approximates sin 0 and tan 0 almost to two sigmfican 

figures. 
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r2.177r 
180 7 


or t — 846 ft 


EXERCISES 

1. For a circle of radius 600 ft., find, in radians, the central angle subtended 
by an arc of length (a)" 1200 ft,; (6) 600 ft.; (c) 100 ft.; (d) K ft. 

2. Find, in feet, the length of arc subtended on a circle of radius 100 ft. by 
a central angle of (a) T V radian; (6) 3.5 radians; (c) tt/ 3 radians; ( d) 3rr/2 
radians; ( e) 0.032 radian. 

3. Show that a central angle of 6 degrees subtends on the circumference of 
a circle of radius r a length s given by 


_& _ 

180 TT 


4. An enemy battery 6000 yd. distant from an observation post subtends 
at the post an angle of radian. How many yards of front does the battery 
occupy if the post is directly in front of it? 

, a PP roj u m ately the angle in radians subtended by a church spire 

0 ft. high at a pomt m the horizontal plane through the base of the spire and 
distant 1 mile from it. 


„,*£ n A " "1“ " hosc "' heels are 340 “■ “ diameter travels at the rate 

„ “• /hr - , Ho ' v , m!,n y revolutions per minute does a wheel make? 

What is its angular velocity in radians per second? 

thc eart , h to be a l ,erfcct s P l>ere 7917 miles in diameter, find 

of the Wl ,n° T a ‘° r ‘ L hat SUbten<ls an angle of the 

if one “sL <l,St “ nCe bet "' een tw ° l>° inte »» same meridian 

one is 8.00 north of the equator and the other 5.50° south of the equator. 


8 . When the moon is 239,000 miles 
rom the earth, its diameter subtends 
about 31' of angle at a point on the earth. 
Using this fact, compute the diameter of 
the moon by assuming that the diameter 
is the arc of a circle having its center at a 
point on the earth (see Fig. 3). 



FlO. 3, 
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11. A lighthouse 100.0 ft. high stands on a rock. From the bottom of the 
lighthouse the angle of depression of a ship is 2.78°, and from the top of the 
lighthouse its angle of depression is 4.03°. What is the height of the rock? 
What is the horizontal distance from the lighthouse to the ship? 

12. The signal-corps man shown in 
Fig. 4 subtends an angle of 35.0' at sta¬ 
tion S. If he is 6.00 ft. tall, find his 

S distance from the station. 

Fig. 4. 

*13. In approaching a fort situated on a plane, a reconnoitering party finds 
at one place that the fort subtends an angle of 3° and at a place 200 ft. nearer 
the fort that it subtends an angle of 6°. How high is the fort, and what is the 
distance to it from the second place of observation (see Fig. 5)? 




14. A lighthouse distant 1 nautical mile from a ship subtends 2°23' at the 
ship. How high is the lighthouse? 

16. A lighthouse rising 280 ft. from the water is surrounded by rocks dan¬ 
gerous to ships. If the vertical angle subtended at a ship by the lighthouse is 
2.50° and the danger extends 1 mi. (6080 ft.) from the lighthouse, is the ship 
in danger? 




*16. Figures 6(a) and (6) represent the earth, and PH represents the distance 
to the horizon for an observer h miles above the earth. We have 

PIJ = (r + h) sin 6 = (r + h) Vl - cos 2 0 = (r + h) I - (r + ^ 
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or, simplified, 

PH = \/2 rh + h 2 . 

Neglecting h 2 , which is small compared with 2 rh, we have 

PH = \/2 rh. 

Use tliis formula to find the distance to the horizon of an observer 50 ft. above 
the water on the bridge of a ship. Take r = 10800 /t nautical miles and 
h = 50/6080 mi. 

17. An airplane pilot at 5000 ft. can see only about 20.0 mi. on the average 
How far could he see according to the formula of Exercise 16? 

40. Graph of y = sin x. Using the table of values of trigonometric 
functions in §14 and using the formulas for expressing the trigonomet¬ 
ric functions of any angle in terms of functions of an acute angle we 
make Table A. 


Table A 


X 

0° 

30° 

60° 

90° 

120° 

0 

O 

lO 

o 

© 

00 

210° 

240° 

270° 

300° 

330° 

360° 

x rad. 

0 

T 

T 

X 

2x 

5x 


7x 

4 T 

3x 

5x 

1 It 

2 x 

6 

3 

2 

3 

6 

X 

6 

3 

T 

T 

6 

y 

0 

.5 

.866 

1 

.866 

.5 

0 

-.5 

-.866 

-l 

-.866 

-.5 

0 


r 



7 are represented the rectangular axes OX and OY . The 

? mtervaJ 011 the a>axis represents tt/ 6 radian of angle, and three 
als represent the unit of measure to be used in laying off values 
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of y = sin x along lines parallel to the y- axis.* Plotting points on 
these axes to correspond to the pairs of values exhibited in Table A and 
connecting these points with a smooth curve, we obtain the graph 
shown in Fig. 7. By extending Table A indefinitely for values of x 
greater than 2 tt and for negative values of x and by plotting the 
corresponding points and drawing the curve through them, we should 
obtain both on the left and on the right of the graph drawn in Fig. 7 
curve after curve, each having exactly the same form as the portion 
shown. 

We know from (5), §28, that sin (360° + x) = sin (27 t -f- x) = sin x; 
hence we conclude that, when x, starting from any value, varies 
through 27 t radians, sin x varies and takes a complete ordered range of 
values once. We express this fact by saying that sin x is periodic and 
has the period 2ct.f 

Figure 8 shows the part of the curve y = sin x corresponding to an 
interval of three periods in x. 



41. Graph of y = cos x. Using the table of values of trigonometric 
functions in §14 and using the formulas for expressing the trigonometric 
functions of any angle in terms of functions of an acute angle, we make 

Table B. 


Table B 


z 

0° 

30° 

GO 0 

O 

o 

o 

o 

O 

150° 

►— 

00 

o 

o 

210° 

210° 

270° 

O 

O 

o 

CO 

330° 

360° 



7r 

7r 

7r 

2tt 

57r 


7tt 

4tt 

3tt 

5 TT 

llr 

2 x 

x rad. 

0 

6 

3 

2 

T 

T 

t r 

"6 

"3 

2 

3 

6 


y 

1 

8G6 

.5 

0 

-.5 

O 

O 

00 

• 

1 

-i 

— .866 

-.5 

0 

.5 

.866 

1 


Plotting the points to correspond with the pairs of values exhibited 
in Table B and connecting these points with a smooth curve, we obtain 


* The unit of measure used for abscissas is not necessarily the same as the unit 
f ° r t 0 A rd functfon /(*) is periodic with period T if /(* + T) = /(*> for all values of x. 
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the graph shown in Fig. 9. The complete graph of y — cos x consists 
of an endless undulating curve extending both to the right and to the 
left of the graph drawn in Fig. 9.* 



Since cos (2ir + x) ~ cos x, we conclude that cos x is periodic and 
has the period 2 t. 


EXERCISES 


1. Find the values of y — 3 sin x corresponding to the values of x: 0, t/4, 
2ir/4, 3ir/4, . . . , Sr/4, and tabulate the associated pairs of values. Plot 
the corresponding points and draw a smooth curve through them. 

Repeat the process using for x the values 8t/4, 97t/4, lOrr/4, . . . , 16rr/4. 
What is the period of 3 sin x? 

Again repeat the process using for x the values -St/4, -7t/4, -Qt/4, 
♦ • • , — t/4, 0. 

2. Find the values of y - A cos x using for x the values 0, t/4, 2t/4, St/4, 
. . . , 8t/4. Tabulate the associated pairs of values. Using a convenient 
length to represent A, plot the points corresponding to the value pairs and 
connect them with a smooth curve. 

Repeat the process using for x the values 8t/4, 97t/4, IOjt/4, . . . , 16ir/4. 
What is the period of A cos x? 

Again repeat the process using for x the values -8t/4, -7t/4, -6tt/4 

3. Find the values of y = 3 sin 2x corresponding to the values of x: 0, t/S, 
2jt/8, 3t/8, . . . , Sjt/8; tabulate associated pairs of values; plot the corre¬ 
sponding points and the curve. Repeat the process for the values of x : 8tt/8 


* Sinco cos x - sin - z). it appears that the cosine curve has the same form 

sa the sine curve. In fact, if the cosine curve is translated as a whole unit, 
rightward parallel to the x-axis, it will coincide with the sine curve. ^ 



88 


GRAPHS OF TRIGONOMETRIC FUNCTIONS [Chap. V! 


9tt/S, IO71-/8, . . . , 167r/8; again repeat the process for the values of x : —8ir/8, 
— 7tt/S, — 671-/8, • • • » — tt/8, 0. What is the period of 3 sin 2x? 

4. In Exercise 3, replace sin 2x wherever it occurs by cos 2x and solve the 
resulting problem. 

42. Sketch of y = A sin (foe -f <p). Only a few outstanding 
points on a curve are necessary for sketching it. On the graph of 
y = A sin ( kx + <p) they correspond to the values of kx + <p : 0, ir/2, 
tt, 3t/2, 2-tt. Let 

X = kx + *=-£ + *. (5) 

Then to sketch the graph, tabulate 

x - — | y(= A sin X ), for X = 0, ^ n, y, 2;r, (6) 


Table C 


X = kx -f- <p 

0 

7r 

2 

7T 

3x 

~2 

2x 

X v 
x k k 

k 

T ip 

2k k 

2x ip 

2k ~ k 

3t ^ 

2k ~ k 

2t <p 

~k ~ k 

y — A sin (kx + <p) 

0 

A 

0 

-A 

0 


to obtain Table C. Then plot the points (x,y) of Table C and join 
them with a smooth curve to obtain the sketch of Fig. 10. The com- 



plete graph consists of an endless series of parts, like that in Fig. 10, 
extending leftward and rightward. The greatest value assumed by 
A sin (kx + V ) is called its amplitude. Evidently the amplitude of 

A sin (fox + <p ) is A. 
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The amount x changes while y = A sin (kx 4- &) take s on a c omp lete 
rtr dfrpA range of values once is called its period. Inspection of Fig. 10 
shows that, as x changes by 2%/k — <p/k — ( — <p/k) = 2 w/k, y takes 
on a complete ordered range of values once. Hence 2*/k is the period 
of A sin (kx + <p). 

A sketch of y — A cos (kx *f>) is easily obtained by the same 
process. The amplitude and the period of A cos (kx -f <p) are A and 
2*/k, respectively. 

EXERCISES 


1. Find the values of y = 3 sin (x + tt/3) for values of x : — ^ir, —jr -f ipr, 
—■sir +7T, — -jt + -jf tt, sir + 2tt. Plot the corresponding points and sketch 
the curve. Show on your graph the period and amplitude of 3 sin (x + 7r/3). 

2. Replace sin (x + x/3) by cos (x + 7 t/ 3) in Exercise 1 and solve the 
resulting problem. 

3. What is the period of 3 cos 4x? If x ranges from 0 to (hr, how many 
times will 3 cos 4x take on a complete set of its values? 

4. Give the period and amplitude of 

(a) 4 sin 50. (6) 3 cos (80 + sir). 

(c) 6 sin (2x - 4). (d) -2 cos (1 - 3x). 

6. Tabulate X = 2x + tt/4, x, and y = 3 sin (2x + t/ 4) for X = 0, ir/2, 
t, 3n/2 y 2?r; plot points (x,y) from the value pairs of the table; and sketch in a 
curve. Repeat the process for the values of X: 27 r, 5 tt/ 2, 3r, 7 tt/ 2, and 4x. 
Show period and amplitude on your graph. 

6. In Exercise 5 replace sin (2x +tt/ 4) by cos (2x + tt/ 4) and solve the 
resulting problem. 

7. Sketch the curve y = 3 sin (to + 7r/3). Take A" = irx + tt/ 3; let X 
assume the values 0, ir/2, ir, 3ir/2, and 2rr, etc. 

8. Sketch the curve y = 4 cos (2irx +ir/2). 

9. Using the same set of axes for each pair of equations, sketch 

(a) y = 2 sin x, y = 2 sin 2x. 

(b) y = cos x, y = cos £x. 

(c) y = sin (x +7 t/3), y = sin x. 

(d) y = cos (x + 7 t/ 3), y = cos (2x + 2 tt/3). 

10. How could the graph of y = cos 2x be obtained from that of y = sin 2x? 

How could the graph of y = A sin (2x + tt/ 3) be obtained from that for 
y = A cos 2x? 


*11. Sketch the graphs of y = 2 sin £x, y = 2 sin x, and y = 2 sin 
the same set of axes for x ranging from 0 to 4x. 

12. If l stands for time in seconds and y for magnitude in volts 
equation * 


2x all on 
then the 


y = 110 sin 377f 


represents the voltage causing an alternating current of electricity 
penod and the maximum magnitude of the voltage. 


Find the 
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43. Graphs by addition of ordinates. To obtain the graph of 
y = A sin kx + B cos mx, we may first plot the simple curves yi 
= A sin kx, y 2 = B cos mx and then, by using the fact that y = y x -f y 2 , 
obtain points on the desired graph by adding ordinates of the simpler 
graphs. Figure 11 shows the graph of y = sin x + cos 2x derived 
from the graphs of y x = sin x and y 2 = cos 2x. The light curve is the 
graph of yi = sin x, the dotted curve that of y 2 = cos 2x, and the 
heavy curve that of y = sin x + cos 2x. Note that the point D was 
obtained by adding *45 to AC. Observe M on the light curve when 
y 2 = 0 on the dotted curve and N on the dotted curve when y i = 0 





Fro. 11. 


on the light curve. Also note that PQ = PR PS — RR ^P, 
that is, PQ is the difference between two lengths because one is negative. 


EXERCISES 

1. Draw the graphs of y\ = sin x and y 2 = cos x for x ranging from 0 to 
2 t r, and then by addition of ordinates obtain the graph of y = sin x + cos x. 
What is the period of sin x + cos x? 

2. In Exercise 1 replace sin x by 2 sin x throughout and solve the resulting 


problem. 

3. Using the 
indicated range 


addition of ordinates, plot the graph of each equation for the 
of x and give the period of y. 


(a) y = sin x — 2 cos x, 0 to 27r. 

*(&) y = 3 sin x — 2 cos x, —ir to 2ir. 

(c) y = 4 cos x — 3 sin x, —tt to ir. 



(d) y = 6 - cos x, 0 to 2ir. 

Draw a sketch of y, = sin 2x and of y 2 = cos x 


and then by addition 



ordinates obtain the sketch of 

(а) y = sin 2x + cos x, x from 0 to 2 t r. 

(б) y = sin 2x - 2 cos x, x from 0 to 2 tt. 
(c) y = cos x - sin 2x, x from 0 to 27T. 
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44. Graph of y = tan x. Table D of values applies to y = tan x , 
and Fig. 12 shows the corresponding graph. The straight line per¬ 
pendicular to the x-axis at x = tt/2 is drawn to indicate that, as the 


Tabi.e D 


x rad. 


x/2 


2ir/3 


5n-/6 


0.577 


1.732 


und 


-1.732 


-0.577 


7jt/G 


4tt/3 


3n-/2 


5tt/3 


11tt/6 


y = tan z 


0.577 


1.732 


und 


-1.732 


-0.577 


BBBa a 

jeataieni 

anHB 


BBssai 


wm\ 


lawatHBM 


■■HBtfl 


!■■■■* 


liHii 


■■■■■■—sssa 

— - ■■■■■ 


■■■■■■■■ 

imimP 


■■■■■ 
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abscissa of a moving point on the curve approaches tt/2 as a limit, the 
point on the curve approaches indefinitely close to the line and the 
length of the ordinate of the point becomes greater and greater without 
limit. The other line perpendicular to the x-axis where x = Ztt/2 
indicates the same kind of situation. Note the dotted lines at x = ir/2 
and x = Sir/2 indicating the fact that y becomes numerically great 
without bound as x approaches these values. They are called asymp¬ 
totes. Both the table of values and the graph show that the part of 
the curve from 7 r to 2tt has the same form as the part from 0 to ir. 
This follows also from the fact that tan x = tan (t + x). The com¬ 
plete curve consists of an endless number of branches having the same 
form as the branch corresponding to the values of x from tt/2 to 3 tt/ 2. 
From this discussion it appears that tan x is periodic and has the 
period tz. 

The graph of y — tan kx is easily obtained. Let X •=> kx so that 
y = tan kx becomes y = tan X. Take Fig. 12 as the graph of 
y = tan X. Then since x = X/k, merely divide each number written 
on the x-axis by k, and the result is the graph of y = tan kx. From 
this newly marked graph we easily deduce that the period of tan kx is 

Tt/k. 

45. Graphs of y — cot x, y = sec x, y = esc x. The graphs of 
y = cot x (sec Fig. 13), y, = sec x (see Fig. 14), and y — esc x (see 
Fig. 15) are obtained from the sets of values shown in Table E. 


Y 



y = cot x 


Fig. 13. 


Y 



y -sec x 
Fiu. 14. 


Y 



H-t-t 

r 


y = esc x 
Fig. 15. 


In each case the complete graph consists of an endless number of 

parts, each congruent with the part shown. 

It is easily seen that each of the functions graphed has the same 

period as its reciprocal function. 
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Table E 


x® 

x rad. 

y = cot x 

y = sec x 

y = esc x 

0° 

0 

und 

1 

und 

30° 

x/6 

1.732 

1.155 

2 

60° 

x/3 

0.577 

2 

1.155 

90° 

x/2 

0 

und 

1 

120° 

2,r/3 

-0.577 

-2 

1.155 

O 

o 

5r/6 

-1.732 

-1.155 

2 

180° 

X 

und 

-1 

und 

210° 

7t/6 

1.732 

-1.155 

-2 

240® 

4x/3 

0.577 

-2 

-1.155 

270° 

3ir/2 

0 

und 

-1 

O 

O 

o 

CO 

5ir/3 

-0.577 

2 

-1.155 

330° 

llir/6 

-1.732 

1.155 

-2 

360° 

2t 

und 

1 

und 


EXERCISES 


^1. To^ sketch y — tan 2x, take X = 2x and let X assume the values — 77 r, 
-yr, -Jr, 0, nr, nr, jpr; tabulate associated values of X, x, and y; plot the 
points (x,y) corresponding to value pairs from the table; draw lines parallel to 

the y-axis and distant nr from it as asymptotes; and then sketch in the curve. 
What is the period of tan 2x? 

fl \ ^ e place tan 2x by cot 2x and the range of values for x by 0, nr, nr, nr, 
tjt, ir, and solve the resulting problem. ’ 

3. Sketch the part of the graph of y = sec 2x corresponding to the range of 

values of x from 0 to it. How many of these parts does the complete graph 
contain? r p 


4. Sketch the part of the graph of y = esc 2x corresponding to the range 

° f V r U Si° f * fr ° m Oio2ir ‘ How y P erioc ls are covered by this range of x? 

5. Why is there no mention of amplitude for the functions tan x cot x 

sec x, and esc x? * * 


6. Find the periods of the following functions: (a) 2 tan *0; (b) 4- cot 40- 
(c) 2 sec 60; (<f) 242 esc 30; (e) 112 sin 2770; (/) 7.9 tan & 
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*7. Sketch the graph of y = tan (x + T 7 r). 

*8. Sketch the graph of y = cot (x — * 7 r). 

*9* By plotting the graph of y = sin |x and using esc \x = 1/sin *x 
obtain the graph of y = esc -jx on the same set of axes and to the same scale. 
Use such a range of values for x that one complete set of values of esc £x will 
be involved. 

10. In Exercise 9 replace sin ^x by cos ^x and esc ^x by sec ^x and solve 
the resulting problem. 

*11. Using addition of ordinates, sketch the curve y = sin x -f- tan x for x 
ranging from 0 to 2ir. 

*12. Using addition of ordinates, sketch y = cos x — tan x for x ranging 
from 0 to 27r. 

13. Sketch the part of each curve associated with values of x from — -jtt to 

7 

T7t: 

(а) y = tan (x + ttt), y = sec (x + t*-). 

(б) y = cot (x + T7r), y = esc (x + :pr). 

• 1 3 

14. Sketch the curve x = tan y for values of y ranging from ]pr to j7r. 


46. REVIEW AND TEST QUESTIONS 

1. Express in radians (a) 30°; ( b) 45°; (c) 90°; (d) 315°. 

2. Express, with two-decimal-place accuracy, in radians (a) 28°; (b) 36°24'; 
(c) 153°26'. 

3. Express to the nearest hundredth of a degree (a) vipr radian; ( b ) 1.56 
radians; (c) 2.55 radians. 

4. For a circle of radius 720.G ft. find the length of arc subtended by a cen¬ 
tral angle of 35°29', and find the central angle in degrees and minutes sub¬ 
tended by an arc of 487.6 ft. 

6 . Show that V = 0.0003 radian and 1" = 0.000005 radian accurate to 
one figure. 

6. The great meteor of 1947 was about 30 ft. in diameter. Approximately 
how far was it from an observer when it subtended an angle of 31' at his eye? 

7. Plot points on the graph of y = 2 sin x at intervals of £rr and the range 
0 to 37 r for x. Sketch the corresponding part of the curve. 

8 . Sketch y = 2 cos 2x for the range from -tt to tt for x. 

9. Sketch y = 3 cos (x - U) for a range on x covering one period. 

10. Sketch y = sin x and y = cos £x on the same graph. Use as range or 

x the largest period involved. i ( 

11. Using addition of ordinates, sketch the curve y = 3 sin x + cos *x lor 

the range on x from 0 to 47 t. 

12. Sketch y = tan x and y = cot x on the same coordinate axes for a range 
of x from 0 to ipr- 
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47. The addition formulas. In many respects, the two formulas 


sin (A + B) = sin A cos B -f* cos A sin B , 
cos (A + B) = cos A cos B — sin A sin B, 



are the most important ones in trigonometry. They are called the 
addition formulas because they express trigonometric functions of the 
sum of two angles in terms of the trigonometric functions of the angles. 
These formulas, holding true as they do for all angles, are the basis of 
trigonometric analysis. It will appear in 
what follows that all the formulas of this 
chapter and many others may be derived 
from them. 

48. Proof of the addition formulas. Spe¬ 
cial case. We shall first prove formulas 
(1) for the case when both angles A and B 
are positive acute angles and A -f B < 90°. 

In Fig. 1 angles A and B appear as adjacent 
angles with common vertex 0 and common 
side 0(7. Point D is taken on the terminal 
side of angle B so that OD is 1 unit long, 

DC is drawn perpendicular to OC, DG and CE perpendicular to OX, 
and FC perpendicular to GD. 

The proof of formulas (1) will consist in finding the lengths of the 
line segments in Fig. 1, writing them on the figure to obtain Fig. 2, 
and then reading the formulas from Fig. 2. The student may do this 
for himself without reading the following development. 



From Fig. 1 we read 


CD . OC 

~Y = Bm B, — - cos B. (2) 

Angle FDC is equal to angle A because its sides are respectively perpendicular 
to the slcles of angle 4. Hence, from triangle FCD , 
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FC 

CD 


= sin A, 


FD 

CD 


= cos A. 


(3) 


Replacing CD in (3) by its value sin B from (2) and multiplying both members 
of each equation by sin B, we obtain 

FC = sin A sin B, 

From triangle OEC, 


FD = cos A sin B. 

(4) 

OE 

OC ~ cos A 

(5) 


EC . . 

Replacing OC in (5) by its value cos B from (2) and multiplying both members 

of each equation by cos B, we get 


D 



EC = sin A cos B, 
OE — cos A cos B. 


( 6 ) 


Figure 2 is the result of writing on 
each line in Fig. 1 its value obtained 
from one of the equations (2), (4), (5), 
and (6). 


GD 


Noting that 
sin {A + B) = ^ 

and 


= EC + FD 


OG 


cos (A + B) = -j- OE FC, 


/ 


we read from Fig. 2 

sin (A + B) = sin A cos B + cos A sin B. 
cos (A + B ) = cosXc os ~B -jW A surBr 


( 7 ) 

( 8 ) 


That the formulas (7) and (8) are true for all values of A and B mil 
he proved in the next article. We shall now assume that they are 
generally true and use them to obtain two other closely related to 
mulas. Replacing B by — B in (7) and (8), we get 

sin [A + (-£)] = sin A cos ( ~ B> + cos A . Sm f'm’ (9) 

cos [A + (-R)] = cos A cos (-R) - sin A sin ( B). 


In accordance with §31, 


cos 


(-B) = cos B 


and 


sin ( —B) = — sin B. 
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Replacing cos (- £) by cos B and sin ( — B) by — sin B in (9), obtain 

sin (A — B) ~ sin A cos B — cos A sin B, (10) 

cos {A — B) — cos A cos B + sin A sin B. (11) 


Example. Use (8) to find cos 75°. 

Solution. Substituting 45° for A and 30° for B in (8), we obtain 


cos 75° 


V2 Y V3 


\/2 „ 1 _ \/6 - V § 

2 X 2 4 


EXERCISES 

Note. In the following exercises, assume that formulas (7), (8), (10), and 
(11) hold for all values of A and B. 

1. Use (1) to find sin (A + B) and cos (A + B) if sin A = 1 and cos 5 = 1 
and if A and B are both acute angles. 

2. Substitute A = 30°, B = 60° in (1) to obtain sin 90° and cos 90°. 

3. Substitute A = 30°, B — 45° in (1) to obtain sin 75° and cos 75°. Then 
write the values of the trigonometric functions of 75°. 

4. By using (1) find sin 105° and then find the values of the other trigo¬ 
nometric functions of 105° from a right triangle. 

6. Given that a is of the second quadrant, (3 is of the fourth quadrant, and 
sin a = cos 0 = f, find cos (a + 0). 

6. If sin A = —1, cos B = — H, and A and B are both of the third quad¬ 
rant, find cos (A + B) and sin (A — B). 

7. If tan x - f and tan y = -fft, find sin (x + y) and cos (x -f y) when 
x and y are acute angles. 

8. Prove that 

(а) sin (A + B) + sin (A — B) — 2 sin A cos B. 

(б) cos (A + B) + cos (A — B) = 2 cos A cos B. 

(c) cos (A + B) — oos (A — B) — —2 sin A sin B. 

9. Set B = A in (1) to obtain sin 2A and cos 2A in terms of sin A and 

cos A. 

10. Derive the two basic formulas 


sin (90 + A) = cos A, cos (90 -§• A) = —sin A 

by writing 90° in place of B in (1), §47. 

11. Using formulas (7) to (11), express the sine and the cosine of each 
angle in terms of sin y and cos y : (a) 180° - y; (6) 180° + y ; (c) 270° — «• 
(d) 270° + y; (e) -y\ (/) 60° - y. 

12. Show that 


13. Show that 


sin (45° — x) 


cos x — sin x 





cos (210° + x) = !(sin x — -\/3 cos x). 
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14- Show that 

sin (0 - 120«) = - sin 13 + ^ cos A . 

16. Find cos (210° + -4) if sec A = — \/S and A is a second-quadrant 
angle. 

16. Simplify sin (x -f- GO 0 ) — cos (x + 30°). 

17. Take A = x -j- y and B = y in (10) to prove that 

sin (x + y) cos y — cos (x + y) sin y = sin x. 


Also prove that 

(a) cos (x + y) cos x -J- sin (x -f y) sin x = cos x. 

(b) cos (x -f 2 y) cos x 4- sin (x + 2 y) sin x = cos 2 y. 

18. To simplify sin 2x cos 3x + sin 3x cos 2x let A = 2x, B = 

get 

sin 2x cos 3x + sin 3x cos 2x = sin (2x + 3x) = sin 5x. 



Here sin 5x is the simplified form. Using (7), (8), (10), and (11), simplify the 
following expressions: 

(a) cos 3x cos 2x — sin 3x sin 2x. 

(&) cos 3x cos 2x + sin 3x sin 2x. 

(c) sin (x 4- 10°) cos (x — 10°) — cos (x -f 10°) sin (x — 10°). 

( d) sin x sin (45° — x) — cos x cos (45° — x). 

(e) sin (45° — x) cos (45° + x) 4* sin (45° + x) cos (45° — x). 

19. Get an identity by replacing B by 90° — A in (7) and simplifying. 

Verify this identity. 

20. In Fig. 3 let OB = 1 unit and express all its line segments in terms of 
trigonometric functions of 6 and <p. Then deduce the formulas 

sin (6 — <p) = sin 6 cos — cos 0 sin <p, 

cos (6 — <p) = cos 6 cos <p 4" sin 6 sin <p. 




*21 Express x y z, w, an<l h of Fig. 4 in terms of functions of A nndB, but 
not of 4 + B. Then using sin (A + B) - h/w and simphfymg, obtain (7). 
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22. The expression a sin 8 -f 6 cos 0 may be written in the form 

b 


Va 2 + b 2 


(vr 


sin 0 + 


+ b 2 Va 2 + b 2 

As suggested by Fig. 5, let 

b 


a 


Va 2 + b 2 

to obtain 


— cos a 


and 


Va 2 + 6 1 



or 


a sin 0 -|- 6 cos 8 = Va 1 4- 6 2 (sin 0 cos a 4- cos 0 sin a), 


a sin 0 + 6 cos 0 = \/a* + b 2 sin (0 + a). 



*23. Write each of the following expressions in the form (A) of Exercise 22: 


(a) 

(c) 

(e) 


2 Vs sin 0 -f 2 cos 0. 

~=. sin 0 d- \=_ cos 0. 

V2 V2 

3 sin 8 + 4 cos 8. 


(6) a sin 8 a cos 8. 

(d) 3 sin 6 — Vs cos 0. 

(/) V2 cos 8 — V2 sin 8. 


*24. If any expression having the form A 
sin (kt + <p) is represented by a vector of magni¬ 
tude A making an angle <p with the positive 

direction of the x-axis of a coordinate system, 
show that 

M sin (kt -}- <pi) + N sin (kt + <p 2 .) 

is represented by the sum of the two vectors 
representing the terms of the sum.* 

Hint. Show that the vector OQ in Fig. 6 and 
that represented by the given sum have as 
components 


Q 



A^cos^ + N cos <pi, M sin + N sin 

d if/kfr/ ° f f °™ UlaS (1) - HT Gene ™> The formula for d\ where 

d is the distance between any two points P, and i>, is needed. Figure 7 shows 

^37rempT?p n t d ,h y ^ “ dPl by Perpendiculars 

pped from Pi and P, to the x-axis meeting it in JY and P,', and P X R is 

- tms probhun is the basis for using vectors i the uZ y at 
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drawn perpendicular to PJP 2 ' and meeting it in R. Evidently 

|P,/f|* = |P,'P,'| = pP,' - OP,'I = |x, - 4 (12) 



Fio. 7. 


Similarly 

= \yt - yi[ 

Therefore from right triangle PiRPi 

(x 2 - x ,) 2 + (y* - y .) 2 = 


(13) 


(14) 


Figure 8 represents a circle of radius 1 
unit and center 0. Pi andP 2 , represented 

0 by (xi,yx) and (x 2 ,y 2 ), are any two points 

on its circumference, OPi and OP 2 make 
2 ( *VA angles a and 0 with the positive direction 
of the x-axis, and chord P\P 2 subtends an 

-angle 6 at the center 0. From P, drop a 

x perpendicular to 0P 2 meeting it in Q. 

Then 

|0C|-|cos9|, |0P 2 | = |l- c os« |(15) 

whatever the magnitude of 9 may be. 
Fig. 8- Equating two values of QPp, we get 

QPS = 1 - OQ 2 = d 2 - QP 2 2 . ^ 

Replacing OQ' by its value cos’ 9, QPS by its value (1 - cos 9)’, and d* by its 
value from (14), we get 

1 - cos’ 9-to- x,)» + to - *>* - 1 + 2 cos 9 - cos’ 9 (17) 

° r 2 - 2 cos 9 = x,‘ - 2iiX, + xi> + !/,’ - 2 !AV’ + 

• The vertical bars on numbers mean that absolute values, or numerical values, 
without reference to sign are intended. 


I-'io. 8. 
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Since Pi and P 2 are on the unit circle, we see, directly or by applying (14), that 

xi 2 + y, 2 = 1, x 2 2 + t/ 2 2 = 1. (19) 

Also, from the definitions of the trigonometric functions, §26, 

j = cos a, y = sin a, x 2 = cos /3, y 2 = sin /9. (20) 


Substituting the values from (19) and (20) into (18), simplifying, and dividing 
by —2, we get 

cos 8 = cos a cos /3 + sin a sin /9. (21) 

Now 8 can be expressed in one of the forms ± (a — fi) + £360°, k an 
appropriate integer; since cos [±(a — j8) + fc360°] = cos (a — /?), 8 in (21) 
may be replaced by (a — /9), to obtain 


cos (a — (J) = cos a cos (5 + sin a sin 0. (22) 

This is really equation (11), §48. Replacing in (22), first a by A and 0 by 
-B and second a by A and 0 by 90° — B , we obtain equations (1), §47. 

50. Addition formulas for the tangent. Formulas (1) may be used 
to deduce addition formulas for the tangent. To express tan (A + B) 
in terms of tan A and tan B } write 

tan i a _j_ m _ sin (A -f B) _ sin A cos B + cos A sin B /nn . 

cos (A + B) cos A cos B — sin A sin B 

Divide numerator and denominator of the right-hand member of 
(23) by cos A cos B, to obtain 


or 


tan (A + B) 


sin A cos B , cos A sin B 

cos A cos B cos A cos B 

cos A cos B sin A sin B 

cos A cos B cos A cos B 


tan (A + B) 


tan A -]- tan B 
1 — tan A tan B 



Since equations (1) hold true for all values of A and B, it follows 
that (24) holds true for all values of A and B for which tan (A + B) 

is defined. Replace B by -B and therefore tang bv tan f-Rl 
~ — tan B in (24), to obtain 

tan A — tan B 
X -{- tan A tan g* 


tan (A — g) 


( 26 ) 
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Addition and subtraction formulas for the other functions could be 
obtained by a similar procedure. 

EXERCISES 

1. Use (24) to find tan 105° by replacing A by 45° and B by 60°. 

2. If tan a. = and sin = xf, a a third-quadrant angle and /? a second- 

quadrant angle, find tan (a + /3), tan (a — /3), and cot (a — /S). 

3. Check (24) by taking A = -| 7 r, B = - 571 -. 

4. If cos a = — | and sin ft = — ts, find tan (a -f- (3) and cot (a — 0) 
when a is a third-quadrant angle and a fourth. 

5. If tan x = 7 and x — y = 45°, find tan y. 

6 . If tan y = 2 and x + y — 135°, find tan x. 

7. Reproduce the proof of (24) from ( 1 ), §47, without reference to the text. 

8 . Follow the line of argument used to deduce (24), and show that 

. . , cot A cot B — 1 

cot u + B) = cot X+”cot" 5 " 

9. Replace B by 45° — A in (24) and verify the resulting identity. 

10. Show that 


tan {A - 60°) = 


tan A — \/3 
1 -f- \/3 tan A 


11 . Show that 

12. Show that 


tan (x + 45°) + cot (x — 45°) = 0. 


V (a) tan (45° + 0) = tan 


ft 


1 — tan 0 

(6) tan (45° — x) tan (135° — x) = — 1. 
( sin (a + /?) _ cot a + cot 

C cos (a — /3) 1 + cot a cot 

13. Show that 


*14. Show that 


sin (B — A) 
cot A — cot B — g * n £ g j n q 


cot (45° -y) _ 1 + 2 sin y cos y 
cot (45° + ?/) 1 - 2 sin y cos y 


16. Use (24) and (25) to simplify: 


(a) 

(c) 


tan 3x + tan 2x 


tan 4x — tan x 


1 — tan 2x tan 3x 
2 tan x 
1 — tan 2 x 


1 -f. tan 4x tan x 

, n t an (x + 45°) + tan (x - 4j H_ 
W l - tan (45° + x) tan (45“ - x) 


61. The double-angle formulas and the half-angle formulas. To 
express the trigonometric functions of 20 in terms o unc 10 ns 
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replace <p by 0 in the addition formulas. Thus, to find sin 20, substi¬ 
tute 0 for <}> in the formula 


and obtain 


or 


sin (0 + <i>) = sin 6 cos <f> + cos 6 sin <f> 
sin (6 + 0) = sin 0 cos 6 cos 6 sin 0 


sin 20 = 2 sin 6 cos 0. 


(26) 


Similarly, from the formula 


obtain 


cos (0 4“ <£) — cos 6 cos <f> — sin 0 sin 4> 


cos 26 = cos 2 0 — sin 2 0. (27) 

By using the fact that sin 2 6 -f- cos 2 0 = 1, we easily deduce from (27) 


cos 20 = 2 cos 2 0 — 1, 
cos 20 = 1 — 2 sin 2 0. 


(28) 

(29) 


From formula (24), we obtain 


tan 20 = 


2 tan 0 


1 — tan 2 0 

Solving (28) for cos 9 and (29) for sin 9, obtain 


(30) 


cos 0 


4 


+ cos 20 


sin 0 


4 


— cos 20 


2 * M 2 

To get half-angle formulas, replace 0 by in (31) and obtain 


( 31 ) 


sin 


cos g = ± 


4 

4 ! 


— COS <p* 


+ COS <f> 


( 32 ) 


To obtain a formula for tan divide the first of equations (32) 
by the second to obtain 


, 1 sin -1 -<p 

tan -tp =-p 

2 cos 


-* 4 ^* 44 ?, 


or 


tan 


\ v=± ji 


— cos P 


cos <p 

>(J" 


+ COS <P 


( 33 ) 


* The sign to be chosen in the right mombor of each equation for a given value of 
* the — - lh ° *» ° f »<*«««» ‘he left member for that value 
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The plus sign is to be used when is a first-quadrant or a third- 
quadrant angle, the minus sign when is a second-quadrant or a 
fourth-quadrant angle. From (33) we also have 


tan 


\« = ± 4 


(1 — COS <£>)(1 — COS <p) _ 1 — COS ip 

~ ■ — - ■■■ i 

(1 + cos <?)(! — cos <p) sin <p 


(34) 


Since 1 — cos (p is never negative and sin <p always has the same sign 
as tan %<p, the rightmost member of (34) does not require the ± signs. 
Hence we write 


1 1 — cos <P 

tan o ^ = —:-■ 

2 sm <p 


(34 a) 


Example. Obtain all values of x in the range from 0° to 360° satisfying 
sin 2x -f cos x = 0 . 

Solution. Replace sin 2x by 2 sin x cos x in the given equation and factor 
to get 

cos x (2 sin x + 1 ) = 0 . 

Equate each of the above factors to zero and get 

cos x = 0 , 2 sin x *f 1 = 0 . 

From cos x = 0, obtain 

x = 90°, 270°. 

From 2 sin x -f- 1 = 0 or sin x = — 7 , obtain 

x = 210°, 330°. 

EXERCISES 

1. If sin a = f, cos a = - 7 , find sin 2a, cos 2a, tan 2a, sm ?a, cos 2 , 

and tan 7 a. . . ,, . . f 

2 . Use formulas (32) to find sin ( 22 *)° and cos ( 22 *) from the fact tha 

cos 45° = l/\/2. 5 j 

3. If 6 is an angle in the second quadrant and tan 0 - Tli 11110 


cot 26. 

sin (180° - 0). 


cos (270° - 20) 
esc (180° + 26), 


^-Substitute 6 = 2x, v? = x in sin (0 + <p) = sin 0 cos ip + cos 6 sin <p 
and then use the double-angle formulas to derive 

sin 3x = 3 sin x cos 2 x - sin* x = 3 sin x - 4 sin* x. 

6. Using a method similar to the one suggested in Exercise 4, derive 
(a) cos 3x = 4 cos* x — 3 cos x. 
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* 6 . Derive a formula expressing sin 4x in terms of sin x and a formula 

expressing tan Ax in terms of tan x. 

. ,v 0 , .I ii „ . 3 tan A - tan 3 A 

7. (a) Show that tan 3 A = —:- 5 - 7 —- 


( 6 ) Show that tan Ax = 


1—3 tan 2 A 
A tan x(l — tan 2 x) 

1 — 6 tan 2 x 4 - tan 4 2 ; 


* 8 . Prove that, if 2 = tan then 


. 2 z 

8111 Q ~ 1 4 . z i } 


cos 8 = 


1 - 2 ' 

1 +z 


tan 6 = 


1 - z* 


9. Verify the following identities: 

(a) cos 2x = cos 2 x — sin 2 x = 2 cos 2 x — 1 = 1 — 2 sin* x. 

... sin 2a cos 2a 

( 0 ) —;--- sec a. 

sina cos a 

(c) cos 2 (45° 4* x) — sin* (45° + x) = — sin 2x. 

( 6 2 
sin g — cos 2 ) = 1 — sin 8. 

(e) cos 4 8 — sin 4 8 = cos 26. 

*rr\ 1 „ tan 2 8 

*(/) 1 — cos 8 = z —:- . , . ——• 

1 + sec 8 + tan* 8 

( \ sin 2a 4- sin a 

^ 1 4" cos a 4- cos 2a — an a * 

(h) tan 29 “ cot e - tan 6 
(i) tan -gtp = esc <p — cot <p. 

(f) cos 8 8 - sin 8 8 = cos 28 — k sin A8 sin 28. 

10. Show that 


. x 
sm = 

(a) cot -- 

4 1 x 

1 — cos g 

1 — tan* | 

(c) - = cos x. 

1 4- tan* | 


(6) cot g 4- tan g = 2 cso x. 


(d) tan -j-x = 


sin x 


cos x 


(c) cot -jjrX = j— 


smx 


cos x 


(/) sin 2x — 


2 cot x 
1 4” cot* x 


*11. In Fig. 9, AD bisects the angle A and DE 
is perpendicular to AB. Hence DE = CD. 
Show from the figure that 


tan ^ A 


Bin A 
1 4- cos A 



Fig. 0. 
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12. Prove that in a right triangle, C being the right angle, the following 
relations are true: 

(a) sin 2 A = sin 2 B. ( b ) 

t 2 2 

(c) cos 2A =- 2 — (d) 

c 

(e) tan B = cot A + cos C. (/) 

*13. Find sin 18° in radical form. 

Hint. First write cos 3x = sin 2x where x = 18°, and express both mem¬ 
bers in terms of sin x and cos x. Solve the resulting equation for sin x. 


tan 2 A = 


2 ab 


b 2 - a 2 

cos 2A -p cos 2 B = 0. 

. 0 . Sab 2 - a 2 
sin 6A = -;- 


Verify the identities in Exercises 14 to 22. 







. 2 tan x 

Sln 2r “ 1 + tan 1 x 
1 — tan 2 x 

cos 21 = r+Wi 

1 + sin 2x _ / tan x + I V 
1 — sin 2x Vtan x — 1/ 
sin 2x 

tan x = 1 + cog 2x ‘ 
x 2 

1 + cot 2 2 = x' 

sin x tan ~ 


*19. 1 + tan x tan ^ = sec x. 

*20. tan ^ + 2 sin 2 ^ cot x = sm x. 

e 

1 + tan ~ 
cos 0 L 


* 21 . 


1 — sin 0 


d 

1 - tan 2 


X % 

tan 2 2 + cot 2 2 1 -f C os 2 x 

*22. - - ~ = ~~ 2 cos x 

tan 2 2 — c °t 2 2 

Find the values of * in the range from 0” to 360“ which satisfy each of the 
following equations. 


23. sin 2x - cos x = 0. 

24. cos 2x -p cos x = 0. 

26. cos 2x + cos x = — 1. 

26. sin 4x -p sin 2x = 0. 

27. tan 2x tan x = 1. 

26, 4 cos 2x -p 3 cos x = 1. 
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52. Conversion formulas. It is often desirable to transform a prod¬ 
uct of two functions to a sum and a sum to a product. The formulas 
of this article are used for this purpose. Formulas (7), (10), (8), and 


✓ 11 \ ' ' ' ' " ' ' ' - 

(11) are 

sin (A + B) — sin A cos B + cos A sin B, (35) 

sin (A — B) - sin A cos B — cos A sin B , (36) 

cos (A + B) = cos A cos B — sin A sin B, (37) 

cos {A — B) = cos A cos B + sin A sin B. (38) 


Adding (36) to (35) and then subtracting (36) from (35), member by 
member, obtain 


sin (A -f B) + sin (A — B) = 2 sin A cos 
sin (A + B) - sin (A - B) =2 cos A sin B. 


(39) 

(40) 


Adding (38) to (37) and subtracting (38) from ( 37 ), member by mem¬ 
ber, obtain 

cos (A -f B) + cos (A — B) — 2 cos A cos B y (41) 

cos (A -j- 5 ) — cos (A — B) = ~2 sin A sin B. (42) 

To get other forms of (39) to (42), substitute in them A + B = x 

A — B = y, or solving for A and B , 

A = £(x + y), B = -J-(x — y). ( 43 ) 

The respective results of substituting (43) in (39) to (42) are 

sin x + sin y = 2 sin -J(x + y) cos -£(* - y) t ( 44 ) 

sin x — sin y = 2 cos •£(* + y) sin £( x — y) } ( 45 ) 

cos x + cos y - 2 cos £(x + y) cos £(x — y ), ( 46 ) 

cos x — cos y — —2 sin £(x -f y) sin $(x — y). ( 47 ) 

Erampte 1 Express 8 sin 4x cos 3x as a sum of two functions. 
Solution. Using (39) with A = ix and B = Sx, obtain 

8 sin 4x cos 3x - 8 [^- sin (4x + 3x) + £ sin (4x — 3x)l 

- 4 sin 7x + 4 sin x. 

pro E “” ple Z Ex P ress 12 cos 09- 12 cos 118 in the form of a 
Solution. Using (47) with x = 69 and y = 119, obtain 


12(cos 69 — cos 419) = 12 (—2 si 


sin sin 


= 24 sin -^0 sin fe. 

A good way to remember these formulas is to recall k.,, m . ,, 
mg out their derivation from the addition formulas. 7 UtaUy cany " 
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Example 3. Sketch the graph of y = A sin irt sin \2nt and com¬ 
ment on the physical significance of the product and its corresponding 
sum. 




y=sin 12 iit 

(b) 



(c) 

Fio. 10. 


Solution. Figure 10(a) shows the graph of y, = A sin rl ™*Pe™ 

2 and amplitude A, and Fig. 10(6) shows the graph of » - sm12^ 
That the heavy line in Fig. 10(c) represents y = A sin iri sin 
reasonable when we consider that y = y,!h and that 

\y\\ ^ \y\ = \ A sin vt sin 127r ^' 

c io-/ onnpfirs in & sgdsg, to curry V 

of y = sin 12 w£ APP eare > 1 tive 0 f the situation where a low- 

wave of 1 1 = A sin ir t. Th gg high-frequency wave 

frequency wave like a sound wave is carried by a h.gn q 

in the process of sound transmission by radio. 


§52] 


CON VERSION FORMULAS 


109 


Now use equation (42) to obtain 

y = A sin j rt sin I2irt = cos IZtI -f cos lbrj. 

This shows that the wave of Fig. 10(c) may be considered as the result 
of combining the waves of slightly different frequencies. The beats 
which occur when a violinist produces sounds of almost the same pitch 
on the violin and piano illustrate this type of phenomenon. * A low- 
beat frequency, the difference between the frequencies, is carried by 
the comparatively high-frequency sound waves. 


EXERCISES 

1 . Express in the form of a product: 

(a) sin 35° + sin 25°. (6) sin 45° - sin 30°, 

(c) cos 65° + cos 25°. (d) cos 75° - cos 5°. 

(c) cos 4x -f cos 2x. (/) sin 5x - sin 2x. 

(g) sin 3x + sin x. (A) cos 5x — cos 3z. 

2. Expand into a sum of sines and cosines of multiple angles: 

(a) sin 3x cos 7x. ( 6 ) 4 cos Sx cos 7x. 

(c) 2 sin 2x cos llx. (d) 3 cos 2x cos 3x.. 

(e) 5 sin lOx cos 12x. (/) s in llx cos 4x. 

3. Express sin 3x cos 5x as a sum, multiply the result by cos 6x and 
express each term as a sum. Now write a sum equal to sin 3x cos 5x cos 6x. 

4. Solve Exercise 3 and then expand into a sum of sines and cosines of 
multiple angles (a) sin 7z sin 3x cos 5x; (6) cos 7x sin 4x sin 2x. 

6. Express sin x + cos y as a product. 

6. Express sin x — cos y as a product. 

Verify the following identities: 


7. 

8 . 






cos 5x cos 9x = 2 cos 7x cos-2x. 

cos 3a — cos 7ar= 2 sin Sa sin 2a. 

sin 7x — sin 5x ' 

cos 7x -f- cos 5x “ tau x ' 

sin 5z — sin 2x _ 7x 

cos 2x - cos 5x = cot 2~* 

sin 33° + sin 3° _ 

cos 33° + cos 3° “ tan 18 °* 

sin A — sin B , , 

Bin A + sin if = tal1 * (A ~ B > cot + B). 


10 sin A -f sin B . X/ A 
' cos A + cos B ~ ton + B )• 

* Generally the high-frequency wave is considered as can-vine the low 
™ Ve - » Wgh-frequency radio wave earriea the slowSucnov 
wave* <,0mpttrat,velJ, h'gh-frequeney sound wave carries the low-frequency bea°t 
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14. sin 32° + sin 28° = cos 2°. 

15. sin 50° — sin 10° = %/Z sin 20°. 

16. cos 80° - cos 20° = - sin 50°. 

17. cos 140° + cos 100° + cos 20° = 0. 

18. cos 60° + cos 30° = y/2 cos 15°. 

19. sin 40° - cos 70° = y/Z sin 10°. 

20. cos 20° - sin 10° - sin 50° = 0. 

21. sin (60° + a) + sin (60° — a) = y/Z cos a. 

22. tan 50° + cot 50° = 2 sec 10°. 

23. cos (30° + y) — cos (30° — y) = — sin y. 

24. cos (x + 45°) + cos (x - 45°) = a/2 cos x. 

__ sin A + sin B . i , A 

25. -,- 5 = - cot s(A - B). 

cos A — cos B 

26. sin 0 + sin 20 + sin Zd = sin 20(1 + 2 cos d). 

27. cos d + cos 2d + cos 30 = cos 20(1 +2 cos 0). 

28. Show that , cos C °^ + tan (x + y) tan (x — y) = 0. 

cos 2x + cos iy 


29. Prove 


cos 5x — cos Zx cos 2x — cos 4x 

+ 


+ 


sin x 


= 0 . 


sin 5x - sin 3x ^ sin 4x - sin 2x cos 4x cos 3x 
★30. Simplify tan ^0 + 2 sin 2 ^0 cot 0 and then describe the behavior of the 
expression as 0 ranges from 0° to 90°. 

*31. Show that the value of tan 2 0(1 + cos 20) + 2 cos 2 0does not change as 

0 changes. 

*32. Verify 

(a) sin (x + y - z) + sin (x + 2 - y) + sin (y + z - x) . 

- sin (x + y + z) =4 sin x sin y sin z. 

(b) cos (x 4- 2 / - 2 ) + cos (0 4- z - z) 4- cos (z + * - d) 

4- cos (x 4- y 4- z) = 4 cos x cos y cos z. 

*33. Show that, if A sin 5127 rt sin 8rr< represents a certain sound wave, then 
lA(c os 504t rt - cos 520rr0 represents the same sound wave. What is the 

frequency of the beat and of the sound carrying the beat? 

34. What is the period and frequency of the beat of a sound wave repre¬ 
sented bv 50(cos 2000f 4- cos 20200? , f 

*36 What is the period and frequency of the low-frequency wave an o 

the high-frequency wave represented by 
(<i) A sin (5 X 10 6 0 sin 2000<? 

(b) yl[sin (10 6 0 4- sin (10.002 X 10 6 /)]? 

*36. If A 4- B 4- C = 180°, prove that 

(a) cos (A + B - C) = - cos 2C. ^ ^ ^ 

(b) sin A + sin B — sin C = i sin ^ sin J cos f' 

(c) sin 2A + sin 2 B + sin 2 C = 4 sin A sin B sin C. 

(,I) tan A — cot B = sec A esc B cos C. 
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(e) sin 2 A 4- sin 2 B — sin 2 C = 2 sin A sin B cos C. 

A B B C C A 
(/) tan 2 tan ^ + tan ^ tan ^ + tan ^ tan ~ = 1. 

(ff) cot 2 + cot 2 + cot ^ = cot ^ cot ^ cot 

63. REVIEW AND TEST QUESTIONS 

1. Derive from a figure the addition formula for sin (A -f B) assuming 
that A and B are positive angles and A + B is less than 90°. 

2. If cos a = 1 and sin 0 = — f and if or is a fourth-quadrant angle and 0 
a third-quadrant angle find the value of (a) sin (a -f 0); (6) cos (a - /3); 
(c) tan (a - 0). 

3. Find the values of sin 2x, cos 2x, sin lx, and tan lx if sin x = -| and 
x is a fourth-quadrant angle. 

4. Find in radical form (a) cos 15°; (6) tan 105°. 

6. For the following list, write the numbers of the pairs that are eaual* 

I. cos 50° + cos 60°. 

II. sin x + cos x. 

III. cos 2 x — sin 2 x. 

IV. 2 tan x. 

V. tan x. 

VI. (tan a + tan 0)/tan (a + 0). 


VII 




I. cos (50° + 60°). 

II. V2 sin (x + 45°) 

III. cos 2x. 

IV. tan 2x. 

V. 2 tan lx. 

VI. 1 — tan a tan 0. 

VII. cot lx. 

VIII. tan lx. 

IX. sin 2x cos 3x - sin 3x cos 2x. IX. sin x. 
6. Write a sum of two terms identically equal to 

(a) sin 3x cos 2x. 

(b) cos 2x cos 4x. 

(c) sin 3x cos 5x. 

Transform to a product 

(a) cos 3x -f cos 7x. 

(b) sin 3x + sin fix. 

(c) sin 4x - sin lOx. 

8. Verify 

(1 — cos x) cot lx = sin x. 

9. Verify 

1 + tan x tan • = sec x. 

2 


cos X 


cos X 


VIII. sin x/(l + COS x). 


sin 7x — sin 5x = tan x(cos 7x — cos 5x). 


10. Verify 
11* Verify 

sin 2 a + sin 2 (3 — sin 2 y = 2 sin a sin 0 cos y, 

provided that a + 0 — y = 18 q°. 
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Find the values of x in the range from 0° to 360° which satisfy each of the 
following equations. 


A 


2. 2 sin x — sin 2x = 0. 

13. cos 2x — cos x = 0. 

14. cos 2x — cos 2 x = 0. 

^15. sin x + sin 2x + sin 3x = 0. 

16. tan (x + 45°) — 1 + sin 2x = 0. 


(out- ° 

1 ° 

Oceati-J )(0^'(-0-0 

Aca> r+!-o 

tzO' 

A z 136° 3 tJu 




CHAPTER VIII 


OBLIQUE TRIANGLES 


54. Law of sines. Mollweide’s equations. This chapter Is devoted 
to the solution of oblique triangles. One of two very important laws, 
used for this purpose, will be proved in this article. 

In any triangle such as ABC in Fig. 1(a), A, B , and C represent the 
angles and a, 6, and c represent, respectively, the lengths of the sides 



B 



Fia. 1. 


opposite these angles. Figure 1(a) represents a triangle all angles of 

which are acute; Fig. 1(6), a triangle containing an obtuse angle. In 

each figure the line DB is perpendicular to AC or AC produced. In 
either figure 

DB . . 

“jT ~~ sin A, or DB = c sin A. (1) 

In Kg. l( 0 ), DB/a = sin C, and in Fig. 1(6), DB/a = sin (180° 
L) = sin C. In either case 


DB — a sin C. 


Equating the value of DB from (1) to the value 
obtain 


of DB from 


( 2 ) 

( 2 ), 


a sin C = c sin A. 
Dividing (3) by sin A sin C, obtain 


( 3 ) 
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Similarly, by drawing a perpendicular from C to the opposite side of 
the triangle and reasoning as above, obtain 


a 

sin A 


b 

sin B 



Equations (4) and (5) may be combined in the equations 

_ a _ b _ c 

sin A sin B sin C 



The equations ( 6 ) are referred to as the law of sines. 

The law of sines. Any side of a triangle divided by the sine of the 
angle opposite is equal to any other side of the triangle divided by the sine 
of the angle opposite. 

A set of formulas, called Mollweide’s equations, is convenient for 
checking purposes. Dividing (3) through by c sin C, obtain 

a _ sin A 
c sin C 


In like manner, or by symmetry, obtain 

b _ sin B 
c sin C 



Adding equations (7) and ( 8 ), member by member, obtain 

a - 4 - b _ sin A + sin B ( 9 ) 

c sin C 

Transforming the right-hand member of this equation by means of 
formula (26) of §51 and formula (44) of §52 obtain 

a + b __ 2 sin j(A 4- B) cos j(A - g) . ( 10 ) 

c ~~ 2 sin cos 


Since A + B = 180° C, 

sin *(A + B) = sin *(180* - O = 

Hence Mollweide’s first equation may be written in the form 

a A- b _ cos \{A - B) (11) 

C sin -JC 
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Mollweide’s second equation, 

a — b sin — B ) 
c cos 

is derived in a similar manner. 

Example. Express the lengths * and y of Fig. 2(a) in terms of the 
given parts. 




Fig. 2. 

FifmT' A ?? nd ,. the angIes of Fig - 2 (“); this gives the data for 

site am * T ndlng t0 Triangle *• tWnk: ^ over sine ot oppo- 
site (70 ) equals 14 over sine of angle opposite (35°), and write 

_ 14 

or x = 14 sin 70° esc 36°. 


sin 70° “ sin 35°' 

Again from Triangle II, write 
y _ x 

sin 30° “ ilE 45°' or ^ = x sin 30 ° <*c 45°. 
Replacing x in ( 6 ) by its value from (a), obtain: 

y = 14 sin 70° esc 35° sin 30° esc 46°. 

EXERCISES 


(«) 


(*) 


(c) 


1. Prom Pig. 3 obtain a and b in terms of given 

parts by using ( 0 ). & 
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2. Express b and c from given parts in ( a ) Fig. 4; ( b ) Fig. 5. 



Fig. 4. I' IQ * 



3 . Find b and c in radical form from 
Fig. 6 . 


Fig. 6. 


4. From Figs. 7 and 8 find expressions for a; and y . 



' 40° 

n 


65° 35'/ 


Fio. 7. 


- x - 

Fig. 8. 


6 . Find x, y, z, and p of Fig. 9 in terms of the given angles, 




K — l-H 


Fio. 9. 


x 

Fig. 10. 


6 . Find sin B where B is defined by Fig. 10, 
terms of B and the given parts. 


Also find the value of x in 
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7. Find the area of the triangle of Fig. 10 in terms of B and given parts. 

8. Express the lines x and y in Figs. 11 and 12 in terms of a and the given 
angles. 



Fio. li. Fio. 12. 


9. Express the lengths represented by x, y, z, and w of Fig. 13 in terms of 
the given parts. 



Fig. 13. 


10. Use Fig. 14 to prove that 



Fig. 14. 



_a_ b c 

sin A “sin B = sin C 


11. Apply Mollweide's equations to the right 
triangle of Fig. 15 to obtain 

L±V| _ 2 cos 15° a/ 3 - 1 _ 2 sin 15° 

2 V 2 2 \/2 

12. Make new equations from Mollweide’s by 
replacing a by c, c by a, A by C, and C by A in (11) 
and (12) and applying the results to Fig. 15, obtain 

/g = cos 30° J_sin 30° 

sin 30°' y'jj ~ cos 30°' 



Fio. 15 . 


R f“" ks relating to the solution of oblique tri- n .i.. ~ 
the length of a side and two other parts of a 
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remaining parts can generally be found. The four cases that arise in 
the solutions of oblique triangles are referred to as 

Case I. Given one side and two angles. 

Case II. Given two sides and an angle opposite one of them. 

Case III. Given two sides and the included angle. 

Case IV. Given three sides. 

Cases I and II are solved by using the law of sines. Special formulas 
will be developed for Cases III and IV. Molleweide’s equations are 
good formulas for checking because they involve all six parts of the 
triangle. 

In solving a triangle, it is convenient to take in order the following 
steps: 

Steps to be used in the solution of oblique triangles by logarithms. 

A. Draw a figure, approximately correct in shape, of the triangle U) 
he solved. Letter it in the conventional manner and encircle letters repre¬ 


senting given parts. 

B. List the given data aiul write the formulas to be used in the solution 
(including check formula). 

C. Write each formula in logarithmic form; under each such formula 
provide a form in which to enter the logarithms, to perform the indicated 

operations and to write the answers. 

D. After the form has been completely made out refer to the tables and 

write the logarithms in the spaces provided. 

66. Case I. Given one side and two angles. „ 

Example. Given a = 24.310, A = 45°18'00", and B = 22 11 00 

(see Fig. 16). Find b, c, and C. 

Solution. Triangle ABC of Fig. 16 is 
drawn and its parts labeled in accord¬ 
ance with Step A above. Since A + B 
4. C = 180°, C = 180° - (45°18'00" + 
22°ll'd0' / ) = 112°3r00". 

In accordance with step B, we list the given data and write the for¬ 
mulas to be used in the solution. 



Tig. 1G. 


a 

A 

B 


= 24.310, 

= 45°18W, 


= 22 ° 11 ' 00 ", 

^±1 S in i C sec 


= a_ sinj? = a sin B esc 
sin A 

_ a sin C _ a s i n C esc 
c " sin A 

1 (A — B) = 1. (Check) 

2 


A, 

A. 


(a) 

(b) 

(c) 


c 
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Formulas (a) and (6) were obtained by choosing the formula from the 
law of sines that contains the required part and three known parts. 

In accordance with steps C and D, we construct and fill in the fol¬ 
lowing form. 

log b = log a -f- log sin B log c = log a + log sin C 

+ log esc A -f- log esc A 


log a 
log sin B 
log esc A 

log b 
b 


1.38578 

9.57700 

0.14825 


- 10 


1.11103 

12.913 


log a 
log sin C 
log esc A 

log c 
c 


1.38578 

9.96556 

0.14825 


- 10 


1.49959 

31.693 


The check, using formula (c) above, is displayed below. 

log (a + b) + colog c -f log sin -J-C + log sec — B) = log 1. 

a + b = 37.223, log (a -f b) = 1.57081 

c = 31.593, colog c = 8.50041 — 10 

l/A = 56 ° 15,30/, » log sin = 9.91989 - 10 

i{A — B) - H°33'30", log sec £(A - B) = 0.00890 


The condensed form of the solution follows: 


a 

A 

B 

b 

C 

c 


24.31 

45°18' 

22m' 

12.913 

112°31' 

31.693 


log a 
l esc* A 
l sin B 


(a) 

1.38578 

0.14825 

9.57700 


~ 10 


log 6 = 1.11103 


log 1 - 0.00001 

(b) 

log a = 1.38578 
l esc* A = 0.14825 

l sin C = 9.96556 - 10 


log c = 1.49959 


The setting for the slide-rule solution follows: 

Push hairline to 24.31 on D, 
draw 45°18' of S under the hairline 
push hairline to 22*11' on S, * 
at the hairline read b = 12.91, 

push hairline to 67°29' (= 180° - 112°3n on ft 
at the hairline read c = 31.6, * 

* f ,*• «*, 

it rr ^ ^A Xtt.rrs 
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EXERCISES 

Solve the following triangles: 


A = 54°28', 

2. 

B = 38°12', 

3. 

a = ei^'is", 

B = 103°8\ 


C = 60°00\ 


B = 47°29'11 // , 

a = 3.695. 


a = 701.3. 


c = 913.45. 

A = 47°23'18", 

6. 

A = 71°13'30", 

6. 

A = 25°32'35 ,, > 

C = 70°16 , 49", 


B = 40°34'15" l 


B = 133°13'5", 

c = 227.22. 


c = 236.53. 


a = 411.41. 


7. A shore station at point A is 5280 ft. from another at point B. Find 
the distance from each of the shore stations to an enemy ship at point C if angle 
ABC is 83°37' and angle BAC is 85°1 

8. A building 75.20 ft. high stands at the upper end of a street that slopes 
down at an angle of 6°52' with the horizontal. How far down the street from 
the building is a point at which the angle of elevation of the top of the build¬ 
ing is 13°58'? 

9. A vertical plane contains a 132-ft. hillside tunnel sloping downward at 
14° with the horizontal and cuts the hillside in a line sloping upward at 18°. 
What is the vertical distance from the bottom of the tunnel to the surface of 
the hill? 

*10. Prove that the area K of triangle ABC in Fig. 17 is given by 

_ b 2 sin A sin C 
~ 2 sin (A + C ) 


Hint. First find c in terms of encircled parts; then find h and use the 
formula K = \ch. 

© 





11. Use the formula in Exercise 10 to find the area of the triangle in (a) 
Exercise 1; ( b) Exercise 6. 

12. A line AB along one bank of a stream is 562.0 ft long, and C is a pom 
on the opposite bank. The angle BAC is 53-18', and the angle ABC is 48 36 . 

Find the width of the stream. nMrv Tin 

13. A surveyor running a line due east reached the e ge o a sw p. 

then ran a line 2000 ft. in a direction S. 47°0'E., and from the pom thus 

reached he ran a line in the direction N. 52*20' E. How f^. h “ d he “ n ‘ lnUed 
on this latter line when he reached a point on the ongmal line extended? 
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14. The captain of a ship (see Fig. 18) running due east sights a vessel 
ahead crossing her track on course 204°. After 10 min. the vessel bears 140° 
from north as seen from the ship. If the speed of each is 12 knots, find the 
distance between them at the second bearing. 



Fig. 18. 


16. From the top of a hill the angles of depression of the top and the bottom 
of a building 42.5 ft. high are observed to be 36° and 43°, respectively. Find 
the height of the hill if the building is at the foot of the hill. 


67. Case n. Given two sides and 
the angle opposite one of them. In 
this case there may be two triangles 
having the given parts, and therefore it 
is referred to as the ambiguous case. 

As in Case I, the triangle is solved by 
means of the law of sines and the rela¬ 
tion that the sum of the angles of a tri¬ 
angle equals 180°. The result may be 

checked by means of Mollweide’s equations or by means of the slide 
rule. 

Figure 19 represents the general triangle of Case II with given Darts 
encircled. To find angle B use the law of sines to obtain 



sin B = *L siD A . 
a 

If an acute angle B x is a solution of (13), then 180° 
tion, and there is an ambiguity. However if 



B i is also a solu- 




then 


A £ B 


(14) 


from geometry and B must be acute. For if B is 90° or more then A 
being greater than B, must be more than on»- tl.i. • • . A ’ 

a triangie can have o’nly one Lgfe ^ momt*““ 
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If a < b, there may be two triangles having the given parts a, b, and 
A: one having an acute angle Bi and a second having an angle B 2 
= 180° — B h both satisfying (13). Figures 20(a) and ( 6 ) show the 



(a) (6) (cl 

Fig. 20. 

two triangles. Figure 20(c) shows the two triangles superimposed 
and suggests a geometric method of drawing the two triangles. From 
Fig. 20(c) it is evident that, if a < b sin A, there is no triangle. The 
following rule may be used. 

Rule. To solve a triangle with given parts a, b, and A. 

Step 1. Use (13) to find log sin B. 

Step 2. If log sin B comes out positive, sin B would have to be greater 
than 1 and there is no solution. 

Step 3. If log sin B from (13) is negative or zero, find the correspond¬ 
ing acute angle B, then find C = 180° — A — B, and finally get c by 
using the law of sines. (This completes the solution if a t b.) 

Step 4. If a <b find a second solution by proceding as in Step 3 but 

using 180° — B instead of B. 

Example 1. Solve the triangle in which a = 9.4670, b = 14.433, 

Solution. In accordance with Step B, §55, list the given data, and 
using (13), write formula (a). 

a = 9.4670 6 sin A / \ 

b = 14.433 sin Bi = —~ a V J 

A = 11°14'18". 

To find B\, construct and fill in the following form. 

log sin B x = log b + log sin A + colog a 

log b = 1.15936 
log sin A = 9.28979 — 10 
colog a = 9.02379 10 

log sin B\ = 9.47294 — 10 

B x = i7°rro6" 

Cx = 180° - A - Bi = 161°28 # 36" [see IiAB x C h Fig. 20 (a)], 
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and obtain Ci — 23.196 (see Form I below) by using formula 

Ci = a sin C i esc A. (6) 

Now note that a < b and in accordance with Step 4 seek a second 
solution by taking 


B, = 180“ — Bi = 162°42'54" [see AAB,C,, Fig. 20(6)]. 
It then follows that 

C 2 = 180° - A - B 2 = 6°2'48" (see A AB 2 C 2 , Fig. 20(6)], 
and c : can be found by using formula 


Ci - a sin C 2 esc A. 


(c) 


The computation form for a and c 2 appears below. 


Form I 

log C\ = log a -f- log sin C\ 

+ log esc A 

log a = 0.97621 
log sin Ci = 9.67899 - 10 
log esc A = 0.71021 

log ci = 1.36541 ‘ 

ci = 23.196 


Form II 

log c 2 = log a -f- log sin C 2 

+ log esc A 

log a = 0.97621 
log sin C 2 = 9.02259 - 10 
log esc A = 0.71021 

log c 2 = 070901 

c 2 = 6.1169 


The condensed form of the solution follows: 


a 

b 

A 

Bi 

B t 

Ci 

Ci 

ci 

Cl 


9.467 

14.333 

n*i4'i8" 

17°17'6" 

iea°43'S4" 

151°28'36" 

6°2'48" 

88.196 

5.1169 


colog a 
log b 
l ain A 


(a) 

9.02379 

1.15930 

0.28970 


10 

10 


l ain Bi - 9.47294 - 


10 


( 6 ) 

log a - 0.97621 
l cac A - 0.7I02I 


l ain Ci - 9.67899 - 


10 


log e» - 1.36541 


(c) 

log a - 0.97621 
I cso A • 0.71021 


l sin Ct - 9.02259 - 


10 


^Example 2. Solve the triangle in which a 
Solution. To find A use formula (a) below: 

sin 4 = ° sinC 


log ci - 0.70901 

= 16.5, c = J0.3, 


(«) 
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and construct the following form 

log sin A = log a + log sin C + colog c 

log a = 1.2175 
log sin C - 9.9849 - 10 
colog c = 8.9872 — 10 

log sin A = 0.1896 

Here sin A would have to be greater than 1 ; hence there is no solution. 


EXERCISES 


1 . Use Step 2 of the rule to solve the triangle in which a = 75.63, b = 49.76, 
A = 58.45°. 

2. Show that there is no triangle in which a = 28.62, b = 52.76, A = 35.00°. 

3. Use Step 4 of the rule to solve the triangle in which a = 71.254, 6 
= 87.642, A = 54°23'24". 

Solve the triangles having the following given parts: 


J 

4. a = 309, 
b = 360, 

A = 21.2°. 

6 . A = 41.20°, 
a = 77.04, 
b = 91.06. 

8 . a = 294, 
b = 189, 

A = 67.5°. 

10. a = 48.134, 
b = 35.826, 

A = 36°24'0". 
12. a = 4.2356, 
b = 5.1234, 

A = 54°18'0 / \ 
14. a = 341.91, 
b = 745.91, 

A = 43°35 / 39", 


5. b = 316, 
c = 360, 

B = 21.1°. 

7. b = 115.97, 
c = 139.06, 

B = 43°11 , 32 /, 1 
9. b = 71.818, 
c = 78.493, 



iff 


32°18'30' / 
13. b = 216.45, 
c = 177.01, 

C = 

16. a = 95.210, 
b = 126.40, 

A = 51°40'30". 


16. It is desired to measure the distance AB between two points on opposite 
sides of a lake. A point C, easily accessible to both A and B, is chosen. It is 
found that AC = 8461 ft. and BC = 10,250 ft.. At A the angle BAC is found 

to be 26°33'. Find the distance AB. 

17. Two wires are run from the same point on the vertical edge of a build¬ 
ing to a level courtyard below. One wire is 42.45 ft. long and makes an ang e 
of 58°00' with the horizontal. The other wire is 48.60 ft. long and lies in the 
same vertical plane with the first but on the opposite side of the edge. Find 
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the inclination of the second wire to the yard and the distance between anchor 
points. 

*18. The distance from a point A to a point C cannot be measured directly 
but is estimated to be about i mi. From a point B } BA = 7201.5 ft., and 
BC = 6180.3 ft. Angle BAC is found to be 4ri4'25". Find the distance AC. 

68 . Case m. Given two sides and the included angle. Special 
formulas, called the law of tangents, will be developed for solving this 
case. The law of sines a/sin A = 6/sin B may be written in the form 


a sin A 


6 sin B 

(15) 

Subtracting 1 from each side of (15) 

, get 


a sin A 

l ~ 1 ~ • D 1, or 

o sin B ' 

o- — b _ sin A — sin B 

(16) 

b sin B 

Adding 1 to each side of (15), get 



a sin A 

r I 1 -:- fz + 1, or 

o sin B 9 

a + b __ sin A + sin B 
b sin B 

(17) 

Dividing (16) by (17) member by 

member, obtain 



a — b sin A — sin B 
a + b sin A H- sin B 

Transforming the right-hand member of this equation by means of 
(44) and (45) of §52, obtain 


sin A — sin B = 2 cos j(A + B) sin MA - B) 
sin A + sin B 2^in |(A + B) cos |(A - B) 

The right-hand member reduces to 


tan i(A - B) + tan £(A + B). 
a ~ b = tan j(A - B) 
a + b tan i(A + B) 



agsitsssttistirat&.'fa- J * c 

«2?i iits axr- - * - « 


h - a = tan -j(B - A) 
& + a tan i(B -f A)’ 
so that both members are positive. 


( 19 ) 
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An example will illustrate the use 
of this formula. 

C Example. Given c = 1.0398, 
a = 6.7517, and B = 127°9T8" (see 
Fig. 21). Find A, C, and 6. 
Solution. From the relation A + B + C = 180°, we have A + C 
= 180° - B, or 

£(A + C) = i(180° - 127°9 , 18") = 26°25'21". 

To find A and C we have, from the law of tangents with b replaced 
by c and B by C, 

tan \{A-C) = tan i (A + C). (a) 



A 

Fig. 21. 


The solution is displayed in the following form: 


log tan £(A - C) = log (a - c) + colog (a + c) + log tan £(A -f C) 


B = 127°9'18" 
a = 6.7517 
c = 1.0398 

a — c = 5.7119 
a + c = 7.7915 
i(A + C) = 26°25'21" 


log (a — c) = 0.75678 
colog (a + c) = 9.10838 — 10 
log tan -£(A + C) = 9.69626 — 10 

log tan i(A - C) = 9.56142 - 10 
£(A - C) = 20°0'54" 


Solving simultaneously the equations with left members £(A + C) 
and %{A - C), obtain 


A = 46°26 / 15", C = 6°24'27". 


To find b we use the law of sines to obtain 

_ Q sl n j? = a sin 5 esc A 
sin A 



and make the following form: 

log b = log o + log sin B + log esc 
log a = 0.82941 
log sin B = 9.90146 — 10 


log esc A — 0.13989 

log b = 0.87076 
6 = 7.4262 
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The condensed form of the solution follows: 


i(A 


B = 127°9'18" 
a = 6.7517 
c = 1.0398 
a -c = 5.7119 
a+c = 7.7915 
+ C) = 26°25'21" 

- C) = 20°0'54" 
A - 46°26'16" 
C = ft°24'27" 

6 = 7.4262 



log (a - c) = 0.75678 
colog (a+c) = 9.10838 - 10 
l tan $(A + C) = 9.69626 - 10 

l tan £(A - (7) = 9.56142 - 10 


(5) 

l sin B = 9.90146 - 
log a = 0.82941 


Z esc A — 0.13989 


log b = 0.87076 


10 


EXERCISES 


Solve the following triangles: 


JS a = 17.00, 

b = 12.00, , 
C = 59.30°> 
3. b = 232.23, 
c = 195.59, 

A = 61°13'0". 



6. a = 35.237, 
b = 18.482, 

C = 110°40'30". 


2. a = 748.0, 
b = 375.0, 

C = 63.60°. 

4. a = 6.2387, 

6 = 2.3475, 

C = 110°32'0". 

6. a = 0.59312, 

6 = 0.22734, 

C = 64°38'0". 


end 77 P °v!r t 5 ! 890 ft ‘ fr ° m ° ne end of a lake and 6728 ft - from the other 

end the lake subtends an angle of 47°18'. Find the length of the lake 

, a reconnaissance plane the distances to two stations A and B are 

ound to be 2750 ft. and 3450 ft., respectively (see Fig. 22) If the anele 

|° f Si6 '“ to ^" dBi91 distance {LETS 
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9. Two yachts start from the same place at the same time. Yacht A sails 
at 10 knots on compass course 62°. Yacht B sails at 8 knots on compass course 
135°. How far apart are they at the end of 40 min., and what is the bearing of 
yacht B from yacht A? 

10. Prove that the area K of a triangle having sides of lengths a and b 
including an angle C is given by 

K = \ab sin C. 

Use this formula to find the area of the triangle of (a) Exercise 1; (6) Exer¬ 
cise 4. 

11. A and B are separated by an obstruction, but C is accessible from both. 
If AC = 161.3 ft., CB = 793.6 ft., and angle C = 58°22'30", what is the dis¬ 
tance AB? 

12. From a mountain peak in a vertical plane through a straight tunnel, 
the angles of depression of its ends are 42°41' and 52°22', and the correspond¬ 
ing distances from the peak to the ends of the tunnel are 3710 ft. and 4100 ft., 
respectively. Determine whether the tunnel is horizontal and find its length. 

13. From a ship two lighthouses bear N. 40° E. After the ship has sailed 
15 mi. on a course of 135°, they bear 10° and 345°, respectively. Find the 
distance between them and the distance from the ship in the latter position 
to the more distant lighthouse. 

14. Two ships A and B leave port at the same time, A steaming on course 
80° at 9.00 knots and B steaming on course 220° at 10.0 knots. Find the bear¬ 
ing and the distance of A from B at the end of 1 hr. 

16. From the top of a lighthouse 188.6 ft. above sea level, the angle of 
depression of a ship was 5.51°, and its bearing was 16.80° true. One hour 
later the angle of depression was 4.17° and the bearing, 143.07° true. Find 
the distance traveled by the ship and its true course. 

69. The law of cosines. The law of cosines, developed in this 
article, contains the solution of any triangle determined by given sides 
and angles. While it is not adapted to logarithmic computation, it is 
very useful in the derivation of other formulas. 



Fig. 



In the triangles of Fig. 23 denote the angles by A, B, and C, and 
the sides opposite these angles by a, b, and c respectively Dran the 
perpendicular p from one of the vertices C of the triangle to the oppo- 
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site side c, Fig. 23(a), or c produced, Fig. 23(6). In either figure 

AD = 6 cos A. ( 20 ) 


In Fig. 23(a) 


DB = c — AD = c — 6 cos A, 


and in Fig. 23(6) 

BD = AD — AB = b cos A — c. ( 21 ) 

Since (c — 6 cos A) 2 = (6 cos A — c) 2 , we have for each triangle 

6 2 - 6 2 cos 2 A = p 2 = a 2 - (c - 6 cos A) 2 . 

Simplifying and solving for a 2 , we obtain 


a 2 = b 2 4- c 2 — 26c cos A. 


( 22 ) 


Similarly, by drawing perpendiculars from A and B to the opposite 
sides or the opposite sides produced, we obtain 


b 2 — a 2 c 2 — 2 ac cos B y 
c 2 - a 2 + b 2 - 2 ab cos C. 


(23) 


The law of cosines embodied in equations (22) and (23) may be 
stated as follows : The Square of any side of a plane triangle is equal to 
tie sum of the squares of the other two sides diminished by twice the product 
Of those two sides and the cosine of their included angle. 

EXERCISES 

1. Use (22) to find a in the triangle having b = 2, c = 4 A = 60° 

a TT Se i° C0S . A “ nd A in the tri “ n s'« having o ’= 2 , b = 3 c = 4 
. Use (23) to find C in the triangle having a = 5 , 6 = 7 c = 10 ’ 

With ri vH n t d = 20 tW ri° - 6o“ ° f C fOT th6 tW ° S °' Uti0n - ; 0f the “ 

- as:rjar solve 

«. Add equations ( 22 ) and (23) member by member and simply to obtain 

o* + id + c' - 2 (.ab cos C + be oos A + ca cos B). 

60. The half-angle formulas. In this article we shall deri„» f 

of an 

From the first equation of (32) §51, we obtain 

2 sin* £4 = 1 — C03 a 


(24) 
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and from the law of cosines, we have 

6 2 + c 2 — a 2 


cos A = 


2 be 


(25) 


Substituting the value of cos A from (25) in (24) and manipulating 
the result, obtain 


2 sin 2 i A 
£ 


1 - 


6 2 -f- c 2 — a 2 


Let 


2 be 

_ 2 be — b 2 — c 2 -f- a 2 
26c 

_ a 2 — (6 2 — 26c -f c 2 ) 

26c 

a 2 - (6 - c) 2 
26c 

_ (a + 6 — c)(a — 6 + c) 
— 26c 

a + 6 + c = 2s. 


(26) 


(27) 


Subtracting 2 a, 26, and 2c from each member of (27), we obtain, 
respectively, 

— a + 6 + c = 2 (s — a), 
a — 6 + c = 2 (s — 6 ), 
a + 6 — c = 2 (s — c). 

Substituting from the last two of these equations in (26) and simplifying 

slightly, we get _ 

. 1 i /(s — 6 )(s — c) /qq) 

sm 2 A = V- be - (28) 

From the second equation of (32), §51, and (25), obtain 

1 6 2 + c- - a 2 

2 cos 2 5 A = 1 +-26c ’ 

_ 26c + 6 Hc 2 -o 2 
26c ’ 

(6 + c ) 2 - a 2 
26c 

fa 4 - 6 + c)( —a + & + c) 

*" 26c 

_ ( 2 s )2 (s - a) 

” 26c 
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Hence 

1 . Isis — a) 

cos 2 A = (29) 

Dividing equation (28) by (29) member by member, obtain after slight 
simplification 


‘an 2 .1 ^ s(s _ a) . 

(30) 

Formula (30) may be written 


tan Ll - 1 .A* -")<»- *)(« - <0 

2 s-a\ s 

If we let 

(31) 

r * J( s ~ a ^ s ~ b)(s - c) 

(32) 

we may write 


tan \a— r . 

2 s — a 

Similarly 

(33) 

tan |b = — 

2 s — b 

(34) 

tan \ C = 

2 S — c 

(36) 


HAiSKUISES 

1. Write formulas for siniB, sin $C t cos cos tan iB tan 1C 
analogous to (28), (29), and (30), respectively. ’ 

that (30) t0 find A { ° T th<5 tr5angle m which a = 1, b = 1 , c = 1 . Note 

3. Use sin A = 2 sin cos to prove that 

sin A = - a)(s - b)(s - cl 

be " 

/ + v + “ , v»r'rt' " d nr- 


• r is the radius of the circle inscribed in the triangle. 
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* Example Given a = 6.8235, b = 5.2063, 

and c = 3.1628 (see Fig. 24). Find A, B, 
A and Q 

(c)\ 

\ Solution. First find 5 = -£(a + b + c) and 

A '- — - — ^ C then plan to compute log r, A, B, and C in 

^ succession from formulas (32) to (35). 

The solution, arranged in accordance with 
the steps suggested in §55, is displayed below. 


s = 2 ( a + & + c )» 


r 2 = 


(s — a)(s — b)(s — c) 


, 1 A r 

tan ~A= - 

2 s — a 


tan i B = ——, 
2 s — b 


tan \ c = —-— 
2 s — c 


6.8235 

5.2063 

3.1628 

15.1926 


2 log r = log (s — a) + log (s — b) 

+ log (s — c) + colog 5. (a) 


7.5963 

0.7728 

2.3900 

4.4335 

7.5963* 


colog s = 9.11940 — 10 
log (s — a) = 9.88807 — 10 
log (s — b) = 0.37840 
log (s — c) = 0.64675 _ 

2 log r = 0.03262 , 


log r = 0.01631 


log tan %A = log r + colog (s - a). 


log r 
colog (s — a) 

log tan %A 


-- 0.01631 
= 0.11193 

= 0.12824, 
log tan $B = 


%A = 53°20'20", A 
log r + colog (s - b). 


= 106°40'40" 


log r 
colog (s — b) 

log tan %B 


0.01631 
9.62160 - 10 

9 ^ 3791 ^^ 0 , iB = 23 ° 28 ' 51 ", 
log tan \C = log r + colog (s — c ). 


= 46°67'42" 


log r = 0.01631 

colog (s - c) = 9.35325 - 10 r _ oeooi/33// 

log tan iC = 9.36956 - 10, = 13 *0 49 , C - 26 

* i 4 + # + C = 180 0 0 (Check) 

. . r Jinf i o — c based on the fact, easily 

♦ Note the check of values for 5, s - a, s ana « 

proved, that s a (s — a) + (* ““ + ( s r ^’ 
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The condensed form of the solution follows: 


a ~ 6.8235 
b - 5.2063 
e - 3.1628 

2« = 15.1926 
* = 7.5963 
« - a - 0.7728 
* - b = 2.3900 
» - c ~ 4.4335 

t ~ 7.5963 


(o) 


colog 9.11940 - 10 
log 9.88807 - 10 
log 0.37840 
log 0.64675 


2 ) log 0,03262 
log 0.01631 


A - 106°40'40" \A = 53°20'20" 
B - 46°67'42" \B ~ 23°28'5I" 

C = 26°31'38" \C = 13 8 10'49" 
A + B f C «= 180°0'0" (CAeet) 


(c) (d) 


colog 0.11193 


log 0.01631 
l tan 0.12824 


colog 9.62160 - 10 


log 0.01631 


l tan 9.63791 - 10 


colog 9.35325 - 10 


log 0.01631 


l tan 9.36956 - 10 


EXERCISES 

(32) 0 t V o e (35). trian8leS hiVing ‘ he 8iVen SelS ° f parts numbered 1 


to 8 by using 


1- a = 3.41, 
b = 2.60, 
c = 1.58. 

3. a = 14.493, 
b = 55.436, 
c = 66.913. 

6. a = 95.321, 
b = 113.72, 
c = 179.84. 

7. a = 1.4932, 
b = 2.8711, 
c = 1.9005. 


2. a = ill, 

b = 145, 
c = 40.0. 

4. a = 97.862, 
b = 105.98, 
c = 138.72. 

6. a = 2.2361, 
6 = 2.4495, 
c = 2.6458. 

8 . a = 529.37, 
b = 716.49, 
c - 635.21. 


Solve for angle A the triangles having 
using the law of cosines. 


sets of parts numbered 9 to 11 by 


a = 13.0, 

b = 11.0, 
c = 9.00. 


10 . a = 6.00, 
b = 7.00, 
c = 8.00. 


11 . a = 60.0, 

b = 40.0, 
c = 35.0. 


Jo* !™I e .. th f « = (*-«) + (»- 6) + (* _ 0). 

£ :a th c ‘r 8 Lta h ** - 

= 11.8 mi., and AC = 16 2 mi A rLl . .° „ that AB = 23.3 mi., BC 
dicular road from C. Find the lentrtW . ^ 518 met at D by a perpen- 

16. A navigator sights a lighthouse bearing Mg^and'Ir the distance DB - 

e W " 8 *° h * •»* that the lighthouse is 7^ 5 a °J;. 
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the course steered by the ship and the bearing of the lighthouse at the time of 
che second observation. 


*16. Derive Heron’s formula for the area 
if of a triangle in terms of its three sides 
a, b, c, and s = i(a -f b + c), namely: 

K = \/s(s — a)(s — b)(s — c ). 

Hint. The area of the triangle shown in 
Fig. 25 is K = ^bh = ?cb sin A. Replace 
sin A by 2 sin ?A cos -*A, and then use 
Fiq - 25 ‘ (28) and (29). 

17. Use Heron’s formula to find the area of the triangle of (a) Exercise 1 ; 
( 6 ) Exercise 7. 



A 



D 


Fig. 26. 


*18. To find the width of a river, a point A (Fig. 
26) is located on one bank and two points B and C 
on the other. A fourth point D is located in line 
with AB, and a fifth point E in line with AC. 
The distances are measured as follows: BC = 506 
ft., BD = 453 ft., BE = 809 ft., CD = 753 ft., 
CE = 392 ft. Find the width of the river. 


62. Summary. Miscellaneous exercises. In attempting to solve 
a rectilinear figure, it is well to use the law of sines (6), §54, where it 
applies, to find as many desired parts as possible. When the case given 
two sides and the included angle arises, use the law of tangents, (18), 
§58, the law of cosines, (22), §59, or draw auxiliary lines. If the case 
given three sides arises, use the half-angle formulas (32) to (35), §60. 
Also the following table may be helpful. 


Given 

One aide and two 
angles 

Two sides and the 
angle opposite 
one of them 

Two sides and the 
included angle 

Three sides 

Using loga¬ 
rithms, 
solve by 

Law of sines 

Law of sines 

Law of tangents 
and law of sines 

Tangent of half¬ 
angle formulas 

Using slido 
rule, solve 
by 

Law of sines 

Law of sines 

Dropping a per¬ 
pendicular 

Law of cosines 
and law of sines 

Check by 

Moliweide’e equation* 

A + B + C - | 
ISO 0 , and slide 
rule 
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EXERCISES 


Solve the following triangles: 
1 . a 


b 
C 
4 . a 
b 
C 


42.365, 

25.863, 

115°39\ 

0.062387, 

0.023475, 

1I0°32'. 


2. a = 365.74, 

3. a = 412.67, 

b = 445.84, 

A = 50°38'50 

c = 545.62. 

B = 60°7'25" 

5. a = 6.3420, 

6 . a = 31.239, 

b = 7.2950, 

b = 49.001, 

c = 8.4177. 

A = 32° 18'. 


CAn T «.?,° in V an , d * " e inaccessible from C. If AB = 1308 ft., angle 

53 7 ' aud angle CBA = 70”15', find the distance from C to each of 
the other two points. 

uJ' w 6 a rl 65 ° f e l evation of a balloon > directly above a straight road, from 
two points of the road on opposite sides of the balloon, are 78°15' and 59°47' 

q 6 5000 ft ‘ apart> what is the he5 S ht the balloon? 

its face H thll / IT f®T*. an iDClined buttress and 46 ft. up 

Th f * 0f the ladder 18 20 ft * from the foot of the inclined face 

If AC i a ,m ?r™ ara ™o by .“ 0bstructloa ' bu ‘ C is accessible from both. 
AB? 3 f ’ ° B = 7 3 ' 6 ft ’’ and angle 0 = 5S ° 22 ’’ " h at is the distance 

mil ! SOn C “ mpass course 15 “- thencc IS miles on compass 

*12 The’ ™ ( far and “ , what dlrection is she from her starting point? 
04 .,.,,,". of a triangle whose angles are 6r9'32", 34°14'46" and 

Va Z 13 68 °- 6 °- ^ is the le ”S th °f the longest side? ’ 

u. 1 he magnitude A of an inaccessible 

vertical height DC is desired. A base line c 

of length d in the horizontal plane 
through the base D of the object is laid off, 
and the angles DAC, DAB, and DBA are 
round by measurement to be a, 0, and v 
respectively (see Fig. 27). 

(a) Show that 

h = d sin <fi tan a esc (fi -f <p). 

a fegslff“5.00 ft P high at the ° f ‘ he ‘° P and of 

47;^ pec ti Vely ° bserved 40 be 45 ‘ 13 ' aad 

«5 ft SSMtt SLtSSi- *7 ** 0f a ^«■ At a point 

t»e top of the ffagpole is 3 , 0 ". Find the 
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the flagpole and the inclination of the ground to a horizontal plane (see 
Fig. 28). 



Fig. 28. 


16. From a point on a horizontal plane the angle of elevation of the top of 
a mountain peak is 40°28'36", and 4163.2 ft. farther away in the same vertical 
plane the angle of elevation is 28°50'24". Find the height of the peak above 
the horizontal plane. 

17. A tower stands at the foot of a hill inclined 18° with the horizontal. 
At a point A some distance up the hill the angle of elevation of the top of the 
tower is 28°, and at B, 120 ft. farther up the hill, the angle is 15°. Find the 
height of the tower. 

18. From a ship two lighthouses bear N. 45° E. After the ship sails at 
11 knots on a course of 130° for 2 hr., the lighthouses bear 6° and 356°, respec¬ 
tively. Find the distance between the lighthouses. 

19. A 50-ft. vertical pole casts a shadow 62 ft. 3 in. in length along the 
ground when the sun’s altitude is 41°38 / . Find the inclination of the ground 
in the line of the shadow. 

20. The diagonals of a parallelogram are 376.14 ft. and 427.21 ft., and the 
included angle is 70°12'38". Find the length of the sides. 



Fio. 29. 


21. If R is the radius of a circle circumscribed about the triangle ABC 
(Fig. 29), show that 

a _ b _ c 
^ = sin A ~ sin B sin C 


Hint. Angle BAC = angle DOC. 
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22. Find the radius of a circle inscribed in a tri¬ 
angle whose sides are a, b, and c (see Fig. 30). 

The area K of the triangle ABC is 
nar + ybr + £cr = rs. 


A 



Fig. 30. 


23. Prove that the area K of a triangle is given by the formula 



abc 
4 R’ 


where fl is the radius of the circumscribing circle 

uri tht* W b " Wh ° Se T, ^ 37 -°° ft ' ab0VC the sur, ““ of ‘he water moas- 

S ° f ^ ^ 85 f0U °" S: * bearing 

the length AB and the true bea^Tfifrom 1™' ^ Knd 


25. Find the value of x in Fig. 31. 



piaM 1200 «• 

B ™i C '. At B the anglc of Ovation of the balloon “m v P ‘“ 6 “ 

B subtended by AC is 53.2° and at C thp 0 1 61,5 * an< * an ^ e at 

Fiod the height „f the balloon S 6ubten < led by AB is 71.6°. 
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27. A plane through a vertical flagpole on a small hill contains two points 
A and B lying 130 ft. apart in a horizontal plane, both on the same side of the 

From A the angles of elevation of the top and bottom of the flagpole are 
13° and 6°, respectively, and from B the angle of elevation of its top is 10°. 
Find the height of the flagpole. 

28. A, B,C are three objects at known distances apart, namely, AB = 1056 
yd., AC = 924.0 yd., BC = 1716 yd. An observer places himself at a sta¬ 
tion P, from which C appears directly in front of A and observes the angle 
CPB to be 14.40°. Find the distance CP. 

*29. P and Q are two inaccessible objects; a straight line AB, in the same 
plane with P and Q, is measured and found to be 280 yd. long. If angle 
PAB = 95°, angle QAB = 47.5°, angle QBA = 110°, and angle PBA = 52.3°, 
find the length of PQ. 

*30. A and B are two stations 1 mi. apart, and B is due east of A. When an 
airplane is due north of A its angles of elevation at A and B are 37° and 23°, 
respectively, and when due north of B, its angles of elevation at A and B are 
12° and 19°, respectively. Find its altitude at each time of observation and 
the true course it is traveling. 

*31. From a certain station the angular elevation of a mountain peak in the 
northeast is observed to be a. A hill 22^° south of east whose height above 
the station is known to be h is then ascended, and the mountain peak is now 
seen in the north at an elevation /3. Prove that the height of its summit above 
the first station is h sin a cos /3 esc (a — /?). 

*32. A tower is situated on a horizontal plane at a distance a from the base 
of a hill whose inclination is a. A person on the hill, looking over the tower, 
can just see a pond, the distance of which from the tower is b. Show that, if 
the distance of the observer from the foot of the hill be c, the height of the 


tower is 


be sin a 

fl + 6 + c cos a 


*33. The angular elevation of a column as viewed from a station due north 
of it is a, and as viewed from a station due east of the former station and at a 
distance c from it is /9. Prove that the height of the column is 


_ c sin a sin 0 _ 

[sin (a — 0) sin (a + 0)]* 

*34. An observer found the angle of elevation of the summits of two spires 
which appear in a straight line to be a, and the angles of depression of their 
reflections in still water to be and y. If the height of the observers e>e 
above the level of the water was c, show that the horizontal distance between 

the spires is 

2c cos 2 a sin (ff — 7 ) 
sin (/? - a) sin (7 - oi) 
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*35. A, B } C are three objects so situated that 
AB = 320 yd., AC = 600 yd., and BC = 435 yd. 

From a station P it is observed that APC = 15°, 
and BPC = 30°. Find the distances of P from A, 

B, and C if the point A is nearest P and the angle 
APB is the sum of the angles APC and BPC (see 
Fig. 32). 

Hint. (This problem is known as the “Three 
Point Problem” in surveying.) A standard outline 
of the solution is as follows: 

Referring to Fig. 32, assume a reasonable position 
for P and construct a circle through A, B, and P, 
cutting PC at D. Draw AD and BD. Then angle 
DAB - angle DPB, and angle DBA = angle DP A. 

Why? Now solve in order the triangles ABC , ABD, 

CAD, PAC, and PBC for needed parts. 

*36. Solve Exercise 35 by proceeding as follows: From Fie 32 PC = finn 
sin x/sin 15 = 435 sin y/sin 30°. Solve this equation for sin i/sin y 

division >. and “> the result replace sin * - sin y by 

, * ^ sm x an< ^ s ^ n £ + sin y by 2 sin -£( x + y) cos — t/i 

and simplify to obtain V) y) ’ 

Um - -,) - - 3S sin 15 ° ~ 300 sin 30° . 

435 sin 15° + 600 sin 30° ten »(* + »)• (A) 

sees - ritT* +y in <x) by 36 °° - <i5 ‘+ 3 °“+ c ).- d s °ive 

, TW ? t0 "' Cr ?’ A and B < ° S equal heights on dangerous rocks bear 
P etively, southeast and southwest from a battleship (see Fig. 33). The 



Fro. 32. 



Fig. 33. 


angle of elevation of A’ s top as viewed from the battleship is l»25'. rb.r , „ 
is 1 54 . What course should th* * ? * p ls 1 25 J th »t of B 

the towers? 6 battleshrp take to pass midway between 
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63. REVIEW AND TEST QUESTIONS 


1. Prove the law of sines. 

2. Two angles of a triangle are 45° and 30°. The side opposite 45° has 
length 10 y/2. Find the length of the side opposite 30°. 

3. Write the formulas to be used in solving a triangle in which the given 
parts are (a) a, b, C ; (6) a, b, c. 

4. Solve for angle A the triangle in which a = 1.4932, b = 2.8711, c 
= 1.9005. Also write formulas for finding B and C. 

5. A triangle has sides of lengths a = 4, b = 5, c = 6. Find the greatest 
angle of the triangle to the nearest degree by using the law of cosines. 

6. Find in radical form the side a of the triangle in which b = 4, c = 5, 
A = 60°. Then write a formula that could be used to find angle B. 

7. Fill in the blank spaces. To solve 
the triangle in which a = 24, b = 32, and 
A = 30° (see Fig. 34), first apply the 
law_to get a formula for find¬ 
ing Bi. Then get C, = 180° --- 

__ Apply the law-to get 

a formula for finding Ci. Now the angle 

1 1 opposite b — 180° —-, C 2 — - 

I'm. 34. — 30°, and the law-gives a 

formula for finding c 2 . 

8 . A plane through a vertical tower on a hill cuts the hill in line AB 
inclined 22° to the horizontal. The angles of elevation of the top of the tower 
from two points A and B downhill from the tower and 235 ft. apart are 50.0° 
and 35.0°. Find the height of the tower to the nearest foot. 

9. A 50-ft. vertical pole casts a 62.3-ft. shadow when the angle of elevation 
of the sun is 41.6°. Find the inclination of the ground in the line of the 

shadow. 




E 


10. Beacon B bears 300° from beacon A 
and is 4.00 mi. from it (see Fig. 35). An 
enemy vessel E is observed 6.00 mi. from 
A and 7.00 mi. from B on the eastern side 
of line AB. Find the bearing of E from B 
to the nearest tenth of a degree. 


Fig. 35. ... . , 

11. The median to the side of length a of a triangle is 67.0 ft. and divid 

the opposite angle A into angles of 43.0° and 55.0°. Find a. 


12. Solve Exercise 33 of §62. 
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64 Inverse trigonometric functions. To any angle there corre¬ 
sponds in general one and only one value of each trigonometric function 
but to any value of a trigonometric function there correspond manv 

angles. Thus sin 30° = j, but 30°, 150°, 390°, and many other angles 
nave a sine whose value is 

The problem of finding the value of a trigonometric function of a 
given angle has already been considered in detail. The inverse prob¬ 
lem, namely that of expressing the angles when the value of a trigo¬ 
nometric function is known, is the problem of this chapter. Consider 
the equation 7- a 

y = sin x. 

Evidently x in this equation is an angle whose sine is y. To express '' 
this we introduce the symbol sin -1 * write P 


x = sin- 1 y, 


(2) 


and read the symbol sin~' y as the angle whose sine is y. Since the 
problem of finding z in equation (1) when y is given is the inverse 0 f 

«WyoT thea ,S gi - Ven ’, the Symb0 ‘ Sin " y is often read « the inverse 
wie oj y or the arc sine of y. 

is read^tho' ^ C ° S ~' 1 means the an 8 le "’hose cosine is x and 
s read the angle whose cosine is x, the inverse cosine of x or the arc 

conn, of x The symbols tan- x, cot- x, sec- x, and esc- x are 
efined and read in an analogous manner. 

x fTan P ! e i, Su lZ^?-l* DekS XkSS tha “ 360 ° f0r Which (a) 
Solution. Since the tangent of a first-quadrant angle or of a third 

Sr. .“S-.", ■“Sr “ t” “ • - » -. -» 

, 1 . j * an The cosine of a second-quadrant nturi* r 
x - c'o q “ d (Ti angle iS neBative: henoe 1 = 120 ° Md * = 240° satisfy 

denote "old'“» 




A 


n 0 - 
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EXERCISES 

For each of the following equations find two positive values of y less than 
360° satisfying it: 

» 

1 . y - sin -1 ?. . 2 . y = sin -1 £ a/ 3 . 

3. y = sin -1 (—■ y \/2) T 4. y = tan -1 \/3. 

5. y = tan -1 ( — 1 ). 6 . y = cos -1 (— 7 ).^ 

1. y — cos -1 (—-y \/ 2 ). 8. y = sec -1 \/ 2 . 

9. y = sec -1 2. 10. 7 / = esc -1 ( — 2). 

11. y = esc -1 f \/3. 12. y = sin -1 0.432. 

66. Graphs of the inverse trigonometric functions. Since 

x = sin y and y = sin -1 x 

express the same relation between x and y, we may make a table show¬ 
ing corresponding values of x and y for plotting y = sin -1 x by using 



Fia. 1 . 


Y 



y=CO s' 1 ! 

Fiq. 2. 


x = sin y. Since this latter equation is the result of interchanging * 
and y in y = sin x, we can obtain a table of values for plotting V 
- sin- x by interchanging x and y in the table of values; used §40 
to nlot v = sin x Hence, interchanging x and y in the table of § , 

plotting the points represented by the pairs of values in this new tab , 
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and connecting them by a smooth curve, we obtain the graph of 
y — sin 1 x (see Fig. 1). Observe that the heavily marked part of 
each graph is associated with principal values defined in §67. 




Hlflili 


y=tan -1 x 



Fio. 3. 


y=cor , x 


Fiu. 4. 


■■■■■■■ iZimw ■ 5 !!EEZ!!!S bb * hb *»"* 


z -i 

y-sec *x 

Fio. 6. 


i !■■■■»■■■ ■■me, _ _ 

i5SSS55S£!3355S!iiS55i a;gjSggl5a 

jSsSSSSSs 

puifcli 

liiiiiii 


y^csc'h 4 

Fig. 6. 


tri!!r larl f’ ta ^ IeS ° f values are P re P ared for plotting the other inverse 
g nometric functions; their graphs are shown in Figs. 2 to G. 

EXERCISES 

horn this the Vues of x obWnUTy^VtoVthe v = al!es O.^T/^ 

ir 3 W 2 ° 9 SkC ^ V x 7 C ? * (x/3) ’ write x = 3 cos y; compute x for » = n -/a 
uiual way^ bU ' ate ‘ hC Va ‘ Ue paira > “ nd a sketch from them h, £ 

VTL*' T ta . n " ™ te 1 = 2 tan y; using this and the values 
°» sir, for y make a table of values- nlnt 

Pomts and draw a smooth curve through them. Now observe 
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when y is near tt/2 in the first quadrant and is numerically large but negative 
when y is near — tt/2 in the fourth quadrant. Hence draw lines distant tt/2 
from the x-axis and parallel to it. Then sketch in a graph like the middle 

part of the graph in Fig. 3. Now use the same process for y in the interval 
r to tjtt and in — fx to —^x. 

4. Following the plan of Exercise 3 sketch y = cot " 1 (*x). 


Sketch the graphs represented by 


6. y = sec -1 2x. 

7. 2y = sin -1 3x. 

9. y = 2 tan -1 
11. y = v sec -1 x. 


6 . y = esc -1 3 x. 

8. y = 4 cos -1 2x. 

10 . isy = 2 cot -1 -$x. 
12 . y = § esc -1 fx. 


66. Representation of the general value of the inverse trigonometric 
functions. In general there are two positive values of x less than 360° 
satisfying an equation of the form 


x = fn~ l {a ) (3) 

where fn stands for sin, cos, tan, cot, sec, or esc. If ai and a 2 are two 
such values satisfying (3), then 

x = + n3G0° and x = a 2 ■+- ?i360° (4) 

satisfy (3) if n is an integer, for the six trigonometric functions of an 
angle are unaffected when the angle is changed by an integral multiple 
of 360°. When radians are used, the solution (4) is written 

x = -f- 2nx, and x = a 2 + 2mr. (5) 

Example. Find the general value of sin -1 (—■£■). 

Solution. Expressed in degrees, the two positive angles less than 
360° each of which has a sine equal to — are 210° and 330°. Hence 
the general value of sin -1 (— -£) is 

210° + n360°, 

or, expressed in radians, 

^ + n2ir, 


330° + n360°, 

^ + 7i2tt. 


EXERCISES 

1. Find the general value of the angles represented by the following symbols^ 
(a) sin- i. _ ( 6 ) sin- i fc> f /?. ^ 

( d ) sin -1 (—i \/3). 


(b) sin - 1 i V3 
(e) sin -1 0 . 

( h ) cos -1 y y/2. 
O') oos- (-7 y/3). (k) esc-* (-2). 
(m) cot -1 1. (w) cot -1 0.432. 


( g ) sin • * 


-1 


(/) sin " 1 (- 1 ). M 
( i) sec -1 (— \/ 2 ).'-' Vo* J ^ 
(/) tan -1 ( — 1 ). 

(o) sin -1 0.4321. 
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2. For each pair of the following equations, find all values of x that satisfy 


both of them: 

(а) i — sin -1 (--gr). 

(б) x = tan" 1 4 \/3. 

(c) x = sin" 1 \ \/2. 

(d) x = sec' 1 (- \/2). 

(e) x = esc -1 2. 

(/) x = cos -1 


X = COS-' 5 y/3. 
x = sin-* (-i). 
x = tan" 1 ( — 1). 
x = cot -1 1. 
x = cot- 1 (- V3). 
x = CSC- 1 (-1 V3). 






•\ ' 
•. r 


3. Find the general value of the angles represented by the following symbols: 
(a) sin- 1 0.36. ( b) cos- 1 0.60. 

(c) tan- 1 0.90. (rf) cot- 1 2.1. 

(e) sec- 1 3.42. (/) cg C -i 1.21. 

(?) cos- 1 f. (A) sin- 1 1. 

(i) tan- 1 1. (;) cot- 1 4. 



4. Show^that the general values of 
tan 1 a are a 80°, where a is a 

particular value. AIscT'shew^that sin -1 0 
= n X 180° and cos -1 0 = 90° 180° 

(see Fig. 7). 


6. Using the formulas given in Exercise 4, find the general values of the 
angles represented by the following symbols: 

W ^n- 1. (fi) cot- V3. 

. ten-(-l). (rf) tan-' 0.342. 

4 ~J£L Sho ' V ‘, ha \ if 39 L = sin '‘ i. 39 = 30° + n360“ and 39 = 150° 

soiutions. “ re at 9 = 10 ° + n120 ’ “ d 9 = 50” + nl20“ are 

+ nS/= 5 r+a7r h ° d Sh ° W tha *' “ 59 = C03 "°' ‘ hen 9 - 18 ° 

(d)*59 = « s -o gleS “ ‘ he range °° 10 360 ° for whfch: (c) 39 = sin- i; 

.J' SoIve , Exer “ se 6 and then find the general solutions and the solutions in 
the range from 0“ to 360” for the following equations: 

/“! ?! - cos " *■ <*) 39 = sin-1 (-i). 

w 3«~ /*• (d) 49=cot ‘ i (_i >- 

(e) 39 = sm- (-0.388). (/) 29 = tan- (-0.510). 

67. Principal values. Of the many values nf »n 
nometric function, a special one is often called the principal 
any ways of choosing a principal value could be devised The 

tztt&Sr* ma “- b * -5 
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Let a represent a positive number throughout this article. The 
principal value of sin -1 a, cos -1 a, tan -1 a, etc. (if it exists), is zero or a 
positive angle no greater than 90°. For example, the principal value 
of sin -1 is 30°, that of cos -1 1 is zero, and that of tan -1 1 is 45°. 

The principal value of sin -1 ( — a) (if it exists) or of tan -1 ( — a) is a 
negative angle no greater numerically than 90°. For example, the 


principal value of sin -1 ( — ■£■) is 

Y 



Img. 8. 


— 30°, and that of tan -1 ( — 1) is —45°. 

The principal value of cos -1 ( — a) 
(if it exists) or of cot -1 ( — a) is 90°, 
180°, or a positive second-quadrant 
angle. For example, the principal 
value of cos -1 (—1/\/2) is 135°, that 
of cot -1 ( — 1) is 135°, and that of 
cos -1 ( — 1) is 180°. 

The principal value (if it exists) of 
sec -1 ( — a) or esc -1 (—a) is a negative 
angle lying between —90° and —180°. 
For example, the principal value 
of sec" 1 (-2) is-120°, that of 


esc -1 ( — \/2) is —135°, and that of esc -1 ( — 1) is —90°. 

Figure 8 may help in choosing principal values. In §65, the part of 
each graph drawn with a heavy line is the graph representing the princi¬ 
pal value of the associated inverse trigonometric function. 


EXERCISES 


lyi *3 - 


1 . Find the principal values of the 

(a) sin" 1 * V2. (b) sin" 

I & (d) tan-* V3. («) tan 

( g ) cos -1 ?. (h) cos - 

> O') csc-‘ f \/3. (&) esc" 

(w) sec" 1 2. (n) cos" 

2. Find the principal values of the 

(a) sin -1 ( —s). 

(c) sin" 1 (- ^)- 
(e) tan -1 (— \/3). 

3. Find the principal values of the 

(a) cos" ( - ^=)- 

(c) cos -1 (-?). _ 

(e) cot -1 (— \/3). 


following: 

1 0. 

- 1 0 . 

1 i V2. 

1 1. 

1 1. 

following: 

(b ) sin -1 
(d) tan -1 (- 
(/) tan' 1 (- 
following: 

(b) cos -1 (- 
(d) cot" 1 ( — 
(/) cot-' (- 


(c) tan -1 1. 

(/) cot- 1 1. 

(i) cos -1 0. 

(/) cot- 1 \/3. 
(o) sec" 1 § \/3. 


ft 

-1). 

-ft 

- 1 ). 

-ft 
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4. Find the principal values of the following; 

(<0 sec- (-2). (6) sec- (-1). ( c ) see- (-f V 3 ). 

(‘? csc ‘ <7 2 )■ («) esc- 1 (-| V3). (/) esc-' (-1). 

5. Find the principal values of the following: 

(a) sin -1 (—0.866). (6) cos -1 (—0.414). (c) sec -1 ( — 2.73). 

(d) cot” 1 (—0.472). (e) csc- 1 (-6.41). (/) tan- 1 (-13.0). 

6. Using principal values evaluate the following expressions, giving j'our 
answers m radian measure: 

(а) sin-' (i) - sin- 1 (-*). ^ (J) s in-> (-1) - sin- (~i V3) 

(c) tan- (V3) - tan- 1 (i V3). (d) cos- (i) - cos- (-i) 

(c) sec 1 (1) - sec- (-1). (/) esc- (-2) - sin- <-£). 

7. Verify for principal values the following equations: 

(o) sin- 1 z + sin- 1 z V3 = - sin" 1 (-1). 

(б) sin- 1 i V2 - 3 sin- 1 \ y/s = 

(c) sin" 1 (— z)_ + sin- 1 z V2 = rrr. 

(d) sin- 1 jx/2- sin- 1 * V3 = sin- 1 i 
W s * n 1 -f~ cos*” 1 ^ = sin -1 1. 

(f) tan 1 1 + tan -1 \/§ = yztt — tan -1 -y/ 3 . 

(?) tan-i l/\/3 - sin- 1 zV2 = tan- 1 V3 - Att. 


68 Problems relating to inverse trigonometric functions. The 
P oblems of this article involve transformations of sums and differences 
of principal values of inverse trigonometric functions. Generally 



Fia. 9. 


- 33CS 

C ° S ( “ + *>' where ^ = ein -i ( _ i}| 

are Underst00d ' 9 

cos eos ft sin * and rin ftobtar ^ t0 find the values of 
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cos (a -f- /3) = cos a COS /3 — sin a sin 0 

= -(m vis) - (iv§)(-i) 

- vis + V8 

12 

Some problems require a proof that one angle is equal to another. 
To do this, we must prove that 

A. Both angles are of the same quadrant and nearly equal. 

B. Some basic function of one angle is equal to the same basic 
function of the other. 

For example, consider the proof that 

tan " (- I) + sin “‘ (“ = 3 cos " (“ I) " 90 °' (6) 

Let A = tan- 1 (-§), B = sin" 1 (-1/VT7), C = cos" 1 (-0.6). From 
these and the conventions of §67, it appears that angles A, B, and C 



are correctly represented in Fig. 10. Inspection shows that the two 
members of equation (6) are negative acute angles. Hence they are 
equal if a trigonometric function of one member is equal to the same 
trigonometric function of the other. Equation (6) may be written 

A + B = iC - 90°. ( ? ) 

The cosine of the left-hand member of (7) is 

cos (A + B) = cos A cos B - sin A sin B, (8) 

and the cosine of the right-hand member of (7) is 

cos (%C - 90°) = sin %C = - cos C). «.9) 

Replacing the functions in (8) and (9) by their values read from Fig. 
10, we have 
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cos (*C - 90°) = sin = JI 


+ 0.6 



= 2 
V5’/ 

Since these values are equal, equation (6) is true. 

EXERCISES 

Using principal values for the inverse functions involved, evaluate the fol- 
iving expressions: 


lowing expressions: 
1. sin (sin -1 §). 


2. sin (cos 1 -nf). 3 . esc [tan -1 (— \/7)]. 

6. cos [esc-' (-1)]. 6. cos [tan-' (-£)]. 

8. cos (2 tan-' 1). 9. g] n ( C ot -1 j). 


4. sin [sec-* (—|)]. 

7. tan [co.f (+1)]. 

10 . Evaluate the following expressions, using principal values: 

(c) tan [tan-' * + tan-' (-£)]. 

(6) sec (cos- 1 £ - sin-' £). 

(c) esc [sin-' (l/\/2) + tan-' 1], 

W sin [sec-' (-2) - sin-' (-§)]. 

JSSZ* Va ‘ UeS f ° r tHe inVerSe fUQCti0nS mvolved ' verify the follow- 

11. sin-* 1 - tan-* 1 = x* 

4 

12. tan-' £ + sin-' A vTo = 

13. cos-' yf -f tan-' £ = cot-' 

14. tan-' & + tan~* ^ = sec-' £ y/l. 

16. tan-* £ -f tan-* £ = £ sec-' 

16. tan-' (-f) + tan-' (-£) = 

17. cot-' (-3) + csc-» (- y/l) = tan-' 

18. tan-' xx + tan~* # = tan-' £ + tan"' £. 

Hint. Take the tangent of both members. 

19. cot-' 7 + tan-* £ -f- cot-* 18 = cot”' 3 

20. cos (2 eee-'IV50) = sin (4 sin- A VlO). 

of w.) 2 *“ ¥ + ten '‘ T - **■ * fo™«la for finding the value 

-IS 4 t8n ~' * " tan " *** - **■ for finding the vnfue 

23. tan~‘ x + tan~‘ y = tan -1 - x 

1 — xy 

M. sin (2 sin-* as) = 2x - |s,o 

26. 3 sin- * = s i„-i (3x _ ^ J g * g i ' 



150 


INVERSE FUNCTIONS 


[Chap. IX 


69. Trigonometric equations. The problem of this article is to 
obtain all values of the variable which satisfy a given trigonometric 
equation in one variable. One method consists in expressing all trigo¬ 
nometric functions involved in terms of a single function , solving the 
resulting equation for this function and then writing the angles associated 
with the values of the functions. 

Another method consists in transferring all terms of the given equation 
to the left member, factoring the resulting left member , equating the factors 
to zero, and solving the equations thus obtained. 

The following examples will illustrate methods of procedure. 

Example 1. Solve 2 cos 2 x + sin x — 1 = 0. 

Solution. Replacing cos 2 x by 1 — sin 2 x and simplifying slightly 
obtain 

2(sin x ) 2 — (sin x) — 1 = 0. 


Evidently this is a quadratic equation with sin x appearing as the 
unknown. Solving it by formula,* obtain 


sin x 


-(-l) + vm 

4 


= 1 or 


Hencex = sin -1 lands; = sin -1 (—£). Replacing these inverse func¬ 
tions by their general values, get 

z = 90° + n360°, * = 210° + n360°, s; = 330° + n360° 

or, in radians, 

£ = — T 2 mr, x = -g-T + 2/i7r, £ = ~q f~ 2n?r. 

Example 2. Solve sin 4 6 + cos 26 = 0. 

Solution. Replacing sin 4 6 by 2 sin 26 cos 26 in the given equation 
and factoring, we obtain 

cos 26(2 sin 26 -j- 1) = 0. 

Equating the factors to zero, we get 

cos 26 = 0, 2 sin 20+1 =0. 

From cos 26 = 0 we get 

26 = 90° + n3G0°, and 26 = 270° + 7*360°, (a) 

or 

q - 45° + nl80°, and 6 = 135° + nl80°. 

- b ± Vb 1 - 4ac . 

• The solution of ay * +6j/+c a 0is»/ = ' 2 a 
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From 2 sin 20 4- 1 = 0, or sin 20 — 

2 6 = 210° + n360° and 
or 

9 = 106° + nl80° and 


—i, we get 

29 = 330° + n360°, 

9 = 165° + 72180°. 


EXERCISES 


1. Find the values of x between 0° and 360° for which 

(«) sin! z = i- TO tan* 1-3 = 0. ( C ) tan 2x = 1 

M 2 sin 3x = 1. (e) 2 sin 2* = - V5. (/) cos 2* = 0. 

^ rind the values of the unknown between 0° and 360° for which 
(a) 2 sin* x + 3 cos x = 0. (&) cos 2 a - sin* a = i 

(c) 2 V3 cos 2 a = sin a. (d) sin 2 y - 2 cos y + \ = 0 

(e) 4 sec 2 y - 7 tan 2 y = 3. (/) tan B + cot 5 = 2 

(y) sin 2 -f cos x = 0. 

equations* ^ &U angleS between 0 a "d 2 tt that satisfy the following 


(а) (tan x -f 1)(V3 cot x - 1) = 0. 

(б) (2 cos x -f l)(sin x — 1) = 0. 

(c) (4 cos 2 9 — 3) (esc 9 + 2) = 0. 

(d) 2 cot 0 sin 0 + cot 0 = 0. 


1 For each of the following equations, find all vain 
satisfy it: 


of the unknown that 


(a) 2 sin 2 x + cos x — 1=0* 
(c) cos 2 x + 2 sin X + 2 = o. 

(e) cos 2 x(4 cos 2 x — 1) = 0. 
(y) cot 2 0 — 3 esc 04-3 = 0. 
(t) tan x + 3 cot x = 4. 

(k) sin x cos x + T = 0. 

(m) tan 20 tan 0 = 1. 


(b) 2 cos 2 5 + 5 sin 6 — 4 = 0. 
(d) 4 sec 2 2A = 8 + 15 tan 2 A. 
(/) 4 cos 2z -f* 3 cos x = 1. 

(A) tan 2 x 4- cot 2 x — 2 = 0. 

O’) 2 tan 2 x 4- 3 sec x = 0. 

(0 2 cos 2 2a + sin 2a — 1 = o. 


6. Solve for the unknown: 

(o) 2 sin 0 = tan 0. 

(c) 4 sin 4 0 = 3 sin* 0. 

(e) sin 4x = cos 2x. 

0) 2 sin 40 4- sin 20 = 0. 


(6) sin 2x - cos x = 0. 

(d) sin 2a -J~ cos a = 0. 
CO sin 20 = V3 sin 0. 
(h) sin 4a = cos 2a. 


TO V = cos 2*. „ = C03 x. 

Ll - tT *' V = 2 cos r. 

W y = tan X. _ q „ * 

. y - 3 cot x. 

W V = 2 sin x. „ . 

«. - * * y = tan x. 

W y = tan 2 x. „ _ 9 * 

y — * — cot 5 x . 
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70. Special types of trigonometric equations. Two special types of 
equations will be considered in this article. The first is a type for 
which solutions are readily obtainable by methods already employed 

combined with the use of formulas (44) to 
(47), §52 for changing sums to products. 
The second type consists of equations hav 
ing the form 

A sin mx + B cos mx = C. (10) 

An outline of a method of solving (10) 
may be helpful. Let a be defined by Fig. 
11. Dividing (10) through by \/A 2 -f- B-. 
using relations from Fig. 11, and transforming slightly, obtain in order 

A . B C 



B 


y/A 2 + B 2 


sin mx + 


y/A 2 + B 2 
sin mx cos a + cos mx sin a = 

/Y 

sin (mx + a) = 


cos mx — 


y/A 2 + B 2 


y/A 2 + B 2 


y/A 2 + B 2 


(ID 


The solutions of (11) are the solutions of (10). The following solutions 
illustrate methods of solving these special types of equations. 
Example 1. Solve sin 9x = cos 4x for x. 

Solution. Write the given equation in the form 

sin 9x — sin (90° — 4x) = 0, 

and apply the conversion formula 

sin A — sin B = 2 cos %(A + B) sin £(A — B) 

to the left-hand member and obtain 

2 cos (•§£ + 45°) sin (4$-x — 45°) = 0. 

Set the factors equal to zero to get 

cos (%x + 45°) = 0, sin (4^-x — 45°) = 0. (®) 

From the first of equations (a) obtain 
•J x -{- 45° = 90° + ti 3G0°, and %x + 45° = 270° + n360°. 

or 

x = 18° -f- n!44°, and x = 90° + ”144 . 
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From the second of equations (a) obtain 

- 45° = 0° + n3G0° and ^-x - 45° = 180° + 7*360°, 
or 


x = 


90° + n720' 
13 


and 


x = 


450° + n720‘ 
13 


In accordance with Exercise 4, §66, the complete answer could be 
written in the form 


x = 18° + n72°, 


x = 


90° + 360°n 
13 


Example 2. Solve 7 sin 3x - 11 cos 3x = 12 
for x. 

Solution. To solve this equation first trans¬ 
form the left-hand member into the sine of 
the difference of two angles. To do this let 

a = tan- 1 -V-, and construct Fig. 12. Divide the given equation 
through by \/l70 to obtain 



7 11 

-sin 3x - —= cos 3x = — 


Vm 


\/l70 


VT70 


(a) 


In (a) replace 7/Vm by cos a and 1 L/vT70 by sin a, their values 
from Fig. 12, to get 


sin 3x cos a — cos 3x sin a = 


12 


or 


Vm 


(b) 


sin (3x — a) = 


12 


Vm 

In accordance with §64 write (c) in the form 

12 


(c) 


3x — a = sin -1 


Vm 


(d) 


Use the slide rule or natural function table to obtain 

a =» tan-‘ -^L = 57°32\ 

In accordance with §86 the general value of 

sin -1 12 = ( 66°59' + ri360 o , 

Vi70 1113-1' + n360«. 


(«) 


(/) 
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Now in ( d ) substitute the value of a from (e) and the general value of 
. 12 

Sm \/T70 ^ rora ^ 

3x - 57°32' = 66°59' + n360°, ( g ) 

3x - 57°32' = 113°1' + n360°. (h) 

Solve ( 0 ) and ( h ) for x to obtain 

x = 41°30 / + n!20°, x = 56°61' + nl20°. 


EXERCISES 

1. Solve for the unknown variable: 

(a) sin 30 — sin 9 6 = 0. (6) cos 6 9 = cos 26. 

(c ) sin llx = cos 7x. (d) sec 9x = sec 5x. 

( e ) tan 4x = cot 6x. (/) sec 8x = esc lOx. 

*( 0 ) sin 4x — sin 2x = cos 3x. *(/t) cos 59 -f cos 39 + cos 9 = 0. 

*(t) sin 4 9 = sin 9 9 — sin 9. ( j ) cos lOx + cos 4x = 0. 

*(k) tan 49 = tan 100. (/) esc x + esc 7x = 0. 

2. Solve for the unknown variable: 

(a) sin x + y/3 cos x = 1. ( b ) sin x + cos x = 1. 

(c) sin x — cos x = -3- \/2. (d) 3 sin 9 — 4 cos 0 = 3. 

(e) 12 cos x + 5 sin x = —6.5. (/) cos 2x — 2 sin 2x = 2. 

( 0 ) 12 sin 30 — 5 cos 30 = 5. ( h ) \/3 sin 20 + cos 20 = 2. 

(i) 5 cos 3cp — 12 sin 3<p = 3.25. 

*3. Solve the following equations for r, 0, and <p under the restrictions that 0 
lies in the range 0° to 360°, <p lies in the range 0° to 180°. 

r sin v? cos 0 = 2, 
r sin <p sin 0 = 3, 
r cos <p = 5. 


71. REVIEW AND TEST QUESTIONS 

1. Find all angles in the range from 0° to 360°_of 

(a) sin" 1 (VS/2). (b) tan" 1 (-1/V3). (c) sec' 1 2/V3. 

(d) sin" 1 1. (e) cos" 1 1. (/) cos 1 (-0.2345). 

2. Write general values represented by i 

(a) sin- 1 (l/\/2). (*) sin" 1 (-4 VS). (*) cos_1 (* V 2 '' 

(d) tan -1 (- y/3). (e) esc -1 (-2). (/) cot 1 ( 3). 

3. Using the principal values for inverse functions, evaluate ^ 

(a) sin- 1 (-4). W tan- 1 (-1). (c) cos- (-* V3). 

(d) cot- 1 (- -v/3). (e) sec- 1 (-2). # (/) esc" 1 (-4). 

4. Find all solutions in the range from 0° to 360 for 

(a) 2 cos 2x = 1. ( & ) 2 sin 3x = ” 

(c) cot 2x = 1. M> esc 2 2x = 5. 
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6. Find general solutions of 

(a) 2 sin 2 x + 3 cos x - 0. 

(b) cos x (2 sin 2 x + cos x - 1) = 0. 

6. Find the general solutions of the following equation and write all solu¬ 
tions in the range from 0° to 360°: 


sin 2x = cos Ax. 


7. Find all solutions in the range from 0° to 360° of 2 sin AQ + sin 2$ = 0. 
o. Find the general solutions of 2 tan 2 x = 3 sec x. 

9. Sketch the part of the curve y = siu-i ^ corresponding to principal 
values of y for x ranging from -2 to 2. principal 

10. Evaluate, using principal values for the inverse functions involved, 


(a) sin £cos _I ^ - sin" 1 2^1)]. 


(6) tan [tan" 1 i + 2 tan" 1 (-2)]. 

11. Verify that, for principal values of the inverse functions, 


sin' 1 ^ - 


sec~‘ (-3) = cos -1 (-4 y/2). 
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72. Foreword. In solving quadratic equations the student has met 
the square roots of negative numbers such, for example, as \/”4* 
Now the square of any real number is not negative, and since (\/--4) 2 
= —4 by definition of square root, y/ —4 cannot be a real number. 
Mathematicians have called such numbers as y/ — 4 imaginary. 
However, we shall see that they have a real geometric meaning and 
can represent other real things. Actually the applications of these 
so-called imaginary numbers are numerous; in dealing with the theories 
of alternating electric current, the motions of air and liquids, and 
problems in mechanics generally they are very important. 

This chapter gives an introduction to the mathematics of these new 
numbers. 

73. Definitions and laws of operation. Let i be a number which has 
the property that z 2 = — 1. Thus associate i with y/ — l. A number 
having the form a + bi , where a and b* are real numbers, is called a 
complex number. The part a is called the real part, and the part hi 
the pure imaginary part or merely the imaginary part.f Two complex 
numbers a + bi and c + di are equal if and only if a = c, b = d. 
Hence if a + bi — 0, a + bi — 0 + Oi and a = 0, b = 0. 

Now let us carry out the fundamental operations, assuming that i 
obeys the laws of real numbers, and replace i 2 by — 1 wherever it occurs 

in the results. This gives 


(a + bi) + (c + di) 
(a + bi) - (c + di) 
(a + bi){c -j- di) 


(a -f- c) -f- (b -f- d)i t 
(a — c) + (b — d)i } 
ac + bdi~ + adi + bci, 


( 1 ) 

( 2 ) 


* In this chapter we shall assume that letters (except t) for numbers will repre¬ 
sent real numbers unless the contrary is indicated. # , 

t The complex numbers a + bi ( a and b real numbers) severa ® 

of numbers. The complex numbers for which b = 0 are called real n • 

those for which 6 ^ 0 are called imaginary numbers, and those for uhxc 

called pure imaginary numbers. 
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or, replacing i 2 by — 1 and rearranging, 

(a + bi)(c + di) = ac - bd + (be + ad)i , 

a + = (a + bj)(c - di) _ ac - bdi 2 + (be - ad)i 

c + di (c + di) (c — di) c 2 — i 2 d 2 7 


(3) 


or 


a + bi ac -\-bd , (be - ad)i 

— H- 


(4) 


c + di c 2 4* d 2 ' c 2 + d 2 

We now define addition, subtraction, multiplication, and division of 
compZex nwnfters by equations (1), (2), (3), and (4), respectively. A 
little reflection on these definitions and results of repeated processes 
shows that one may, in applying the fundamental operations where 

complex numbers are involved , proceed in the usual manner and replace 
i by —l in the results. 

The number a - bi is called the conjugate of a + bi. The product 

of a number and its conjugate, (a + U)(a - bi) = a* + b\ is real. 

Note that we multiply numerator and denominator of a fraction by the 

onjugate of its denominator to transform the quotient of two complex 
numbers to the form A + Bi. 1 

Example 1. Transform each expression to the form A + Bi: 

(a) (2 + 3i) - (3 - 4i). (b) (2 + 3i) + (3 - 4i) + (6 + 7 i) 

(d) (2 + 3i)/(3 - At). 


(c) (2 + 3a) (3 - At). 


Solution. 

(а) (2 + 3 i) - (3 — 4 i) = (2 - 3) + [3 - (_ 4 }v , 7f . 

(б) (2 + 3i) + ( 3 - 4f) + (6 + 70 " ~ + 7 '' 

W (2 + 30(3 - 40 = = 6 - 1 'I ti - + G + 7! = 11 + “ 

(d) »±« = (2 + 30(3 + 40 : 6 6 + + 17f + V 8 1; = 18 + 

' 3 — 7q A 2 \ /o i — —--- = _L • 


I • 

26 26 *• 


3 - 4 * (3 - 4i) (3 + 4i) 9 -Jw 

(e) Taking V^9 to mean V^l = 3f, __ 

(2 + 3t)« = 8 4- 36t + 54i 2 4- 27i* 

— 3 54 4~ 36i 4- 27 i % * i = —46 4- 9» 

Example 2. Find the values of i* i* i* V« v» 

•! = v = •'* = (**)(*’) = (-i)c-i) = i. 
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1. Find in the a + bi form: 
(a) (2 + 3i) + (7 + Si). 
(c) (2 + 3 i) - (3 + 3 i). 
(e) (6 + Oi) - (3 - 7i). 


EXERCISES 


( 9 ) (2a 5 -j- i) [2 -f- (3a 

- 2)0. 

2. Find in a + bi form: 


(a) (2 + 39(7 + 80- 

C b ) 

(c) (3 - 2i)(2 - 3i). 

(d) 

(«) (4i - 6) 2 . 

(f) 

(?) (3 + i)(4 - i 2 + 5i 3 ). 

W 

3. Find in a + bi form: 


(a) (2 + 30/0 + 2i). 

(b) 

(c) (4 + 60/(20- 

(d) 

(e) (3 - 40/[i(2 - i)]. 

(/) 

(?) (4 + 5i)[i(l + i)]. 

*(h) 


( b ) (6 + i) - (3 + 21). 

(«0 (3 + 4i) + /-3 + 4i). 
(/) (3 + 6i) - (6 - 6i). 
(h) (4a + K) - (5 - at). 


i»vv vui* vuuj u£ti vji uni.ii ui taiu iwuuvtiu^ ci11vi in catii taoc mill vnu 

product of the number and its conjugate: (a) 3 — 4t; (6) —5 + 2t; (c) — 2i; 
(d) 6 + Of. _ _ _ 

5. T akin g y/—b = y/bi , b > 0, reduce to the form a -f &t:(a)\/—36 y/— 4; 

(6) v 7 —36/(2 + v 7 -!*); (c) (3 - V-9)V(3 + \^9). 

6. Remembering that, when two complex numbers are equal, their real parts 
are equal and their imaginary parts are equal, find real numbers for x and y 
such that 

(а) x -f iy = 2 + 3i. 

(б) x - 2 + (3 - y)i = 0. 

(c) (x - 2) + (3 - y)i = 5t. 

(d) (x + y) + (x- 2)i = 3 + 4t. 

(c) x - ?/ + (t/ + 3)i = 5. 

(/) z + y + 1 + (x - y + 3)i = 1 + 7i. 

*7. Reduce to the a + bi form: 


(a) 


i(3 + 2t) 2 

(1 + i) 3 


... (2 + t) J (5 - 6»')(3 + 4t) 

(4) i(3 + i)(3 - O' ( ) (1 + i)>(2 - i) 

74. Graphical representation of com¬ 
plex numbers. Lei the number x + yi be 
represented by the point ( x,y ) in a plant 
rectangular coordinate system. This de¬ 
fines a unique correspondence between 
points in a plane and complex numbers. 
Thus (see Fig. 1) the point ( x,y) is 
associated with the number x + yi and 
conversely; number 2 + 3 i is associated 

with point (2,3) and conversely. The x-axis containing points repre- 





I 
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sented by a + Oi is called the axis of reals, and the y-axis, containing 
only points represented by 0 + bi, is called the axis of imaginaries. 
Also we may think of vector OP as being denoted by x -f yi. Then 

2 + 3t denotes a vector with component 2 along the x-axis and com¬ 
ponent 3 along the y- axis. Figure 2 shows the vector OP or k 4- il 
the vector OQ or m *f in, and OR 

or + m + (1 + n )i. Now k + il R 

■f - m + in = k -j- m -f- (l -f- n)i, and 
in accordance with §35, OR = OP + 

PR = OP + OQ. Hence the sum of 
two vectors represented by two complex 
numbers is the vector represented by (he 
sum of the two complex numbers. This 0 
illustrates the fact that results of 
vector mathematics can be obtained - 

by the mathematics of complex numbers; since vectors may represent 
orces electric currents, etc., we perceive that the matZmafcof 
mplex numbers can be used to discover desired physical relations. 

EXERCISES 

1. Plot the points represented by 3 - 4i, 4 - 5i, -6 + 2f -4 - Si 

3 by4 *'- : 5 - 6 - ■ 

^vectors represented by 2 + « andt 

7 iwo forces are represented by 6 + 8i and S _ iov 
and add the two vectors Pnmnol ° , 12t ‘ P ot their vectors 

(6 + 8i) + (5 - 12t). P the r6SU 1 Wlth the Vector re P rese nted by 

6. A force is represented by 6 4- 8t the fi nml tuck • 

•irt rs» zssrzz c ~ p '“ °“ i " ~ 

metric functions. Let P (x,y) (see Fig. 3) 
be any point in the xy-plane, let r repre¬ 
sent the length of OP, and let « be any 
j?ge Eenerated by revolving a vector 
irected from the origin 0 along the 
positive x-axis until it has the same direc- 

* r cos e, y = r sin o. 



( 6 ) 
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In x + iy replace x and y by their values from (5) to get 

x + iy = r(cos 0 + i sin 0). (6) 

The form r(cos 9 + i sin 9) is called the polar form of the complex 
number, r is called the magnitude or modulus of the number, and 9 is 
called its argument or amplitude. The magnitude r is always positive, 
and if a is a possible value of the argument, then a + 2 ri 7 r, n an integer, 
is a permissible argument. For convenience we shall often use the 
notation 

cis 0 for cos 0 + i sin 0. (7) 


Example. Write the complex number — 4 + Si in the polar form. 

Solution. We first plot —4 + 3 i and 
form the right triangle shown in Fig. 4. 
Solving this triangle in the usual way* 
(§14, §15, §19) we find that r — 5 and 
a = 36.87°. The argument is found from 
the figure to be 9 = 180° — a = 143.13°. 
Hence, using the notation cis 9 for cos 6 
Fig 4 + i sin 9, we have 

— 4 + 3z = 5 cis 143.13°. 

Evidently the argument may be taken as (143.13° + n360°), where 



n is any integer. 


EXERCISES 



1. Write both forms of the complex 
number represented by point P of Fig. 5. 


2. Write the polar form of the complex number represented by the point 

0 3. } Find in polar form: (a) 2 + 2 y/li ; (b) 2-2 Vsi; (c) -2 + 2 V3i; (<0 

4. Observe that for 0 + 5i, r = 5, 9 = r/2, and 5t = 5 cis r/2. Write in 
polar form: (a) -lOt; (6) -10; (c) 10; (d) 3t s + 3 \/3 i. 

* For the method of solving a right triangle by means of the slide rule, see Secs 
28, 32, K & E Slide Rule Manual. 
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(b) 8(cos 60° + » sin 60°). 

(d) 6 \/2(cos 315° + i sin 315°). 
(/) 12 ois 240°. 

(h) 10 cis (-750°). 

O') 3 cis 180°. 

0 l ) 2 cis 360°. 


(b) -2-Si. 

( e ) 4i. 

W 0.7 + 1.1 i. 
(fc) -3.3 - 6.6t. 


(c) — 2 + Si. 
(/) 7/(2t). 

(0 3.2 - 5.4t. 
(0 V(1 + t). 


5. Write in the form x yi: 

(a) 2(cos 45° + i sin 45°). 

(c) 12(cos 210° + t sin 210°). 

(e) 10 cis 300°. 

(ff) 8 cis (-135°). 

(t) 10 cis 90°. 

(*) 8 cis 270°. 

6. Write in polar form: 

(a) 1 - t. 

(d) 2- Si. 

(g) -Si. 

(i) -6.1 + 4.2i. 

7. Reduce to the form a + bi: 

4 cis 90° + 12 cis 120° + 16 V2 cis 135°. 

*8. Find in polar form and in rectangular form: 

6 cis (-60°) - 14 cis 120° + 22 cis 270°. 

76. Multiplication of complex numbers in polar form. De Moivre’s 
theorem. Multiplying the two complex numbers n (cos a + i sin a) 
and r 2 (cos /3 d -i sin /3) in the usual way, we obtain 

ri(cos a + i sin a) • r 2 (cos /3 + i sin /3) 

= nraCcos a cos 0 t sin a cos /3 + i cos a sin 0 - sin a sin 8) 

“ nr 2 [(cos a cos 8- sin a sin 0) + i(sin a cos 0 + cos a sin 0)]. 

This can be reduced, by using formulas 
0), §47, to 

cos (a + 0) + i sin (a + 0)]. 

Substituting the notation cis 0 for 
cos 0 + i sin 0, we may write 

(rr cis a) (r 2 cis $) = nr 2 

cis (a + J). (8) 

Or, stated in words, 

The modulus of the 'product of two 
complex numbers is the product of their 
moduli, and the argument of the product 
18 sum of their arguments. 

Figure 6 represents the process graphically. 

By using this italicised statement with the first two of three eomplex 


(»jcisa)(rjcistf) 
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numbers we get 

[ri(cos Of! + i sin c*i)r 2 (cos a 2 + i sin a 2 )]r 3 (cos a 3 -f i sin a 3 ) 

= rir 2 [cos (ai + a 2 ) + i sin (ai -j- a 2 )]r 3 (cos a 3 + i sin a 3 ), 

and this last line is equal to 

rir 2 r 3 fcos (ai -|- a 2 -J- a 3 ) + i sin (ai + a 2 -f- a 3 )]. 


Continuing this process repeatedly for the product of n complex num¬ 
bers, we should finally obtain 

(nr 2 * * * r„) cos [(ai + a 2 + • • • + a„) 

-j- i sin (a x + a 2 + • • * -f a„)]. 


Using the notation cis 6 for cos 6 + i sin 6 , we may write 

(Ti cis oil) (r 2 cis a 2 ) • • • (r n cis a n ) 

= (rir 2 • • • r„) cis (ai + « 2 + • • • + a n )* (9) 

Replacing ri, r 2 , etc. by r , and ai, a 2 , ... by a in (9), and simplifying 
slightly, obtain 

(r cis a) n = r n cis not. (10) 


Dividing (10) through by r n obtain 

(cis a)" = cis na. (H) 

Equation (11) is known as De Moivre’s theorem. It is true for all 
values of n f but we have proved it only for integial \alues. ^ ^ 

Example 1. Find the product of 3 cis 30°, 4 cis 150°, and 7 cis 72°. 
Solution. Since the moduli of the given numbers are 3, 4, and 7, the 
modulus of the product is 4 X 3 X 7 = 84. Since the arguments are 
30°, 150°, and 72°, the argument of the product is 30° + 150 + ^ 
= 252°. Therefore 

(3 cis 30°) (4 cis 150°) (7 cis 72°) = 84 cis 262 . 


Example 2. Find the value of (1 + i)' 2 - _ 
Solution. 1 +i in polar form is y/2 cis 45°. 

obtain 


Now using (10), 


(1 + 0> > = (v /2 cis 45°) 12 = (V2)' 2 cis (12 X 45°) = 64 cis 540°. 
The answer in rectangular form is 04(cos 540° + » sin 540°) = -64. 
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EXERCISES 

1. Use (8) to transform to the form A cis 9 

(a) (5 cis 20°)(8 cis 40°). (6) (2 cis 90°) [5 cis (-120°)]. 

(c) (8 cis 65°)(3 cis 25°). (d) (12 cis 0°)(6 cis 90°). 

2. Use (9) to transform to the form A cis 9 

(а) (8 cis 20°)(scis 30°)[3 cis(-120°)]. 

(б) (2 cis 30°) (3 cis 30°) (4 cis 60°). 

3. Use (10) to transform to the form A cis 9 

(a) (3 cis 20°) ( 5 ) (5 cis 1Q o )2< 

(c) (cis90°)■*. (d) (cis 10°)» 

. W jY 3cis 45 °) 1! ; U) [■ V2 cis (-135”)]\ 

4. Fmd in form a + bi 

(3 cis 10°) 3 + [2 cis (-20 0 )] 3 . 

in the fomj *° P °‘" ^ 0Pmte - th ™ 


(a) 16(j + £i) 3 (£ - ii)t. 
He) tfs(— 3 + 2i) 6 . 

6. Reduce to the form a + bi 


(b) (3 V3 - 3t) 4 (l + t)<. 
(<*) (5 - 5i) 6 ( —0.1 _ o.lt) 3 . 


(“) (2 cis 60 °) ! < ds (-30°)P. (6) ~(V3 + 3,)*. 


(c) (0.940 - 0.342t) 6 . 

7. Reduce to form a + bi 


(d) (-0.809 - 0.588t) 5 . 


(4 cis 90”)(3 cis 60”) + (2 cis 50”)(cis 10”) - (8 cis 120”)(i cis 30”). 

8. Verify the identities: 

(а) cos 9 = £ [cis 9 + cis (-0)]. 

(б) sin 9 = — & [cis 9 — cis (—0)]. 

(c) cis 2 A - cis 2 B = (cis A + cis 5) (cis A - cis B) 

9. Equate the real and the imaginary parts of ’ 

(cos 9 + i sin By = cos 29 + % s i n 29 
to obtain formulas for cos 29 and sin 29 

siolsaoZiTs SV _ ^ 39 ° btei “ - » and sin 39 in terms 

n. The quotient of two complex numbers in polar form To 

the quotient ^ C ° S * + £ «> . .. , ° eXprm 

rj(cos ft + 1 sin ft) ln the P»lar form we first multiply 

both numerator and denominator b y cos , - sin „ and obtain 

!j(co8a_+ i sin «) (cos 0 - { s j n 8) 
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or 

£1 cos a cos ft -f sin a sin ft + z(sin « cos ft — cos a sin ff )1 
r 2 . cos 2 /? + sin 2 /? ~ J' 

Using the subtraction formulas (10) and (il) of §48, we reduce this 
expression to 

~ [c° s (« — P) + i sin (a — 0)]. 


Using the notation cis 9 for cos 9 -f i sin 9, we have 


T\ cis a 
r 2 cis (5 


= j cis (a - ff); 
'2 



or, stated in words: 

The modulus of the quotient of two complex numbers is the quotient of 
their moduli, and the argument of the quotient is the difference of their 
arguments. 

Evidently multiplication and division are very simply performed 
when the numbers are in the polar form. If the numbers are in the 
rectangular form a + hi and the amount of multiplication and division 
involved is extensive, the numbers should be changed to the polar 
form and then combined in accordance with the formulas relating to 
products, quotients, and powers. 

Example 1. Divide 4 cis 60° by 2 cis 120°. 

Solution. Here the quotient of the moduli is £ = 2 and the argu¬ 
ment of the numerator minus the argument of the denominator is 
60° — 120° = —60°. Hence the required quotient is 


i cis (60° - 120°) = 2 cis (-60°) = 2 cos (-60°) + 2 i sin (-60°) 

= 1 - V3 *• 


Example 2. Reduce to a simple form z = ( —1 + t) 4 (3 — y/$ 0 5 
(-2 - 2 i )\ 

Solution. -1 + i = y/2 cis 135°, 3 - \/3 i = V& cis (- 30 °)> 
and _2 - 2 i = \/8 cis 225°. Hence the given expression may be 
written 

z = [y/2 cis 135°J 4 [\/i2 cis (-30 0 )] 6 [VS cis 225°J 4 . 
Applying (10), §76, to each bracket, obtain 

* = (V2)< Cis (4 X 135»)(VI2)‘ cis (-30“ *S> ^ (< x ^ 
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Now, in accordance with the rules for multiplying and dividing complex 
numbers obtain 

4 X 144 -v/12 

2 =- 04 y - cis [4 X 135° + (-30° X 5) - 4 X 225°] 

= 18 V3 cis (-510°), 

or since cis (-510°) = cis (-510° + 360°) = cis (-150°), 

z = 18 V3 cis (-160°), or z = -27 -9 y/Zi. 

EXERCISES 


1* Reduce to the form A cis 6 

fn \ 4 cis 60 ° /IX 8 cis 320° 

; 2 cis 20° ^ 2 cis (-70°) 

2. Reduce to the form A cis d 

(6jds 20°) 2 (3 cis 90°) 8 


(c) 


12 cis (-60°) 
3 cis ( — 90°) 


(a) 


(b) 


(25 cis 10°) ^ 
100 cis ( — 10°) 


*, v . f 10 * , ( 3 C1S 120 ) 2 1UU cis (-10°) 

3. First change all numbers to the polar form, then carry out indicated 

operations, and finally express results in the rectangular form: 
fa) + ... (V3 - V3t)» 

- A* (6) ~T -2 + 2,)» • 

(c) 3 


(-V2 - V 2 t)* 

(e) ( 2 + 2 *)» 

( ) (1 - i) 4 ‘ 


fA\ Q ^ + a VZ t) 

^ J cls 120° 


(/) 


( ~ } Vz + H)* 

(*-*V3i ) 8 ' 


78 Roots of complex numbers. The ? th roots, q an integer, of any 

rcU« 6r N 6 ^ ° Und ' Th * nUmber may be "' ritten in the form 
r cis 6. Now, if A; is an integer, 


because 


.ids [iLiA 33 ®!)] is the ?(h root of r cis 6, 

[ r * Cis (~ j 360- )] = r cis (« + k 360°) = r cis 0. 


(13) 


(14) 


fwm 0) ’ §?6 ' Th ® StUdeI “ “ fty find U conveni ™t to think (13) in the 


[r cis (a + * 360°)]« = r* cis (1B) 

Now the expression in (15) has , different values’ obtained by taking 
,1,2>3 .. There can be no more than ? roots 
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because, in that case, the equation z* = r cis d would have more than 
q roots and this, by a theorem from algebra, is impossible. 

Example 1 . Find the four fourth roots of —8 y/2 + 8 -\/2 i. 

Solution . —8 \/2 + 8 \/2 i = 16 cis (135° + k 360°). Using (15) 

with q = 4, r = 16, d = 135°, obtain 

[16 cis (135° + k 360°)]* = 2 cis + k 90°) 

= 2 cis (33.75° + k 90°). (a) 

Taking k = 0, 1 , 2 , and 3 in (a), obtain 


2 cis 33.76°, 2 cis 213.76°, 

2 cis 123.76°, 2 cis 303.76°. ( b ) 

Observe that, if k = 4 were used in (a), the result would be 

2 cis (33.75° + 360°) = 2 cis 33.75°, 

the first root in the answers ( 6 ). 

Example 2. Find the three cube roots of UK 
Solution. 10 i = 10 cis (90° + k 360°). Hence from (15) the three 
cube roots are 1 

( Q0° 360°\ 

+k = 2.154 cis (30° + fcl20°). (a) 

Taking k = 0, 1 , and 2 in (a) obtain 


2.164 cis 30°, 2.164 cis 160°, 2.164 cis 270°. 


These roots in rectangular form are: 

1.866 + 1.077/, -1.866 + 1.077/, -2.164/. 

EXERCISES 

1. To find the three cube roots of —8, observe that —8 = 8 cis (180° + k 
360°); take q = 3, r = 8, and Q = 180° in (15); and then get three answers by 
taking k = 0, 1, and 2 in succession. 

2. Find the three cube roots of —i. Give answers in polar form and also 
in rectangular form. 

3. Find the four fourth roots of 16. Give answers in polar form and also in 
rectangular form. 

Hint. 16 = 16 cis (0° + k 360°). 

4. Find the indicated roots of each number: 

(a) —i; cube roots. (b) — 1; fourth roots. 

(c) 32; fifth roots. (d) -243; fifth roots. 

(e) —3 — 3i; cube roots. (/) — 4 + 4 i; cube roots. 

(g) 4 3i; fourth roots. ( h ) —5 — 12i; cube roots. 
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*5. Find the roots of the following equations: 

(a) x* 1=0. (6) x 5 + 32 = 0. 

(c) tx 3 + 3 - 3 VIi = 0. (d) x 6 - 2x 3 - 35 = 0. 

(e) x 6 + x* + z 2 = 0. (/) x 4 + 2tx 2 - 2 = 0. 

*6. Find the three cube roots r u r 2 , and r 3 of -216t and show that r x + r 7 
+ r 3 = 0, that rir 2 + r x r 3 + r 2 r 3 = 0, and that rir 2 r 3 = — 216i. 

7. Note that (r cis 6)1 = [(r cis 6) *] 2 and find the three values of («) (— 640* 
Also find the values of (6) (-6 + 6 Vzi)*\ ( c ) ( —64t)*. 

8. It can be proved that, if e a , 6 in radians, be defined as cis 6 


= cos 0 + i sin 0, 

then all the laws of exponents apply to e<’. From this obtain 

e‘> e » = ( c i s 0)(cis p) = cis (0 + p). 

Similarly prove that 

1 -i 

(cis 6) n = cis nd, (cis 0)a = cis - 6 

X q 

2 (e ’’ + e ~^ = cos d > ^ = sin 6 . 

e iT/i = t, e iT = — 1 . 


79. REVIEW AND TEST QUESTIONS 

1. Find in the form a + hi 
(a) (2 -f t) - (3 - 4f). 

(c) 1 - 4i + 6t' 2 — 4t* + t 4 . 

2. Find in rectangular (a + bi) fc 
(a) (2 - 3i)(3i + 4). 

(c) (2 + 30/(1 + 2t). 

3. Find in polar form 

(a) 3 - VS i. 

(c) -5 i. 

4. Find in rectangular form 
(a) 3 cis 60°. 

(c) cis^Tr. 

: Tw ° /° r ? €S are ^Presented by me expressions 3 + 4i and 5 4- 2i thn 

z3z,?z, sxzirj :« «* —• -; „? £ 

6. Find in polar form: (a) (3 cis 10°) 4 * (% - a/q ;\ 3 . , x , 

0.4230*. s ) » W 13 ~ V3 t) 3 ; ( c ) (-0.906 + 

7. Reduce to the form A cis 6 and also to the a + bi form 

_ (1 + 0 3 (3 - Vs Q 3 
(”2 + 2i)«(- V3 - 3i) 3 * 


(b) 

2 i - (3 + 

30 + 2(1 — t). 

W) 

ti 

(3 - i 2 + 

20 + (4 - i 3 + 2 t‘). 

(*) 

i(3 + i)(4 

+ i 2 + »*)• 

(d) 

(3 + 40(4 

- 30/(20. 

(b) 

3 + 4t. 


(d) 

- 6 . 


(b) 

Vs cis ^5 

!)• 

(d) 

5 cis ~$~TT. 
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8. Find the three cube roots of —27i in polar form and also in rectangular 
form. 

9. Find the six roots of x 6 + x 3 + 1 = 0. 

10. Evaluate (2 + t)*. Give three answers in polar form. 

11. Equate the real parts and the imaginary parts of (cis 0) 3 = cis 30 to 
find formulas for sin 30 and cos 30 in terms of sines and cosines of 0. 

12. Prove that the product of two complex numbers has as modulus the 
product of their moduli and as argument the sum of their arguments. 

13. Assuming that (cis 0)” = cis nd is true for n a positive integer, prove 

that it is true for n a negative integer. 



CHAPTER XI 


LOGARITHMS 


80. Introduction. Logarithms are used to reduce the labor of com¬ 
putation. They are exponents and obey the laws of exponents. 
Hence the processes of multiplication, division, and finding roots and 

powers of numbers are replaced by simpler processes based on the 
laws of exponents. 

81. Definition of a logarithm. Let A be a positive number and b a 
positive number not equal to 1. If the power b L is equal to N, then 
L is the logarithm of N to the base of 6 . In symbols, if 

= N t then L = log 6 N. ( 1 ) 

Stated differently, the logarithm of a number N to any base b is the 
exponent of that power of the base b which is equal to the number N 
provided both N and b are positive numbers and b ?£ 1. 

The two equations in ( 1 ) express the same relation between the 
base b , the number N, and the logarithm L. The second one is read- 
L is the logarithm of N to the base b. Also N is called the antiloga¬ 
rithm of L (or the number whose logarithm is L) to the base b. Since 

5 - 25, 2 is the logarithm of 25 to the base 5 and 25 is the antiloga- 
rithm of 2 to the base 5. Similarly, we have 

10 J « 1000, .-. 3 = logio 1000; 

lO " 2 = 0 . 01 , -2 = logi 0 0 . 01 ; 

3* = V% i = log, V3- 

Since 1* = 1 for all values of x, 1 cannot be used as a base for 
logarithms. Also, a negative number cannot be used as a base. 




(e) “: d 0.0 L i* (0) 10 ‘ = 100: <4) 10 ‘ “ 10: W 101 = W 10‘ = 0.1; 

Use (1) *° find the lo 8»ri‘hms to the base 10 of 100,10,1, 0.1, 0.01,10*, 
3. Use (1) to find the logarithms to the base 2 of 2» 2* 1 i i 9 * o-k 

= OOoTTw “ r a J°r tWi<! ,squ8ti0n (a) 10 * - 10 °; ®) 2 ; - W; (c) 10- 
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5. Write as an exponential equation (a) log 10 100 = 2 ; ( 6 ) log 9 J = -l* 
(c) log 10 0.001 = -3; ( d ) log 8 1=0. 

In each of the exercises numbered 6 to 17, find the value of x. 

6 . log 6 x = 2. 7. log 2 x = 3. 8 . logs 25 = x. 

9. log, 15 = 1. 10. log 2 32 = x. 11. log, i = 2. 

12. log 2 x = -2. 13. logs x = 0. 14. logs A* = x. 

16 ‘ lo Sv/Io x = “ 2 - 16 ‘ l °g* VS = -i. 17. logs 1 = x. 

82. Laws of logarithms. The following laws of logarithms are 
extremely important. 

I. The logarithm of the product of two numbers is equal to the surti of 
the logarithms of the factors. 

Proof . Let M and N be any two positive numbers, and let 

x — logs N, and y = logs M. (2) 

Then we may write 

b* = N, and b» = M. (3) 

Multiplying, member by member, the first of equations (3) by the 
second, we get 

i 

= }f+v = MN, or loge, MN = x + y. (4) 

Substituting the values of x and y from ( 2 ) in (4), w r e get 


log& MN = logs M + logs N. ( 6 ) 

By repeated application of the first law it is readily proved that the 
logarithm of the product of any finite number of factors is equal to the sum 
of the logarithms of the factors. 

II. The logarithm of a quotient is equal to the logarithm of the dividend 
minus the logarithm of the divisor. 

Proof. Dividing, member by member, the first of equations (3) by 
the second, we get 



Substituting the values of x and y from (2) in ( 6 ), we get 

log. ^ = log. N - log. M. (7) 

III. The logarithm of a number affected by an exponent is the product 
of the exponent and the logarithm of the number. 
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Proof. Let 

x = Iog6 N, or N = If. (8) 

Raising both members of N = b 1 to the pth power, we obtain 

N p - b px . 

Therefore, in accordance with (1) 

logi, N p — px. ( 9 ) 

Substitution of the value of x from (8) in (9) gives 

logb N* = p log6 N. (10) 

Example 1. Find the value of logi 0 V0.001. 

Solution, logio VO.001 = logi 0 (10“ 3 )* = — ?. 

2 

Example 2. Writ e log;, V xhj/z in expanded form. 

Solution, log, Vxhi/z = $ log, (xhj/z) = * (log, x'y - log, z) 

= i (log, z 2 + log, j - log, z) = | (2 log, x + log, y - log, z). 

Example 3. Write in contracted form f log, x + ^ log, y - 2 log, z. 

= 'll Ml,' °, 811 1 *l° &y 7 ! l0g ‘ 2 = l0gil! + lo &Sf l - logtr 2 

logb (xfy*) — logt z 1 — logfr (xiyi/z 2 ). 

EXERCISES 

L Write in expanded form (a) log. *«p; (6) log. V*, /j J- ( c ) l ogl (lW 

2. Write in contracted form 

(а) logi x -f- logt, y — -j logt, z. 

( б ) \ l °g> ^ - 3 log,, y - 4 logb z. 

(c) s (2 logt, X — 3 logs, y). 

(d) 2(logt, Vr — i logt, y 6 + 3 logt, zi). 

3. Is (logt, x)(log b y) equal to logt, (xy)? 

** Is (logt x)/(log fr y) equal to logt, (x/y)? 

6 M l0g! o 8/l0 „ Si 16; (i) log '» 10 + ‘°6'° 01; (0 Oog, 4)(log, 21 

of the following expressions: (a) (h) (c \ (3)(9)(5) /30 X 2l 

o 7 ,w 14 »W yj -g— 
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rithms almost exclusively and log N for logi 0 N. Thus when no base 
is written, base 10 is understood. 

Common logarithms are generally expressed as the sum of two parts: 
an integer (positive, negative, or zero) called the characteristic and a 
positive decimal part less than 1 called the mantissa. The mantissa 
is found from tables. Rules for obtaining the characteristic will now 
be deduced. 

The following statements are evidently true: 


1000 = 10 3 , /. log 1000 = 3, (11) 

100 = 10 2 , log 100 = 2 , ( 12 ) 

10 = 10 1 , log 10 = 1, (13) 

1 = 10°, /. log 1 = 0, (14) 

0.1 = 10 - 1 , log 0.1 = - 1 , (15) 

0.01 = 10 - 2 , log 0.01 = - 2 , (16) 

0.001 = 10“ 3 , log 0.001 = -3. (17) 


Inspection of equations (11) to (14) shows that for a number N: 


if 1 < AT < 10, (like W = 8.342), then 0 < log N < 1 , characteristic 0, 
if 10 < iV < 100 , (like N = 83.42), then 1 < log N < 2 , character¬ 


istic 1 , 

if 100 < N < 1000 , (like N = 834.2), then 2 < log N < 3, character¬ 
istic 2 , 

etc. Inspection of these three lines indicates that the following rule 
is true. 

Rule 1. Characteristic of a number greater than 1. The character¬ 
istic of the common logarithm of a number greater than 1 is zero or positive 
and is one less than the number of digits to the left of the decimal point. 
The student should verify the characteristics in the following 


equations: 

log 857.0 = 2.9330; log 8570 = 3.9330; log 8,570,000 = „ 


Similarly, inspection of equations (14) to (17) shows that for a 
number N: 

if o.l < iV < 1, (like N = 0.83), then -1 < log ^ < 0, characteristic 

if 0.01 < N < 0.1, (like N = 0.083), then —2 < log N < 1. 

acteristic —2, _ . . ^ _2. 

if 0.001 < N < 0.01, (like N = 0.0083), then -3 < log N < 

characteristic —3, 
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etc. Inspection of the last three lines indicates that the following rule 
is true. 

Rule 2 . Characteristic of a number less than 1. The characteristic 
of the common logarithm of a 'positive number less than 1 is negative and 
is numerically one greater than the number of zeros immediately following 
the decimal point. 

The characteristics -1, - 2 , -3, etc., are often written in the 
form 9 — 10, 8 — 10, 7 — 10, etc. The student should verify 
the characteristics in the following equations: log 0.008570 = — 3 

+ .9330 = 7.9330 - 10; log 0.8570 = -1 + .9330 = 9.9330 - 10- 
log 0.00008570 = 5.9330 - 10. 




Verify the characteristic of the logarithms of the numbers N written 
below: 


N 

1. 6.830. 

3. 6830. 

6. 0.7860. 

7. 0.0007860. 

9. 0.6740. 

11. 6.870 X 10 s . 
13. 3.990 X 10-«. 


log N 
0.8344. 
3.8344. 

9.8954 - 10. 

6.8954 - 10. 
9.8287 - 10. 
5.8370. 
4.6010 - 10. 


N 

2. 68.30. 

4. 683000. 

6. 0.007860. 

8. 58.73. 

10. 0.007500. 

12. 5.860 X 10~*. 
14. 7.330 X 10 2 . 


log N 

1.8344. 

5.8344. 
7.8954 - 10. 
1.7689. 
7.8751 - 10. 
6.7679 - 10. 
2.8651. 


84. To find the mantissa. The mantissas of logarithms are found 
by various methods. An important one involves the use of infinite 
senes Logarithms are tabulated accurate to four decimal places in a 
our-plaee table, accurate to five decimal places in a five-place table 
and so on. The method of using a four-place table is explained here! 
but the same basic process applies for a five-place table. 

,J ?h . u e mantissa ° r decimal P art of the logarithm of a number, 
use the table given in Appendix III. If the number has only three 

Igmficant digits, like 26.2, find the mantissa of its logarithm in the 
ow beginning with the first two digits of the number and in the column 
eaded by the third. Thus, for 26.2, find 4183 in the row having 26 
at its left and m the column headed 2 . Then suDnlvimr a - S i 
point and the characteristic obtain log 26 2 = 1 4183 ^ ft , h d “ al 
plains four significant digits, fJ^l^ltZof LTsuZZ 

ZfSZZSZ T n , f ich ? e number lie * and inZZ 

1 the f° urth <» indicated m the following solution. ^ 

T°‘ " gnifiCant * ita 8010 «■ to indicate the position of the 
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Example. Find log 262.7. 

Solution. In the row having at its left end the first two significant 
digits, namely 26, and in the columns headed 2 and 3 (the third signifi¬ 
cant figure and the third figure increased by 1) find 4183 and 4200. 
Then write 

"log 262.0] = 2.4183] ' 

10 log 262.7J 7 = ? J d 17.* 
log 263.0 = 2.4200 

Now, assuming that small changes in numbers are nearly proportional 
to the corresponding changes in logarithms, obtain 

d = = 11.9 = 12 (nearly). 

Now adding 0.0012 to log 262.0 = 2.4183, obtain 

log 262.7 = 2.4196. 

The increment 11.9 was rounded off to 12 because only four-figure 
mantissas are justified when a four-place table is used. 

To shorten the process of interpolation, 10 4 times each tabular dif¬ 
ference between successive entries has been multiplied by 0.1, 0.2, 
. . . , 0.9, and the results have been tabulated at the bottoms of the 
pages on which these differences occur. These supplementary tables 
are called 'proportional parts . To interpolate in the example just con 
sidered, in the proportional parts table headed 17 find 12 opposite the 
7 in the leftmost column, and add 0.0012 to 2.4183 to obtain log 262.7 

= 2.4195. 

EXERCISES 


Verify the logarithms in Exercises 1 to 6. 

1. log 586 = 2.7679. 2. log 2.76 = 0.4409. 

3. log 0.127 = 9.1038 - 10. 4. log 3756 = 3.5747. 

6. log 0.04263 = 8.6297 - 10. 6. log 71,650 = 4.8552 


Find the logarithms of the following numbers: 

7. 7013. 8 - 54J8 ‘ 

10. 0.006509. 11- 25 - 82 - 

io 47 4O0 14. 10.97. 

16. 2.807 X 10 s . 17. 3.676 X 10~ 2 . 


9. 0.8736. 

12. 0.05605. 

16. 1.308 X 10 4 . 
18. 4.719 X 10- s . 


* For convenience the position of the decimal point in 


the changes has been 


omitted. 
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Find the logarithm of each of the following: 


19. 40.488. 
21 . 10 , 201 . 
23. 0.21544. 
25. 0.086452. 
27. 0.027038. 


20. 3.0473. 

22. 108.17. 

24. 0.0038345. 
26. 0.000076123. 
28. 0.18253. 


85. To find the antilogarithm of a given logarithm. If log N = L, 
then N is said to be the antilogarithm of L. To find the antilogarithm 
of a given logarithm, use the table in Appendix III. Three figures 
of the required number are found directly from the table and the 
fourth by interpolation. The decimal point is placed in the result to 

comply with Rules I and II of §83. The solution of the following 
example will indicate the process. 

Example. Find N if log N = 1.1868. 

Solution. Locating in the table the two mantissas between which 

0.1868 lies, reading corresponding antilogarithms, and computing some 
differences, we get 



‘log 15.30' 

f = U847 l2ll 
= 1.1868 J ZL 

10 

log 15.3£ 


.log 15.40 

= 1.1875 


Assuming that change in number is proportional to change in loga¬ 
rithm, we get b 


l ~ tr&"(10) — 7.5 = 8 (nearly). 

Hence the required antilogarithm of 1.1868 is 15.38. We might have 

chosen 7 for the last digit, but let us agree to choose the even value 
when there is a choice. 

The last figure 8 could have been obtained from the proportional 

fadit H ‘a o° 1U T headed 28 ' We search for 21 but cannot 

value to 2i?r C t/ ead | 8 “ ‘a ® C ,°' Umn headed 1 °PP° site 22, the nearest 
value to 21 in the column headed 28. We might have read 7 opposite 

exSrif! t 0ll0 "T’ the rule: Choose tl,e 6oW /«“ entry for a value 
exactly halfway between two entries. 


EXERCISES 


Verify the 
logarithm: 


equations numbered 1 to 6 by finding 


the number from the 


1. antilog 9.4065 — 10 *= 0.2550. 
3. antilog 2.4822 = 303.5. 

5. antilog 8.1567 — 10 = 0.01434. 


2. antilog 2.2923 = 196.0. 
4. antilog 2.1199 = 131.8] 
6. antilog 3.2128 = 1632.' 
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Find the antilogarithms of the following logarithms: 


7. 3.5735. 
10. 1.9259. 
13. 0.3798. 
16. 1.4971. 


8. 2.8232. 

11. 9.4795 - 10. 
14. 4.7622. 

17. 4.2169 - 10. 


9. 0.1211. 

12. 8.6564 - 10. 
16. 6.5174 - 10. 
18. 5.0987. 


Find x in each of the following: 

19. log x = 8.66200 - 10. 

21. log x = 1.11240. 

23. log x = 2.99876. 


20. log x = 9.70000 - 10. 
22. log x = 0.87484. 

24. log a; = 3.S9779. 


86. Computation by logarithms. The following solutions illustrate 
the methods of finding products, quotients, powers, and roots of 
numbers by logarithms. 

Example. Evaluate (a) R = 4.610 X 8.321, (b) Q = 517.5 -f- 0.3805; 
(c) P = 64.13 2 X \/md. 

Solution, (a) From R = 4.610 X 8.321, obtain 

log R = log 4.610 + log 8.3210 
log 4.610 = 0.6637 
log 8.321 = 0.9202 

log R = 1.5839 

The antilogarithm of 1.5839 is R — 38.36. 

(6) From Q = 517.5 -i- 0.3805, obtain 

log Q = log 517.5 - log 0.3805. 
log 517.5 = 12.7139 - 10 
log 0.3805 = 9.5804 - 10 

log Q = 3.1335 

Therefore Q = antilog 3.1335 = 1 360. 

(c) From P = 64.13 2 X ^8760, obtain 

log P = log 64.13 2 + log (8760)$ = 2 log 64.13 + i log 8760. 
log 64.13 = 1.8071 2 log 64.13 = 3.6142 

log 8760 = 3.9425 £ log 8 7GQ = 1-3142 

log P = 4.9284 

P — antilogarithm 4.9284 = 84,800. 

EXERCISES 


Evaluate the following: 

1. 52.50 X 8.255. 

3. 89.43 -5- 2.194. 


2. 17.49 X 0.03170. 
4. 1863 *r- 69.72. 
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6. \/7869 X 4.132 2 . 

7. 87.12 X 0.4965 -r ^297.0. 

9. 52,564 X 0.0082546. 

11. \/ (442.84). 


6. ^51.71 4- 2.910. 

8. 81.20 2 X \/20T3 * v / 4296. 

0.0031593 X 684.82 
1U ‘ 0.0096548 

75,859 X 0.0028242 
12 * 37,568 X 0.09185 * 


87. Cologarithms. The cologarithm of a number is the negative of its 
logarithm; in symbols 

colog N = — log N 

where colog N means cologarithm of N. Evidently the result of add¬ 
ing colog N to a number is equivalent to subtracting log N from the num¬ 
ber. The usual method of finding the cologarithm of a number is to 

subtract its logarithm from 10 and place —10 after the difference. 
Thus: 


colog 20 = 10 — log 20 - 10 = 10 - 1.3010 - 10 = 8.6990 - 10, 
colog 0.002= 10 - log 0.002 - 10 = 10 - (7.3010 - 10) - 10 

= 2.6990. 

Observe that the main part of colog N is found from log N by beginning 

on die left , subtracting each digit from 9 except the rightmost nonzero 
digit and subtracting that from 10. 

The simplification obtained by using cologarithms will appear in the 
next article. 

EXERCISES 

Find all cologarithms in a form having a positive mantissa. 

1. Verify the following equations: 

(a) colog 179.8 = 7.7452 - 10. (6) colog 0.6327 = 0.1988. 

(c) colog 7.533 = 9.1230 — 10. (d) colog 0.002397 = 2.6203. 

2. colog 87.60 = ? 3. colog 764.4 = ? 4. colog 0.6952 = ? 

6. colog 0.003864 = ? 6. colog 198,300 = ? 7. colog 86.72 = ? 

8. Verify the following: 

(а) colog 179.82 = 7.74516 - 10. 

(б) colog 0.63273 = 0.19878. 

(c) colog 7.5328 = 9.12304 - 10. 

(d) colog 23.975 = 8.62024 — 10. 


88. MISCELLANEOUS EXERCISES 

In solving complicated problems, the computer is helped materially 
y a good form. The one discussed below has the advantages of 
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simplicity, completeness of record, and brevity. It is practically self- 
explanatory, since the main feature consists in reference of every func¬ 
tion in a line to the first number in the line; a complete record of 
logarithms and operations is tabulated, and little writing is required. 
Since the outline of the form can always be made in advance, the stu¬ 
dent should first make this outline and then perform the computation 
without interruption. Speed and accuracy are gained by this method. 

The form will be used in the following solution. 


Example. Find x from x 



> where a = 8.163 



729.7, 


c = 0.04632, d = 5.213, and e = 0.3241. 

Solution. Equating the logarithms of the two members of the given 
equation, obtain 


log x = -J log a + i log b + 2 log c + colog d + 4 colog e. 


The following form contains the solution: 


a = 8.163 
b = 729.7 
c = 0.04632 
d = 5.213 
e = 0.3241 

x = 0.2809 


log a = 0.9118 
log b = 2.8631 
log c — 8.6658 — 10 
log d = 0.7171 
log e = 9.5106 - 10 


log a = 0.3039 
£ log b = 0.5726 
2 log c = 7.3316 - 10 
colog d = 9.2829 - 10 
4 colog e = 1.9576 

log x = 9.4486 — 10 


Note that each number in any line relates to the first number in that 
line. Remembering this, a computer need not write the equal signs 
or the letters a, b, c, . . . , except in the first column. In fact, com¬ 
puters in the U.S. Navy omit them. The solution just given when 
recorded in this shorter form appears as follows: 


a = 8.163 
b = 729.7 
c = 0.04632 
d = 5.213 
e = 0.3241 

x = 0.2809 


log 0.9118 
log 2.8631 
log 8.6658 - 10 
log 0.7171 
log 9.5106 - 10 

EXERCISES 


1 log 0.3039 
| log 0.5726 

2 log 7.3316 - 10 
colog 9.2829 — 10 

4 colog 1. 9576 _ 

log 9.4486 - 10 


1. Verify completely the following equations: _ 

(а) 2 log 0.0430 = 2(9.8082 - 10) = 19.0164 - 20 -'Ml« 10 - 

(б) log ^002680 - i(8.4281 - 10) = *(48.4281 -50) = 9.6856 - 10. 

(c) colog \/ 87.48 = -3(1.9419) = -.0473 - 9.3527 • 

(d) colog ^0002560 = -1(37.4082 - 40) = -(9.3520 - 10) - 0.6480. 
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Evaluate the expressions numbered 2 to 15: 

2. 3.142 X 2.718 . 3. 29.57 X 0.03684. 

4- 89.46 V7.843. 5. 7860.0 VO. 05340. 


2. 3.142 X 2.718. 

4. 89.46 V7M3. 

6. 61.64 4- ^0.1866. 7. 87.13 V&A52 h- V/&972. 

8. (1.500) 15 . 9. ^0.1764 X 2.12S X 5.625. 

10. (0 0006258) i. 11. (665.4)-*. 

12 / 57.45 X 423.3 -80.94 \/ 0d)3l00 

\ 178.0 X 89.00 • 54>080 ^/^07l2 ' 

14. V67.81’ +83.31--. 16. 3.142 J|^i. 

16. Using the formuln v = &rr»A, find the volume of a right circular cone 
having radius of base r = 7.324 and altitude h = 5.616. Take 7 r = 3.142 

17. During a rain 0.5210 in. of water fell. How many gallons of water fell 

on a 10.70-acre park? Assume that there are 7.480 gal. of water per cubic 
foot and 43,560 sq. ft. in an acre. 

18. Find the weight in tons of a cast-iron sphere with radius 5.343 ft. 
Assume that 1 cu. ft. of cast iron weighs 450.0 lb. 

~ q , Uired for a 23 - 8 °- kuot torpedo to make its maximum 

. • ’ ? ' *T ake 2027 yd “ 1 nauticaI mile and assume that the 

speed is constant. A knot is 1 nautical mile per hour. 

Evaluate the following expressions: 

20. 7.0928 X 0.0052683. 21. 0.0063982 X 23.473 X 0.062547. 

22. — (41 ‘ 911 >*_ oo (7.9036) 1 1 X \/(0^0267T* 

V (3.215) 3 X 0.78356 (0.0014123)“•»- 


14. y/ 67.81 2 + 83.31 2 . 


- - 

"ty (3.215) 3 X 0.78356* 


89. REVIEW AND TEST QUESTIONS 

(« wHta thc l0Earithms ° f (o) 

Offh 2 ;^” 4 ^ 1 ? 80 ,- 6650 = 9 8228 - 10, find, in standard form, the values 
W ^ (<I) C °'° 6 8 - 65 ° ; » C0 '°0 0-0006650; (c) colog 0.6650; (d)coH 

of L G ir that !°? , 46I -0’- 5,32740, find, in standard form, the values 

log (0.4610)^) cotgVS^ (6) ‘ 0g (461 '° )l: (C) ‘° g 3^0.00*010; (d) 

e fl rr^lT.^. e '^‘Hm to base 10 of each 


N 

1000 

1 

nr 

i i/Vio 

l 


log N 



\ 

l 

-2 


10 * ^ 


— k 
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5. A pair of values in the following table consists of a value and the value 
below it. Encircle each pair for which the lower value is the logarithm of the 
one above it. 


V 

MN 

M* + N* 

VJi 

M k 

M iiVl 

M k 

log V 

log M — log N 

2 log M — 2 log N 

— i log M 

k log M 

1 log (MN) 

J log M 


6. Write a number in each parenthesis so as to make a true equation from 

(а) log = ( ) log x ( ) log y — ( ) log z. 

Vz 5 

(б) log - g< = 5 log x - | log y + log V'z- 

y 

7. For each equation find a value of x that satisfies it: 

(a) log 2 x = -2, x = ? ( b ) log 2 8 = x, x = ? 

(c) logo a = x, x = ? (d) logio 1 = x, x = ? 

(e) log 2 (|) = x, x = ? (/) log* 100 = 4, z = ? 

8. Compute the value of 87.320 X 0.064324. 

..0.56352 X 2.8640 

9. Compute the value of 0 024690 

10. Compute y/ 0.0063429. _ 

11. Compute 8.3650 X v^0.56832 -r \/30.205. 
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THE MIL 


The mil is an angular unit equal to of four right angles. 

The word mil, meaning one-thousandth, originated from the idea of 
adopting as a unit the angle that subtends an arc equal to of the 
radius. Such an angle subtends 1 ft. at a distance of 1000 ft., 1 yd. at 
a distance of 1000 yd., etc. This manifestly furnishes a quick method 
of estimating the distance of an object whose size is known. There 
would under these circumstances be 2tt/0.001, or 6283.18 + such units 
subtended by a circle. This number is too inconvenient to be of 
practical use in calibrating instruments. The circle is therefore divided 
into 6400 equal parts, and each of these is called a mil. The arc sub¬ 
tended by a central angle of 1 mil therefore equals 2 tt/?/ 6400 or 
(0.00098+)/?, or so nearly -y^ of the radius that it may be so taken 
for purposes not demanding great accuracy. This property, coupled 
with the knowledge that in small angles the chord very nearly equals 
e arc, enables us to say for rapid and rough approximation: 
mil subtends a chord equal to rdou of the distance to the chord. 

Vith due regard to the degree of approximation , a small number of 
miks (several hundred ) subtends a chord equal to the small number times 
Ttnnr °f the distance to the chord, or, in symbols, 



re 

1000 


where 6 is in mils and s and r are expressed in the same unit 

Uneel bvlh^f, ° f approximate measurement.of angles and dis- 
antes by the use of the m.l system were first developed by the Field 

pine 'sk- ' n , C0mput 7 firi “6 data - Their use was extended to map- 
P g, sketching, and reconnaissance. During World War I the 

Infantry adopted the system, and it has now become gene! 1 ^ 

certain m m * Un “ ^ ““ advantage that » convenient in size for 
certain military measurements. or 
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Example 1. Two points, A and B, are 50 yd. apart and 2000 yd. 
away. How many mils should they subtend (see Fig. 1)? 



Solution. 50 divided by = 25. 

Or, at 2000 yd., 2 yd. corresponds to 1 mil; therefore 50 yd. corre¬ 
sponds to 25 mils. 

Example 2. An observer measures the angular distance between 
two points, A and B, 5000 yd. away, to be 30 mils. How far apart are 
A and B ? 

Solution. X 30 = 150. 

Or, at 5000 yd., 1 mil subtends 5 yd.; therefore 30 mils subtends 

160 yd. 

Example 3. The angular distance between A and B is observed to 
be 40 mils. They are 100 yd. apart. How far away are they? 
Solution. Jfip- X 1000 = 2500. 

Or 40 mils corresponds to 100 yd.; therefore 1 mil corresponds to 
2£ yd., but is tqVo of 2600 yd. 


EXERCISES 

1. A battery with a front of 60 m. is observed from a point 3000 m. away, 
measured on a line normal to the battery. What angle does the battery sub¬ 
tend? (Or what is its front in mils?) 

2. A four-gun battery 4000 m. away has a front of 15 mils. How many 

meters between muzzles? 

3. The guns in your battery have wheels It m. in diameter. ^ ou measure 

a wheel as 5 mils. How far are you from the battery? . 

4. An observer measures the front of a target to be 40 mils at a pom 
6000 in. away. What should a scout (a) 3000 m. in front of the same o sen tr 

measure it to be; (6) 4000 m. in front of the observei? 

6 . Two targets, T and t, are 20 m. apart. The range TG, perpendicular 

to the line of targets, js 5000 m. Two guns, G and g, are also 20 m.^apar , 
angle TGg being 1500 mils. Take t and g both on the same side of 1 . 

(a) What is angle IgG in order that the gun g may be laid on tt 

(b) What change in deflection of G must be given to lay it on tt 

6. A hostile trench measures 80 mils from your position. A scout 500m. 
in front of you measures it 100 mils. What is the distance of the trench fro 

your position? 
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7. You signal to a man at a distant tree to post himself 20 yd. from the 
tree (measured perpendicular to the line from the tree to you). The man is 
now 8 mils from the tree. How far away is the tree? 

8. An observer finds that he is on the same level with the top of a distant 
tower that is 34 yd. high. The angular depression of the base of the tower is 
8 mils. How far away is the tower? 

9. From D a distant object B appears to the right of an object A, which is 
6000 m. away. An observer at D measures the angle ADB to be 35 mils. He 
moves to C, 180 m. to the right on a line normal to AD, and measures the 
angle ACB to be 15 mils. How far away is B ? 

Hint. Sum of angles of a triangle is constant. 

From Trophy Point, near the U.S. Military Academy, the angular ele¬ 
vation of Fort Putnam is 210 mils, and its distance is GOO yd. Also, the eleva¬ 
tion of the top of the West Academic Building is 120 mils, and its distance is 
250 yd. The West Academic Building and Fort Putnam are 500 yd. apart. 

What is the angular elevation of Fort Putnam as measured from the top of the 
West Academic Building? 
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In the practice of navigation the process of interpolation must be 
used frequently. Hence a brief discussion of the process will be given. 
Table A is an excerpt from a table of natural logarithms: 


Table A. Natural Logarithms 


N 

0 

1 

2 

3 


5 

6 

7 

8 

9 

60 

6.2146 

6.2166 

6.2186 

6.2206 

6.2226 

6.2246 

6.2265 

6.2285 

6.2305 

m 

51 

2344 

2364 

2383 

2403 

2422 

2442 

2461 

2480 

2500 

2519 

52 

2538 

2558 

2577 

2596 

2615 

2634 

2653 

2672 

2691 

2710 

53 

2729 

2748 

2766 

2785 

2804 

2823 

2841 

2860 

2879 

2897 

54 

2916 

2934 

2953 

2971 

2989 

3008 

3026 

3044 

3063 

3081 

55 



3135 

rvw^wW 

3154 

»vwww> 

3172 

3190 

>/V/WVWNA/ 

3208 

WWVW^A 


HH 

3261 


Let it be required to find log 525.6. We read from the table 


log 525.0 = 6.2634, 
log 526.0 = 6.2653. 

Although the number changes by 1.0, the logarithm changes by 
6.2653 - 6.2634 = 0.0019. Hence to a change of 0.1 in the number 
corresponds a change of ^^(0.0019), and to a change of 0.6 in the number 
corresponds ^(0.0019) = 0.0011 nearly. Hence log 525.0 = 6.2034 

+ 0.0011 = 6.2646. , 

The following table shows values of a function / tabulated a 

intervals of D for a variable t: 

Table B 



If t lies between h and h + D } then the corresponding \alue o /* 


- h 


f = a H- T \— (P “ a )- 


D 

186 
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Similarly, a value between h *f* 2D and h + 3D for t corresponds to 




(e - c ). 


When a table gives values of a function depending on two variables, 
double interpolation must be used. In this case two variations, each 
obtained as indicated above are involved. The body of Table C, an 


Table C 



Declination 

Hour 

h 

h 

h 

h 

h 

h 

angle 

0°00' 

0*30' 

1*00' 

1*30' 

2* 

2*30' 

0° 

56*00.0' 

56*30.0' 

57*00.0' 

57*30.0' 

58*00.0' 

58*30.0' 

1° 

55°59.2' 

56*29.2' 

56*59.2' 

67*29.2' 

67*69.2' 

58*29.2' 

2° 

55*56.9' 

56*26.9' 

56*56.8' 

67*26.8' 

67*66.7' 

58*26.7' 

3° 

55*53.0' 

56*22.9' 

56*52.9' 

57*22.7' 

57*52.7' 

58*22.5' 

4° 

55*47.6' 

56*17.5' 

56*47.3' 

57*17.1' 

57*47.0' 

58*16.8' 

5° 

55*40.7' 

56*10.4' 

56*40.3' 

57*09.9' 

57*39.8' 

58*09.4' 


excerpt of the very important II. 0. 214, contains values of altitude h 
for given values of meridian angle* t and declination d. Let it be 
required to find the altitude when the declination is 1°48' and the 
hour angle 1°35\ The values from which the interpolation are made 
are the boldface entries in Table C. Speaking of lines of numbers as 
being horizontal and columns as vertical, we add to any number the 
gebraic sum of the changes obtained by a single horizontal inter¬ 
pellation and a single vertical one. Thus to make the suggested inter¬ 
polation, we have 

Required value of h = 57°29.2' + (59.2' - 29.2') 

+ $£(26.8' - 29.2') = 57045 . 8 '. 

ns' 1 toob£r h the derivation ° f the valuo ° f 

h - 56°56.8' + $§(30.0)' + $$(3.9)' = 57°18.0'. 

•Meridian angle (ie need for entering the column headed Hour angle. 
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EXERCISES 

1. Using Table A, find the natural logarithm of each of the following num¬ 
bers: (a) 514.6; (6) 530.4; (c) 557.1; (d) 544.9. 

2. Using Table A, find the number corresponding to each of the following 
natural logarithms: (a) 6.2383; (6) 6.2409; (c) 6.2680; (d) 6.3034. 

3. Using Table C, find the altitude, given declination 1°30' and hour angle 
36' for the latitude of the excerpt. 

4. Using Table C, find the altitude, given declination 1°44' and hour angle 
2° for the latitude of the excerpt. 

6. Using Table C, find the altitude, given declination 15' and hour angle 
1°30' for the latitude of the excerpt. 

6. Using Table C, find the altitude, given declination 1°40' and hour angle 
2°24' for the latitude of the excerpt. 

7. From Table B find the value of h corresponding to a value x of t lying 
between in + D and m + 2D. 

8. From Table B find the value of t corresponding to a value y of h lying 
between (a) a and 6; (6) c and e. 
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l 


IM 



d 2 |</| 3 d| 4 




414 
0792 
1139 
14 461 
16 1761 

16 2041 

17 304 

18 533 

19 278-8 


43 0043 
39 453 
36 0S2S 
34 1173 
31 492 
29 1790 
27 206S 
26 330 
24 577 
22 2810 


22 3032 
21 243 
20 444 
19 636 
18 820 
18 3997 
10 4166 
16 330 
15 4S7 
15 639 


15 786 
14 4928 
14 6065 
13 19S 
13 328 
12 453 
12 575 
12 694 
li 809 
11 5922 


43 0086 
39 492 
36 0S64 
33 1206 
31 523 
28 181S 
27 2095 
25 355 
24 601 
23 2833 


22 

20 

20 

19 

18 

17 

17 

16 

15 

15 


30 771 

31 4914 

32 6051 

33 185 

34 315 
36 441 

36 563 

37 682 

38 798 

39 5911 


40 6021 10 6031 

41 128io 138 

42 232 n 243 

43 335 io 345 

44 435 9 444 
46 532 io 542 

46 628 9 637 

47 721 9 730 

48 812 9 821 

49 902 9 911 


60 6990 8 6998 

51 7076 8 7084 

52 160 8 168 

53 243 8 251 8 

54 7324 8 7332 8 


14 800 

14 4942 
14 6079 
13 211 
12 340 
12 465 
12 587 

11 705 

12 821 
li 5933 


li 
ll 
10 
10 
10 454 
9 551 
9 646 
9 739 
9 830 
9 6920 


42 0128 
39 531 
35 0899 
31 1239 
30 553 
29 1847 
27 2122 
25 380 
24 625 
23 2856 


21 3075 
21 2S4 
19 483 
19 674 
18 3856 
17 4031 
17 200 
16 362 
16 518 
15 669 


14 814 
13 4955 
13 6092 
13 224 
13 353 
13 478 
12 599 
12 717 
li 832 
li 5944 


ll 6053 
ll 160 
10 263 
10 365 
10 464 
10 561 
10 656 
10 749 9 
9 839 9 
8 6928 


42 0170 
38 569 
35 0934 
32 1271 
31 584 
28 1875 
26 214S 
25 405 
23 648 
22 2878 


829 

4969 

6105 

237 

366 

490 

611 

729 

843 

5955 


42 0212 41 
38 607 38 
35 0969 35 
32 1303 32 
30 614 30 
28 1903 2S 
27 2175 2G 
25 430 25 
24 672 23 
22 2900 23 


3118 

324 

522 

711 

3892 

4065 

232 

393 

54S 

698 


843 
4983 
6119 
250 
378 
502 
623 
740 
2| 855 
'5966 




6064 11 6075 
170 10 ISO 
274 io 284 
375 io 385 
474 10 484 
571 9 580 
665 io 675 
758 9 767 
848 9 857 
6937 9 6946 


0253 41 
0645 37 
1004 34 
335 32 
644 29 
1931 2S 
2201 26 
455 25 
695 23 
2923 22 


3139 21 3160 
345 20 365 
541 19 560 
729 18 747 
3909 18 3927 
40S2 17 4099 
249 16 265 
409 16 425 
564 15 579 
713 15 728 


857 14 4871 
4997 14 6011 
6132 13 145 
263 13 276 
391 12 403 
514 13 527 
635 12 647 
752 n 763 
86611 877 
5977 11 5988 



40 0334 
37 0719 
34 1072 
32 399 
30 703 
28 1987 
26 2253 
24 504 
24 742 
22 2967 


3181 

385 

579 

766 

3945 

4116 

281 


6085 
191 
294 
395 
493 
10 590 
9 684 
776 9 
866 


9 6955 


6096 
201 
304 
405 
503 
599 
693 9 
785 9 
875 9 
6964 8 



594 

742 


4886 
6024 
159 
289 
416 
539 
'658 
2I 775 
1 888 
5999 


6107 
212 
314 
415 
513 
609 
702 
794 
884 9 
6972 9 




40 0374 40 
36 0755 37 
34 1106 33 
31 430 31 
29 1732 29 
27 2014 27 
26 279 25 
25 529 24 
23 765 23 
22 2989 21 


3201 21 
404 20 
598 19 
784 18 
3962 17 
413317 
298 16 
456 16 
609 15 
757 14 


4900 14 
6038 13 
17213 
302 13 
428 13 
551 12 
670 12 
786 12 
5899 12 
6010 11 




_ Proportional Parts 

43142141140139138137(361351341331391 2 


03113 

10 





221 21120120120100 



26 28 
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m 36 

43 42 
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♦ 


TT 

0 





d 


d 


d 



*6* 

d 

"T" 

d 



9 


56 

7401 

8 

7412 

7 

7419 

8 

7427 

8 

7435 

8 

7443 

s 

7451 

8 

7459 

7 

7466 

8 

7474 

^ l 

56 

482 

8 

490 

7 

497 

8 

505 

S 

513 

7 

520 

8 

528 

8 

536 

7 

543 

8 

551 

8 I 

57 

559 

7 

566 

8 

574 

8 

582 

7 

589 

8 

597 

7 

604 

8 

612 

7 

619 

8 

627 

7 I 

58 

634 

8 

642 

7 

649 

8 

657 

7 

664 

S 

672 

7 

679 

7 

686 

8 

694 

7 

701 

£ | 

59 

709 

7 

716 

7 

723 

8 

731 

7 

738 

7 

745 

7 

752 

S 

760 

7 

767 

7 

774 

8 1 

60 

782 

7 

789 

7 

796 

7 

803 

7 

810 

8 

818 

7 

825 

7 

832 

7 

839 

7 

846 

y 1 

61 

853 

7 

860 

8 

868 

7 

875 

7 

882 

7 

889 

7 

896 

7 

903 

7 

910 

7 

917 

7 II 

62 

924 

7 

7931 

7 

7938 

7 

7945 

7 

7952 

7 

7959 

7 

7966 

7 

7973 

7 

79S0 

7 

79S7 

^ 1 

63 

7993 

7 

8000 

7 

8007 

7 

8014 

7 

8021 

7 

8028 

7 

8035 

6 

8041 

7 

8048 

7 

8055 

7 1 

64 

8062 

7 

069 

6 

075 

7 

082 

7 

089 

7 

096 

6 

102 

7 

109 

7 

116 

6 

122 

7 ■ 

66 

129 

7 

136 

6 

142 

7 

149 

7 

156 

6 

162 

7 

169 

7 

176 

6 

182 

7 

189 

A 1 

66 

195 

7 

202 

7 

209 

6 

215 

7 

222 

6 

228 

7 

235 

6 

241 

7 

248 

6 

254 


67 

261 

6 

267 

7 

274 

6 

280 

7 

287 

6 

293 

6 

299 

7 

306 

6 

312 

7 

319 


68 

325 

6 

331 

7 

338 

G 

344 

7 

351 

6 

357 

G 

363 

7 

370 

G 

376 

6 

382 


69 

388 

7 

395 

6 

401 

6 

407 

7 

414 

6 

420 

e 

426 

6 

432 

7 

439 

6 

445 


/0 

71 

451 

513 

6 

6 

457 

8519 

6 

6 

463 

8525 

7 

C 

470 

8531 

6 

G 

476 

S537 

6 

6 

482 

8543 

c 

6 

488 

8549 

6 

6 

494 

8555 

6 

6 

500 

S561 

6 

6 

506 

8567 

7 | 

/ 2 

8573 

6 

579 

G 

5S5 

6 

591 

6 

597 

6 

603 

6 

609 

G 

615 

6 

621 

c 

627 


73 

633 

6 

639 

6 

645 

6 

651 

6 

657 

G 

663 

6 

669 

6 

675 

6 

681 

5 

686 


74 

692 

6 

698 

6 

704 

6 

710 

6 

716 

6 

722 

6 

727 

6 

733 

6 

739 

e 

745 


7o 

751 

5 

756 

6 

762 

G 

768 

6 

774 

5 

779 

6 

785 

6 

791 

6 

797 

5 

802 


/6 

fTf? 

808 

6 

814 

6 

820 

5 

825 

6 

831 

6 

837 

5 

842 

G 

848 

6 

854 

5 

859 

£ I 

77 

865 

6 

871 

5 

876 

6 

882 

5 

887 

G 

893 

6 

899 

5 

904 

6 

910 

5 

915 

Q I 

/o 

79 

921 

8976 

6 

£ 

927 

8982 

5 

5 

932 

8987 

6 

C 

938 

8993 

5 

5 

943 

8998 

6 

6 

S949 

9004 

5 

5 

8954 

9009 

G 

6 

8960 

9015 

5 

5 

8965 

9020 

G 

5 

S971 

9025 

I 

80 

81 

82 

83 

84 

85 

86 

87 

88 
89 

QA 

9031 

085 

138 

191 

243 

294 

345 

395 

445 

494 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

903b 

090 

143 

196 

248 

299 

350 

400 

450 

499 

6 

6 

6 

5 

5 

5 

5 

5 

5 

5 

9042 

096 

149 

201 

253 

304 

355 

405 

455 

504 

5 

5 

5 

5 

5 

5 

5 

5 

5 

.5 

9047 

101 

154 

206 

258 

309 

360 

410 

460 

509 

6 

5 

5 

6 

5 

G 

5 

5 

5 

4 

9053 

106 

159 

212 

263 

315 

365 

415 

465 

513 

5 
G 

6 

5 

6 
5 
5 
5 

4 

5 

058 

112 

165 

217 

269 

320 

370 

420 

469 

518 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

063 

117 

170 

222 

274 

325 

375 

425 

474 

523 

6 

5 

5 

5 

6 
5 

5 

5 

5 

5 

069 

122 

175 

227 

279 

330 

380 

430 

479 

528 

5 

6 

5 

5 

5 

5 

5 

5 

5 

5 

074 

128 

180 

232 

284 

335 

385 

435 

484 

533 

5 

5 

6 

G 

5 

6 
5 
5 
5 
5 

079 

133 

186 

238 

289 

340 

390 

440 

489 

538 


90 

91 

92 

93 

94 
96 

96 

97 

98 

99 

9542 

590 

638 

685 

731 

777 

823 

868 

912 

9956 

5 

5 

5 

4 

5 

5 

4 

4 

5 
5 

9547 

595 

643 

689 

736 

782 

827 

872 

917 

9961 

5 

5 

4 

5 

5 

4 

5 

5 

4 

4 

9552 

600 

647 

694 

741 

786 

832 

877 

921 

9965 

5 

5 

5 

6 

4 

5 

4 

4 

5 

4 

9557 

605 

652 

699 

745 

791 

836 

881 

926 

9969 

5 

4 

5 

4 

6 

4 

5 

5 

4 

5 

9562 

609 

657 

703 

750 

795 

841 

886 

930 

9974 

4 

5 

4 

6 

4 

5 

4 

4 

4 

4 

9566 

614 

661 

708 

754 

800 

845 

890 

934 

9978 

5 

5 

5 

5 

5 

5 

5 

4 

5 

5 

9571 

619 

666 

713 

759 

805 

850 

894 

939 

9983 

5 

5 

5 

4 

4 

4 

4 

5 

4 

4 

9576 

624 

671 

717 

763 

809 

854 

899 

943 

9987 

5 

4 

4 

5 

5 

5 

5 

4 

5 

4 

9581 

628 

675 

722 

768 

814 

859 

903 

948 

9991 

5 

5 

5 

$ 

5 

4 

4 

5 

4 

5 

9586 

633 

680 

727 

773 

818 

863 

908 

952 

9996 


If 

i o 

- 

1 

- 

2 

- 

3 


"T" 

m 

5 


6 

• 

7 


8 


9 

J 


































APPENDIX IV 

FOUR-PLACE LOGARITHMS 
OF TRIGONOMETRIC FUNCTIONS 



PLANE TRIGONOMETRY 


Log Sin 


L -s> js .7 M M 


.0 .1 .2 .3 .4 .5 



Log Cos 


.1 D 


— OO 


1 

2.2419 

2 

5428 

3 

7188 

4 

8436 

5 

2.9403 

6 

1.0192 

7 

0859 

8 

1436 

9 

1943 

10° 

1.2397 

11 

2806 

12 

3179 

13 

3521 

14 

3837 

15 

4130 

16 

4403 

17 

4659 

18 

4900 

19 

5126 

20° 

1.5341 

21 

5543 

22 

5736 

23 

5919 

24 

6093 

25 

6259 

26 

6418 

27 

6570 

28 

6716 

29 

6856 

30° 

1.6990 

31 

7118 

32 

7242 

33 

7361 

34 

7476 

35 

7586 

36 

7692 

37 

7795 

38 

7893 

39 

7989 

40° 

1.8081 

41 

8169 

42 

8255 

43 

8338 

44 

8418 

45° 

T.8495 


3.2419 5429 7190 8439 


5640 5842 6035 6220 


9489 

0264 

0920 

1489 

1991 

2439 

2845 

3214 

3554 

3867 


9S73 

0334 

0981 

1542 

2038 

2482 

2883 

3250 

3586 

3897 


9655 

0403 

1040 

1594 

2085 

252 } 

2921 

3284 

3618 

3927 


9736 

0472 

1099 

1646 

2131 

2565 

2959 

3319 

3650 

3957 


4158 4186 4214 4242 
4430 4456 4482 4508 
4684 4709 4733 4757 
4923 4946 4969 4992 
5148 5170 5192 5213 

5361 5382 5402 5423 
5563 5583 5602 5621 
5754 5773 5792 5810 
5937 5954 5972 5990 
6110 6127 6144 6161 

6276 6292 6308 6324 
6434 6449 6465 6480 
6585 6600 661S 6629 
6730 6744 6759 6773 
6869 6883 6896 6910 


7003 

7131 

7254 

7373 

7487 

7597 

7703 

7805 

7903 

7998 

8090 

8178 

8264 

8346 

8426 


7016 7029 
7144 7156 
7266 7278 
7384 7396 
7498 7509 

7607 7618 
7713 7723 
7815 7825 
7913 7922 
8007 8017 


8099 

8187 

8272 

8354 

8433 


8108 

8195 

8280 

8362 

8441 


7042 

7168 

7290 

7407 

7520 

7629 

7734 

7835 

7932 

8026 

8117 

8204 

8289 

8370 

8449 


9408 J 0200 
4179 4459 
6397 6567 
7857 7979 
8946 9042 


9816 

0539 

1157 

1697 

2176 

2606 

2997 

3353 

3682 

3986 

4269 

4533 

4781 

5015 

5235 

5443 

5641 

5828 

6007 

6177 

6340 

6495 

6644 

6787 

6923 

7055 

7181 

7302 

7419 

7531 

7640 

7744 

7844 

7941 

8035 

8125 

8213 

8297 

8378 

8457 


9894 

0605 

1214 

1747 

2221 


0870 1450 
4723 4971 
6731 6889 
8098 8213 
9135 9226 

9970J 0046 
0670 0734 
1271 1326 
1797 1847 
2266 2310 


— 00 

1961 2.2419 
5206 5428 
7041 7188 
8326 8436 
9315 2.9403 

0120 1.0192 
0797 0859 
1381 1436 
1895 1943 
2353 1.2397 


2647 2687 2727 2767 2806 

3034 3070 3107 3143 3179 

3387 3421 3455 3488 3521 

3713 3745 3775 3806 3837 

4015 4044 4073 4102 4130 

4296 4323 4350 4377 4403 

4559 4584 4609 4634 4659 

4805 4829 4853 4876 4900 

5037 5060 5082 5104 _ 5126 

5256 5278 5299 5320 1.5341 


5463 

5660 

5847 

6024 

6194 

6356 

6510 

6659 

6801 

6937 

7068 

7193 

7314 

7430 

7542 

7650 

7754 

7854 

7951 

8044 

8134 

8221 

8305 

8386 

8464 


5484 

5679 

5865 

6042 

6210 

6371 

6526 

6673 

6814 

6950 

7080 

7205 

7326 

7442 

7553 

7661 

7764 

7864 

7960 

8053 

8143 

8230 

8313 

8394 

8472 


5504 

5698 

5883 

6059 

6227 

6387 

6541 

6687 

6828 

6963 

7093 

7218 

7338 

7453 

7564 

7671 

7774 

7874 

7970 

8063 

8152 

8238 

8322 

8402 

8480 


5523 

5717 

5901 

6076 

6243 


5543 

5736 

5919 

6093 

6259 


6403 6418 
6556 6570 
6702 6716 
6842 6856 
6977 T.6990 


7106 

7230 

7349 

7464 

7575 


7118 

7242 

7361 

7476 

7586 


7682 7692 
7785 7795 
7884 7893 
7979 7989 
8072 1.8081 

8161 8169 
8247 8255 
8330 8338 
8410 8418 
8487 I.849S 


84 

83 

82 

81 

80 ° 

79 

78 

77 

76 

75 

74 

73 

72 

71 

70 ° 

69 

68 

67 

66 

6S 

64 

63 

62 

61 

69 ° 

59 

58 

57 

56 

5S 

54 

53 

52 

51 

SO 0 

49 

48 

47 

46 

45 ° 


Do not interpolate in the first three lines. 




APPENDIX IV 


Log Sin 


& 


.7 M 

.1 2 .3 .4 


Log 

a. j i .n 

.6 .7 .8 


Cos 


1.8495 
8569 
8641 
8711 
8778 

1.8843 
8905 
8965 
9023 
9080 

9134 
9186 
9236 
9284 
9331 

60 ° I.937S 
. 61 9418 

62 9459 

63 9499 

64 9537 

9573 
9607 
9640 
9672 
9702 

19730 
9757 
9782 
9806 
9828 

9849 
9869 
9887 
9904 
9919 

1.9934 
9946 
9958 
9968 
9976 

9983 
9989 
9994 
9997 
1.9999 
0.0000 


1.8495 45' 


8502 8510 8517 8S2S 
8577 8584 8591 8598 
8648 86S5 8662 8669 
8718 8724 8731 8738 
8784 8791 8797 8804 


8849 8855 8862 8868 
8911 8917 8923 8929 
8971 8977 8983 8989 
9029 903S 9041 9046 
9085 9091 9096 9101 

9139 9144 9149 9155 
9191 9196 9201 9206 
9241 9246 9251 9255 
9289 9294 9298 9303 
9335 9340 9344 9349 

9380 9384 9388 9393 
9422 9427 9431 9435 
9463 9467 9471 9475 
9503 9506 9510 9514 
9540 9544 9548 9551 


9576 9580 9583 
9611 9614 9617 
9643 9647 9650 
9675 9678 9681 
9704 9707 9710 

9733 9735 9738 
9759 9762 9764 
978S 9787 9789 
9808 9811 9813 
9831 9833 983S 


9851 9853 985S 
9871 9873 9875 
9889 9891 9892 
9906 9907 9909 
9921 9922 9924 

993S 9936 9937 
9947 9949 9950 
9959 9960 9961 
9968 9969 9970 
9977 9978 9978 

9984 9985 9985 
9990 9990 9991 
9994 9995 999S 
9998 9998 9998 
9999(0000 0000 


9587 

9621 

96S3 

9684 

9713 

9741 

9767 

9792 

9815 

9837 

9857 

9876 

9894 

9910 

9925 

9939 

9951 

9962 

9971 

9979 

9986 

9991 

9996 

9998 

0000 


8532 
8606 
8676 
8745 
8810 

8874 
8935 
8995 
9052 
9107 

9160 

9211 

9260 

9308 

9353 

9397 

9439 

9479 

9518 

9555 

9590 

9624' 

9656 

9687 

9716 

9743 

9770 

9794 

9817 

.9839 

9859 

9878 

9896 

9912 

9927 

9940 

9952 

9963 

9972 

9980 

9987 

9992 

9996 

9999 


8540 8547 8555 8S62 8569 

8613 8620 8627 8634 8641 

8683 8690 8697 8704 8711 

8751 8758 8765 8771 8778 

8817 8823 8830 8836 1.8843 

8880 8887 8893 8899 8905 

8941 8947 8953 8959 8965 

9000 9006 9012 9018 9023 

9057 9063 9069 9074 9080 

9112 9118 9123 9128 9134 

916S 9170 9175 9181 9186 

9216 9221 9226 9231 9236 

9265 9270 9275 9279 9284 

9312 9317 9322 9326 9331 

9358 9362 9367 9371 T.937S 

9401 9406 9410 9414 9418 

9443 9447 9451 94SS 9459 
9483 9487 9491 9495 9499 

9522 952S 9529 9533 9537 

9558 9562 9S66 9569 9S73 

9594 9597 9601 9604 9607 

9627 9631 9634 9637 9640 

9659 9662 9666 9669 9672 

9690 9693 9696 9699 9702 

9719 9722 9724 9727 1.9730 

9746 9749 975 1 9754 9757 

9772 9775 9777 9780 9782 

9797 9799 9801 9804 9806 

9820 9822 9824 9826 9828 

9841 9843 984S 9847 9849 

9861 9863 9865 9867 9869 

9880 9882 9884 988S 9887 

9897 9899 9901 9902 9904 

9913 9915 9916 9918 9919 

9928 9929 9931 9932 T .9934 

9941 9943 9944 994S 9946 

9953 9954 9955 9956 9958 

9964 9965 9966 9967 9968 

9973 9974 9975 9975 9976 

9981 9981 9982 9983 9983 


• III 


9987 9988 9988 9989 9989 

9992 9993 9993 9994 9994 

9996 9996 9997 9997 9997 

9999 9999 9999 9999 1.9999 

0000 0000 0000 0000 0.0000 



196 


PLANE TRIGONOMETRY 


Log Tan 


Log Coton 


4 > 


& 



.0 

.1 

2 

3 

.4 

0° 

- OO 

3.2419 

5429 

7190 

8439 

1 

2.2419 

2833 

3211 

3559 

3881 

2 

5431 

5643 

5845 

6038 

6223 

3 

7194 

7337 

747S 

7609 

7739 

4 

8446 

8554 

8659 

8762 

8862 

5 

2.9420 

9506 

9591 

9674 

9756 

6 

1.0216 

0289 

0360 

0430 

0499 

7 

0891 

0954 

101S 

1076 

1135 

8 

1478 

1533 

1587 

1640 

1693 

9 

1997 

2046 

2094 

2142 

2189 

10° 

1.2463 

2507 

2551 

2594 

2637 

11 

2887 

2927 

2967 

3006 

3046 

12 

3275 

3312 

3349 

3385 

3422 

13 

3634 

3668 

3702 

3736 

3770 

.14 

3968 

4000 

4032 

4064 

409S 

15 

4281 

4311 

4341 

4371 

4400 

16 

4575 

4603 

4632 

4660 

4688 

17 

4853 

4880 

4907 

4934 

4961 

18 

5118 

5143 

5169 

5195 

5220 

19 

5370 

5394 

5419 

5443 

5467 

20° 

1.5611 

5634 

5658 

5681 

5704 

21 

5842 

5864 

5887 

5909 

5932 

22 

6064 

6086 

6108 

6129 

6151 

23 

6279 

6300 

6321 

6341 

6362 

24 

6486 

6506 

6527 

6547 

6567 

25 

6687 

6706 

6726 

6746 

6765 

26 

6882 

6901 

6920 

6939 

6958 

27 

7072 

7090 

7109 

7128 

7146 

28 

7257 

7275 

7293 

7311 

7330 

29 

7438 

7455 

7473 

7491 

7509 

30° 

T.7614 

7632 

7649 

7667 

7684 

31 

7788 

780S 

7822 

7839 

7856 

32 

7958 

7975 

7992 

8008 

8025 

33 

8125 

8142 

8158 

8175 

8191 

34 

8290 

8306 

8323 

8339 

8355 

35 

8452 

8468 

8484 

8501 

8517 

36 

8613 

8629 

8644 

8660 

8676 

37 

8771 

8787 

8803 

8818 

8834 

38 

8928 

8944 

8959 

8975 

8990 

39 

9084 

9099 

9115 

9130 

9146 

40° 

T.9238 

9254 

9269 

9284 

9300 

41 

9392 

9407 

9422 

9438 

9453 

42 

9544 

9560 

9575 

9590 

9605 

43 

9697 

9712 

9727 

9742 

9757 

44 

1.9848 

9864 

9879 

9894 

9909 

45° 

0.0000 




— 


9409 J 0200 
4181 4461 
6401 6571 
7865 7988 
8960 9056 


9836 

0567 

1194 

1745 

2236 

2680 

3085 

3458 

3804 

4127 

4430 

4716 

4987 

5245 

5491 

5727 

5954 

6172 

6383 

6587 

6785 

6977 

7165 

7348 

7526 

7701 

7873 

8042 

8208 

8371 

8533 

8692 

8850 

9006 

9161 

9315 

9468 

9621 

9772 

9924 


9915 

0633 

1252 

1797 

2282 


0870 1450 
4725 4973 
6736 6894 
8107 8223 
9150 9241 

9992J 0068 
0699 0764 
1310 1367 
1848 1898 
2328 2374 


7719 7736 7753 
7890 7907 7924 
8059 8075 8092 
8224 8241 8257 
8388 8404 8420 


8549 

8708 

8865 

9022 

9176 

9330 

9483 

9636 

9788 

9939 


8565 

8724 

8881 

9037 

9192 

9346 

9499 

9651 

9803 

9955 


8581 

8740 

8897 

9053 

9207 

9361 

9514 

9666 

9818 

9970 


.1 

B 


•9 

1 



- OO 

90 ° 

1962 2.2419 

89 

5208 

5431 

88 

7046 

7194 

87 

8336 

8446 

86 

9331 2.9420 

85 

0143 

1.0216 

84 

0828 

0891 

83 

1423 

1478 

82 

1948 

1997 

81 

2419 

1.2463 

80 ° 

2846 

2887 

79 

3237 

3275 

78 

3599 

3634 

77 

3935 

3968 

76 

4250 

4281 

75 

4546 

4575 

74 

4826 

4853 

73 

5092 

5118 

72 

5345 

5370 

71 

5587 

1.5611 

70 ° 

5819 

5842 

69 

6042 

6064 

68 

6257 

6279 

67 

6465 

6486 

66 

6667 

6687 

65 

6863 

6882 

64 

7053 

7072 

63 

7238 

7257 

62 

7420 

7438 

61 

7597 

17614 

60 ° 

7771 

7788 

59 

7941 

7958 

58 

8109 

8125 

57 

8274 

8290 

56 

8436 

8452 

55 

8597 

8613 

54 

875S 

8771 

53 

8912 

8928 

52 

9068 

9084 

51 

9223 T.9238 

50 ° 

9376 

9392 

49 

9529 

9544 

48 

9681 

9697 

47 

9833 T.9848 

46 

9985f0.0000 

45 ° 


Do not interpolate in the first three lines. 
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Log Tan 


Log Cota 



45° 

0.0000 

0015 

0030 

0045 

0061 

46 

0152 

0167 

0182 

0197 

0212 

47 

0303 

0319 

0334 

0349 

0364 

48 

0456 

0471 

0486 

0 S01 

0517 

49 

0608 

0624 

0639 

0654 

0670 

50° 

0.0762 

0777 

0793 

0808 

0824 

51 

0916 

0932 

0947 

0963 

0978 

52 

1072 

1088 

1103 

1119 

1135 

53 

1229 

1245 

1260 

1276 

1292 

54 

1387 

1403 

1419 

1435 

1451 

55 

1548 

1S64 

1580 

1596 

1612 

56 

1710 

1726 

1743 

1759 

1776 

57 

1875 

1891 

1908 

1925 

1941 

58 

2042 

2059 

2076 

2093 

2110 

59 

2212 

2229 

2247 

2264 

2281 

60° 

0.2386 

2403 

2421 

2438 

2456 

61 

2562 

2S80 

2598 

2616 

2634 

62 

2743 

2762 

2780 

2798 

2817 

63 

2928 

2947 

2966 

2985 

3004 

64 

3118 

3137 

3157 

3176 

3196 

65 

3313 

3333 

3353 

3373 

3393 

66 

3514 

3535 

3S5S 

3576 

3596 

67 

3721 

3743 

3764 

3785 

3806 

68 

3936 

3958 

3980 

4002 

4024 

69 

4158 

4181 

4204 

4227 

4250 


0.4389 

4413 

4437 

4461 

4484 

71 

4630 

4655 

4680 

4705 

4730 

72 

4882 

4908 

4934 

4960 

4986 

73 

5147 

5174 

5201 

5229 

5256 

74 

542S 

5454 

5483 

5512 

5S41 

75 

5719 

5750 

5780 

5811 

5842 

76 

6032 

6065 

6097 

6130 

6163 

77 

6366 

6401 

6436 

6471 

6507 

78 

6725 

6763 

6800. 6838 

6877 

79 

7113 

7154 

719S 

7236 

7278 

80° 

0.7537 

7581 

7626 

7672 

7718 

81 

8003 

8052 

8102 

8152 

8203 

82 

8522 

8S77 

8633 

8690 

8748 

83 

9109 

9172 

9236 

9301 

9367 

84 

0.9784 

9857 9932J0008 

0085 

85 

1.0580 

0669 

0759 

0850 

0944 

86 

1554 

1664 

1777 

1893 

2012 

87 

2806 

2954 

3106 

3264 

3429 

88 

4569 

4792 

5027 

5275 

5539 

89 

90° 

1,7581 

00 

8038 

8550 

9130 9800 h 


0076 
0228 
0379 
OS 32 
0685 

0839 

0994 

1150 

1308 

1467 

1629 

1792 

1958 

2127 

2299 

2474 

26S2 

283S 

3023 

3215 

3413 

3617 

3828 

4046 

4273 

4509 

4755 

5013 

5284 

5570 

5873 

6196 

6542 

6915 

7320 

7764 

8255 

8806 

9433 

0164 


0.0000 

0091 0106 0121 0136 0152 

0243 0258 0273 0288 0303 

0395 0410 0425 0440 0456 

0547 0562 0578 0593 0608 

0700 0716 0731 0746 0.0762 

0854 0870 0885 0901 0916 

1010 1025 1041 1056 1072 

1166 1182 1197 1213 1229 

1324 1340 1356 1371 1387 

1483 1499 1516 1532 1548 

1645 1661 1677 1694 1710 

1809 1825 1842 1858 1875 

1975 1992 2008 2025 2042 

2144 2161 2178 2195 2212 

2316 2333 2351 2368 0.2386 


2491 

2670 

2854 

3042 

3235 

3433 

3638 

3849 

4068 

4296 

4533 

4780 

5039 

5312 

5600 


2509 

2689 

2872 

3061 

32S4 

3453 

3659 

3871 

4091 

4319 

4557 

4805 

5066 

5340 

5629 


2527 

2707 

2891 

3080 

3274 


254S 

2725 

2910 

3099 

3294 


2562 

2743 

2928 

3118 

3313 


5905 5936 
6230 6264 
6578 6615 
6954 6994 
7363 7406 


7811 

8307 

866S 

9501 

0244 


7858 

8360 

8924 

9570 

0326 


1138 1238 
2261 2391 
3777 3962 
6119 6441 
1561 2810 


3473 3494 3514 

3679 3700 3721 

3892 3914 3936 

4113 4136 4158 

4342 4366 0.4389 

4581 4606 4630 

4831 4857 4882 

5093 5120 5147 

5368 5397 5425 

5659 S689 5719 

5968 6000 6032 

6298 6332 6366 

6651 6688 6725 

7033 7073 7113 

7449 7493 0.7S37 

7906 7954 8003 

8413 8467 8522 

8985 9046 9109 

9640 9711 0.9784 
M09 0494 1.0580 

1341 1446 1554 

2525 2663 2806 

4155 43S7 4569 

6789 7167 1.7S81 
4571 7581 eo 


44 

43 

42 

41 

40 ° 

39 

38 

37 

36 

35 

34 

33 

32 

31 

30 ° 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 ° 

19 

18 

17 

16 

IS 

14 

13 

12 

11 

10 ° 

9 

8 

7 

6 

5 


Do not interpolate in the last throe linos. 



INDEX 


A 

Abscissa, 56 

Accuracy, of computation, 37 
of five-place tables, 37 
Addition formulas, 95, 101 
Ambiguous case, plane triangle, 121 
Amplitude, 88, 160 
Angle, 54, 55 

defined, as rotation of ray, 54 
in standard position, 59 
of depression, 42 
of elevation, 42 
subtended by a line, 43 
Antilogarithm, 169 
Arc length, 81 

Area, of oblique triangles, 120, 128, 134, 
137 

of regular polygons, 51 
Argument, 160 
Axis, of imaginaries, 159 
of reals, 159 

B 

Basic trigonometric functions, 8 
Bearing, 43 

0 

Central angle of a circle, 81 
Characteristic, 171 
rules for determining, 172, 173 
Circle unit, 61 
Circular arc, length of, 81 
Clausen’s formula, 149 
Co-function, 19 
Cologarithm, 177 
Complex numbers, 156 
conjugate, 157 

graphical representation of, 158 


Complex numbers, multiplication of, 
157, 161 

operations involving, 157 
polar form of, 159 
powers and roots of, 165 
pure imaginary, 156 
quotient of, 163 

Computation, suggestion for, 177 
Conversion formulas, 107 
Coordinates, rectangular, 55, 56 
Cosecant defined, 8, 57 
Cosine defined, 5 

Cosines, law of, for plane triangles, 129 
Cotangent defined, 8, 57 
Course, 43 

D 

Degree, 54 

DeMoivre’s theorem, 162 
Depression, angle of, 42 
Directed line segments, 62 
Direction of an object, 43 
Distance, 57, 99, 100 
Double-angle formulas, 103 

E 

Elevation, angle of, 42 

F 

Forms, directions for making, 40 118 
177, 178 

Formulas, addition, 95, 101 
conversion, 107 
for double angles, 103 
for half-angles, 103, 131 
Functions, inverse, 141 
of k 90° ± e, 68 
natural, 33 
reciprocal, 19, 63 
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G 

Graphs, of inverse functions, 142, 143 
of trigonometric functions, 85-93 

H 

Half-angle formulas, 103, 129 
Half line, 54 
Heron’s formula, 134 

I 

Identity, defined, 18 
fundamental, 19, 21, 22 
method of verifying, 22 
Identity forming, 25 
Imaginary numbers, 156 
Interpolation, 174 
Inverse functions, 141 
equations involving, 147, 149 
general value of, 144 
graphs of, 142, 143 
principal value of, 145, 146 

K 

Keuffel & Esser, 37 

L 

Length of circular arc, 81 
Line of sight, 42 
Line values, 62 

Log Log Duplex Trig slide rule, 37 
Logarithms, antilogarithms, 169 
characteristic of, 171-173 
common, 171 
in computation, 176 
defined, 169 
forms for, 118, 177, 178 
laws of, 169 
mantissa of, 172 

M 

Machin’s formula, 149 
Mantissa, 172, 173 
Mil, 183 


Minute, 54 
Modulus, 160 

Mollweide’s equations, 114, 115 

O 

Oblique triangles, 113 
Ordinate, 56 

P 

Parts of triangle, 32 
Period, 86, 87, 89 
Polar form, 159 
Principal values, 145, 146 
Proportional parts, 174 
Pure imaginary numbers, 156 
Pythagorean theorem, 21 
relations derived from, 21, 63 

Q 

Quadrants, 59 

R 

Radian, 80 
Ratio, 3, 4, 5, 8, 57 
Ray, 54 

Reciprocal functions, 19, 63 

Rectilinear figures, 45 

Right triangles, directions for solving. 

40 

Rotation, positive and negative, 55 

S 

Secant defined, 8, 57 
Second defined, 54 
Sine defined, 5 

Sines, law of, for plane triangles, 114 

Slide rule, 36 
Standard position, 59 
Subtraction formulas, 97, 101 

T 

Tables, of common logarithms, 189 
of natural functions, 33 
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Tables, of trigonometric functions, 193 
Tangent defined, 4 
Tangents, law of, 125 
Triangle, area of, 120, 128, 134, 137 
oblique, 113 
plane, cases of, 118 
right, 32 

solution of, 32, 40 

Trigonometric equations, 71, 150, 152 
Trigonometric functions, basic, 8 
as ratios, 4, 5, 8, 57 
definitions of, 4, 5, 8, 57 
of 45°, 30°, 60°, 0°, 90°, 10 


Trigonometric functions, inverse, 141 
of special angles, 60 
table of values of, 33, 38 
True bearing, 43 
True course, 43 

U 

Unit circle, 61 

V 

Vectors, 74-79 




ANSWERS 


o „ §2. Pages 6 to 8 

h A, I 

2. sin /!:$,■&, 2/\Zl3; cos A: -j-|, 3/\/l3 

3. Fig. 7: $, ■£; Fig. 8: tt, V-; Fig. 9: 3/V^, 2/\/l3, I 

4. Fig. W: 5, i £, Fig. 11: 3, l/\/Io, 3/\A_0, £; Fig. 12: 8, -fr, 

5 ‘ A, H, itt 6 . V5/3, 2/V5 

8 . 2 V3/2, 2 \/2 

10. 555 ft. 

12. 225 ft. 


7* T^r, TT 

9. o/Va 1 + 6*, fc/Va^+ 6 s , a/6 
11. 6&ft. 

13. 1120 ft. 


§3. Pages 9,10 

1 ^ S/x/Ji, f, etc.; Fig. 19: if f, etc.; Fig. 20:2/V?, 1/Vi' 

S. Fig- 21: 1/Vi, 2/Vi, i, etc.; Fig. 22: «, «, ft, etc.; Fig. 23: l/V*. 
1/V2, 1, etc. ' v ’ 

(a) £, 4, etc. 

(&) TT» it, etc. 

(c) V3/2, i, V3, etc. 

o' (6) 12; <c) 6; <rf) 96; < e > 16 ; (/) 18 

*• 396 ft - 10. 45 ft. 

§4. Page 12 

2 A^'!: el r h ^ n r 1/V5 - V5/2, *• VV3. etc. 

3 o Vn . ! ? c /v ? : <c) v Vi; W < 4 Vi - l)/2 Vi 

’*> °> etc.; 1, 0, undefined, etc. 6. Not true 
• 1floo, 1000 , etc.; 1 1000 , etc.; 0.000291, 1, 0.000291, etc. 

§6. Pages 14 to 16 

2- \/3/2, v^, etc. 3 s/ A /^* 5 , 

4.50:25 K _s a 'V29, *, \/29/2, etc. 

7 ( n \ 5 * T* 7 8. -V- 

«* (a) cosecant, cotangent; (6) tangent, secant 

rJr'.ttJi *“ °‘ - * ~ - 1. * *>• = ,; cos 90. 

Mi 52; 65; 169 54 °° St *' , 1S - «00«,,. rods 

«--a : F-21;c-20; <i -48 i ..^ 5272,t - 
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§6. Pages 16,17 

i- A; A; t; I; V; Y 2 . e/Vel; s/Vel; \/6i/6 

3. (a) (6) £ \/3; (c) \/3; (<f) 1; (e) \/2; (/) I \/3 

4. 35T 6. ^ 

6. (a) No; (6) yes; (c) 0 ^ x < 45°; (d) 45° < x < 90°; (e) no 

7. (a) No; (6) no; (c) no; (d) yes; (e) yes; (/) no 

8 - 30, 78 9. 36.764; 107.46 

10. 10 y/Z; 7.00 y/l 11. 48.40 ft. 12. 64; 48 

§9. Pages 20, 21 

1. (a) cos 15°; (6) sin 3°; (c) cot 30'; (d) esc 40°40'; (e) tan 44°10'; (/) sec 19°39'44" 

2. (a) 10°; ( b ) 9°; (c) 4°; (d) 3°; (e) 6°; (/) 11° 

3. (a) 1; ( b ) 1; (c) sec 0; (c?) cot 0; (e) esc 0; (/) esc 0; (g) sin 0; (h) sec 0 

4. (a) cos 0; (6) 4 sin 0; (c) 6 sec 0; ( d ) cos 0; (e) 3; (/) 2 esc 0 

§10. Page 22 

1. (a) cos 2 /3; (6) sin J /3; (c) tan s /3; (c/) 1; (c) — cot s /3; (/) 1; (<7) 1; ( h ) — sin 1 0 tan* 0 

2. (a) 1; ( b ) 1; (c) cot 1 (d) sec esc *>; (e) 1; (/) 1 


§12. Pages 26 to 29 


, (/ owl /l ocv/ /1 1 . , . ix 

2. (a) sin A =---:— -—; (6) ?c l sin A (cos A + sin A tan A) 

c (cos A + sin A tan A) .. 

= 5 c 1 sin A sec A 

3. sin A = tan A/sec A; cos A =l/sccA;cotA = 1 /tan A; esc A = sec A/tan A; 
1 + tan 1 A = sec 1 A 

4. sin A = 1/csc A; cos A = cot A/csc A; tan A = 1 /cot A; sec A = esc A/cot A; 
1 + cot 1 A 1 = esc 1 A 

6 . sin A = tan A /\/1 + tan 1 A; cos A = \/y /1 + tan 1 A; cot A = 1 /tan A. 
sec A = \/1 + tan 1 A; esc A = y /1 + tan 1 A/tan A 

6. cos A = \/1 — sin 1 A; tan A = sin A/\/1 — sin 1 A;cot A = \/1 — sin 1 A/ 
sin A 

sec A = l/yT — sin 1 A; esc A = 1 /sin A 

7 . 7 n = d cos 0 ; n = d sin 0 ; p = cos <p; q = d sin 

10. A27 = a sin 20; BC = a cos 0; BD = a; AD = 2a sin 0 

11. -jo* cos 0 sec sin (0 + <p) = cos 0 ( sin 0 + cos 0 tan *) 

12. sin (A + 5) = sin A cos 5 + cos A sin 5 

13. cos (A + B) = cos A cos B - sin A sin B 

14. 4(865) J (1 + tan 30° cot 40°) tan 30° 

16. ( 6 ) 2 sin 64° 

§13. Pages 30, 31 




4. 

6 . 


esc A; cos A; tan A; cot A; si n A _ 

\/l — cos 1 A; \/l — cos 1 A/cos A; 1/cos A ; \/y/\— cos 1 A 

1 /sec A; \/scc 1 A^l; sec A / y/Bcc^A~—~l 

sin A, 1/cscA; cos A, 1/sec A; tan A, 1/cot A; sin A = cos (90 
cos A - sin (90° - A); tan A - cot (90° - A) 


O 
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6 . (a) 5; (6) 1; (c) 1; (d) —sin 5 B 8. (a) 20°; (6) 45° 

9. x = m cos A; y = m sin A ; z = m sin A tan A ; w = m tan A; ^m 5 (cos A 
+ sin A tan A) sin A = jm* tan A 
10. m sec A sec fi sec C 11. m tan A sec £ sin C 

12. (a) sin 48° sec 58° sin 38° esc 40*° 

(6) sin 48° sec 58° sin 38° ccs 40° cos 12° esc 38° 


§14. Pages 35, 36 


2. c = 12.52; b = 7.54 3. a = 7.88; b = 6.16 4. a = 49.3; c = 112.4 

6. 5 = 1.132; c = 2.30 6. a « 1.355; c = 3.38 7. a = 1.409; b = 2.92 


8. a = 7.65; b = 6.12 

11. A = 30°; 6 - 1.732; B = 60° 
13. A = 74°; B = 16°; a = 19.22 

16. A = 44.2°; £ = 45.8°; c =4.19 

17. 5840 ft. 18. 19.7 ft. 

21.113.2 ft. 22. 483 yd. 


9. b = 7.20; c = 10.85 

12. A = 26°; B = 64°; b = 8.99 
14. A = 15°; B = 75°; c = 207 
16. A = 21.4°; B = 68.6°; c = 5.10 
19. 10.45 ft. 20. 35.5°; 54.5° 

23. 105.8 ft. 24. 191 ft. 


§17. Page 39 


2. 9.93542 - 10 
6. 9.95656 - 10 

10. 9.98988 - 10 
14. 9.5972 - 10 


2 . 6 ° 8 ' 8 " 

6. 80 o 31'59" 
10. 52°8'53 ,/ 
14. 70.93° 


3. 9.17665 - 10 
7. 9.56544 - 10 
11. 9.9314 - 10 
16. 9.9718 - 10 


3. 44°12'7" 
7. 52°16'58" 
11. 25.97° 

15. 11.43° 


4. 

9.73470 - 

- 10 

8. 

0.55211 


12. 

9.9622 - 

10 

16. 

9.8468 - 

10 

4. 

7°43'44" 


8. 

53°57 , 31 // 


12. 

80.19° 


16. 

9.68° 



§18. Page 40 


1. 9.80599 - 10 
6. 9.93499 - 10 
9. 0.82153 

13. 0.8219 - 10 


1. 11°54'31" 
6. 33°29'52' / 
9. 6°2'27" 
13. 19.19° 


1. a = 10.368 
c = 17.964 
B - 54°45'00" 
4. A = 74°09'05" 
B = 15°50'55" 
c = 9.0220 
7. B = 13°23 , 30 ,, 
6 = 22.755 
A = 76°36'30" 
10. A a 29°38'29" 
c = 6.6550 
B » 60°2r31" 
13. a = 12.0 
B - 53.8° 
c - 20.3 
16. A - 69.3° 

B = 20.7 
b = 37.0 


§19. Page 42 

2. a = 5.9407 
b = 2.0205 
A = 71°13'00" 
6. a = 388.26 
6 = 548.90 
B = 54°43 / 35" 
8. b = 18.168 
c = 39.809 
A = 62°50'46 ,/ 

11. b = 17.595 
c = 74.247 
B = 13°42 , 28 ,/ 

14. a = 6.05 
6 = 2.13 
A = 70.6° 

17. 5 = 19.0 
c = 40.0 
A = 61.6° 


3. b = 810.78 
A = 47°31'32 / ' 
B = 42°28'28" 
6. A = 58°26'54 ,/ 
B = 31°33'06" 
c = 757.27 
9. o = 17.349 
b = 17.854 
B = 45°49'22" 

12. a = 193.55 
6 “ 1660.9 
A = 6°38 / 49 // 

15. A = 64.6° 

B = 25.4° 
c = 71.4 

18. b « 20.6 
c = 75.3 
B = 16.9° 
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19. a 

b 

B 

22. A 
B 


G2.53 

28.56 

24°33' 

28°42' 

61°18' 

56.51 


20. b = 
c = 
A = 
23. a = 

b = 
B = 


438.9 

584.7 

41*21' 

0.2488 

0.6526 

69°8' 


21 a = 

c = 
B = 
24. A = 
B = 
b = 


217,300 

224,600 

14*38' 

37*34' 

52*26' 

0.5481 


§20. Pages 43, 44 


1. 60° or N. 60° E.; 140° or S. 40° E.; 227* or S. 47° W.; 270* or N. 90° W.; 337* 
or N. 23° W. 

2. 26.6°; 12,060 ft. 3. y = 9.54 mi; x = 15.27 mi. 

4. 1020 ft. 6. 272 ft. 6. 1143 ft. 

7. 123.8 mi. 8. ytsu 9. 2470 ft. 

10. (a) 80 mi.; (6) 140 mi. 


§21. Pages 46 to 61 


1. 347 ft. 2. 80.6 mi.; 139.2* 

3. 276 ft. 4. 48.8 ft. 6. 34.2 ft. 

6. 3.96 mi.; 7.82 mi. 7. 24,099 sq. ft. 

8. (a) 20 min. after 1st obs., 20,400 ft.; (b) 1 hr. 5 min. after 2d obs. 

9. 708 ft., 864 ft., 246 ft. 10. 10,910 ft. 

11. 4880 cu. yd. 12. 4465 ft. 13. 89.3 ft. 

14. 28.2° 15. 970 ft.; 654 ft.; 2.95°; 8.85' 

16.14.4 ft. 17. 39.8 mi.; 20.6 mi. 18. 7.87 mi. 

19. 140 ft.; 177 ft. 20. 284 ft.; 291 ft. 

24. 150 mi.; 240 mi. 26. 4660 ft. 26. 179 ft. 

§22. Pages 61 to 63 

1. (a) 9.71926 - 10; (6) 9.85153 - 10; (c) 0.4024; ( d) 9.82213 - 10 

2. (a) 16°49'30"; (b ) 64“9'2"; (c) 62.23°; ( d) 74.9° 

3. a = 85.5; A = 51.8°; c = 108.8 

4 . A = 27°49'48"; c = 779.63; B = 62°10'12" 

6. (a) 50°; 205°; 329° 

6. x = m tan .4 sec* A; y - m tan* .4 sec A 

7. h = 683 sin 25° esc 15° sin 40° 

8. 962.3 ft. 9. 69.76 ft. 1°- 42.64 mi. 

11. 142.5 ft.; 128 ft. 


26. 179 ft. 


10. 42.64 mi. 


§24. Page 66 

2 7 3. | right angles clockwise 

4 ^ 6. 24 right angles 

6. (a) 1; (6) 2i; (c) 8|; ( d ) 8000; (e) rh; (/) TTTSo 


§25. Page 57 


3. (a) j-f, tV. etc.; (b) 


x 

-» etc. 


*. vu, rs» is, is, — v*’ + V' y 

4 . (a) On a line parallel to y-axis and 3 units to left of it 
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6. (a) I; (6) II; (c) IV; (d) III 


6 . 0 ; 0 

7. (a) pos. I, II; neg. Ill, IV 

8 . 7*sq. units; 23 sq. units; 23 sq. units 9. (6, —1) 

§26. Page 69 

1- it, —&» -V-, etc. 2. -|, etc. 

3. (a) sin 0 = f, cos 9 - tan 9 = f, etc. 

(c) sin 0 = cos 9 = -■&, tan 9 = V', etc. 

(e) sin 9 = —tj-, cos 0 = -yy, tan 0 = — etc. 


(?) sin 0 = 



cos 0 = ——i tan 0 = —t, etc. 
13 Vl3 


(t) sin 0 = 0, cos 0 = -1, tan 0 = 0 
4. (a) I, II; (d) II, IV 6. (a) II; (d) HI 

6. (a) sin 0 = -§; tan 0 = -f; etc. 

(6) sin 0 = y§; cos 0 = —etc. 

(c) cos 0 = -U; tan 0 = ^; etc. 

(d) sin 0 = -y; cos 0 = tan 0 = etc. 

(e) sin 0 = ; cos 0 = —-j-y-; tan 0 = y^-, etc. 

(/) sin 0 = ff; cos 0 = —tan 0 = —etc. 

7 - _¥ *• 3 9 - -n, a 

§27. Pages 60, 61 

“*> — T \/3> £ V^i etc. 

2. (a) 1, 0, ind, etc.; (6) £ \/2, \/2, -1, etc. 

(c) -1, 0, ind, etc.; (d) £ \/3, ~h \Zs, etc. 

(e) \ \/3, \/3 

“1? 1» V3, \/3i -1 

4. W 30®, 150®; (6) 210®, 330®; (c) 30®, 210"; « 150", 330"; (c) 45", 315"; </) 135". 
6 ‘ «) 90®,* 270®f« O-.Tm® 80 " W 9 °” 27 °” ; W °°' 18 °° ; W 270 ° : fe) 9 °" 27 °" 

8- 2 7.Wi(V3+2);(l]V2+J;( t )};M4 S. 1 

§28. Page 63 

1. UD - cos 0 is negative in quadrants II and III 
4. tan 90° does not exist; when 0 = 0°, BC || OG 


§30. Page 61 

1. sin 40°, - cos 40°, - tan ^r&U^2. 

3® (a) - sin 63°, - cos 63V- tanG3°Tet$ 
(d) sin 10°, - cos 10°, - WlOV^tc. 

(A) sin 70°, - cos 70°, - tan 70°, etc. 


sin 35°, cos 35°, - tan 35°, etc. 


§31. Pages 67, 68 

l' *' 1 * Yi’ ^ ^ 2. - V3; 


-i \/3; -1 V3; 2 
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§32. Pages 70, 71 


1. (a) — cos 10°, — sin 80° 

(c) — cot 20°, — tan 70° 

(e) tan 80°, cot 10° 

( g ) — sec 20°, —esc 70° 

(0 cos 80 s , sin 10 ° 

2 . (a) — cos 0; ( b ) — cos 0; ( c ) tan 0; 

( h ) sin 0; (i) — cot 0 

3. (a) 0.9839; —0.1788; —5.5026 
(c) 0.2957; 0.9553; 0.3096 

(e) 0.3486; -0.9373; -0.3719 


(6) — tan 70°, — cot 20° 

( d ) — sin 20°, — cos 70° 

(/) — sin 60°, — cos 30° 

( h ) — esc 40°, — sec 50° 

— esc 0; ( e ) tan 0; (/) — esc 0; (g ) — sin 0; 

X 

% 

( b ) -0.5821; 0.8131; -0.7159 
(rf) -0.9385; -0.3453; 2.7 9 
(/) 0.3371; 0.9415; 0.3581 


4. yes 6. -i V&; -£; \/s 6. £ >/3; VJ: ~ V3; i 

7. -*; -i \/3; -7 V3; 2 8. I V8; V* 


10. sin (180° - .4) = sin A; cos (180° - A) = - cos .4 

11. tan (180° + A) = tan .4; sec (180° + A) = — sec A 

cot (180° + -4) = cot .4; esc (180° + *4) = - esc A 

12. tan (270° + .4) = — cot .4; sec (270° + A) — esc A 

cot (270° + .4) = — tan A; esc (270° -f .4) = — sec A 

13. The rule sin (90° + .4) = — cos .4 is valid only if .4 is a positive acute angle 
and does not hold generally when .4 > 90°. Moreover 0 = 100 + 90 is a 
third-quadrant angle and .*. sin 0 is negative whereas - cos 100° is positive. 
Hence sin (90° + 100°) ^ - cos 100° 

14. (a) 3; (6) esc* 0; (c) 1 


1. 30°; 150° 

4. 30°; 150°; 210°; 330° 

7. 45°; 135°; 225°; 315° 

10. 30°; 150°; 270° 

13. 60°; 300°; 109.5°; 250.5 
16. 30°; 150°; 270° 

18. 135°; 315°; 56.3°; 236.3 
20. 90°; 270°; 60°; 300° 

23. 36.9° 


§33. Page 72 

2. 30°; 150°; 210°; 330° 
6 . 30°; 150°; 210°; 330° 

8 . 45°; 135°; 225°; 315° 

11. 60°; 120°; 240°; 300° 

- 14. 30°; 150 


3. 45°; 135°; 225°; 315° 

6 . 30°; 150°; 210°; 330° 

9. 45°; 135°; 225°; 315° 

12. 0°;180°;60°;300°;360 

17. 0°; 60°; 300°; 360° 


6 . None 

19. 14.5°; 165.5° 

^ 450 22. 135° 

A. x = 0°: 360° 26. 0 °; 292.6°; 360 


§34. Pages 72, 73 

1 w -hi VS; -* VS:I VS <W 0: -i;»; -i 

(c) b -* VS; -* V3; -* VS » “ nd: und 

I! sine, cosine, secant, cosecant; sine, cosecant, tangent, cotangent; 8l ne, cosecant 

6. sine, cosine; tangent, cotangent 

e. - tan 9; - sin 0; cos 9; - sec - cot » 

7. - cos 16*; cot 22°; - cos tO ; -i _ 24 345 * 

lJ; <„) —0.9934; (5) -0.59230; (c) -1.5258 ^ 5 
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§36. Pages 76, 77 

1. 6 y/2; N. 45° E. 2. 5.00; 53.1° 3. 14.48; 45° 

4. (a) 6 y/2, 45°; (b) 10.00, -36.9°; (c) 5.00, -36.9°; (d) 5 y/2, 225°; (e) 7.90, 
30.4°; (/) 6.32, 71.6° 

6 . (a) 11.95; (6) 6.90 6. 20 y/2 ; 225° 7. 24.14 E. 

8 . (a) 31.3 mi./hr.; (6) 18.7 mi./hr.; (c) 25.9 mi./hr.; 75.9° with dir. of current 

9. 123.1 mi./hr.; 35.1° with dir. of wind 

10. 255 mi./hr.; N. 6.4° E. 

11. 43.9 lb.; N. 30.1° E. 12. 55.7 lb.; N. 61.2° E. 

13. 27.2 lb.; N. 34.8° E. 14. 52.4 lb.; N. 58.9° E. 

16. 108.7 lb.; N. 38.4° W. 16. 100.8 lb.; 259.6° 


1. 34; 34 y/z 

2. (o) 24 y/z, 24 
(6) -24 y/z, 24 
(c) 640 y/z, -640 

id) -143 y/z, -143 
(e) -768.6, -2112 


§36. Pages 78, 79 

3. (a) 43 y/2 N., 43 y/2 E. 
(6) 43 y/2 S., 43 y/2 W. 

(c) 65.9 S., 55.3 WE. 

(d) 80.8 N., 29.4 W. 


4. 4 y/2 mi./hr. W.; 4 y/2 mi./hr. S. 

6 . 43.3 mi./hr.; 43.3 y/z mi./hr. 

6 . -93.1 lb.; -73.1 lb.; 118.3 lb., 218.1° 

8 . -96.6 lb., 131.5 lb.; 163.2 lb., 126.3° 

9. 89.2 lb.; 230.1° 10. 2926 lb.; 98.3° 

11. (a) 95.2 lb., 39.9°; (6) 161.7 lb., 67.4°; (c) 201 lb., 33.6°; (d) 0 lb. 


7. 8.0 lb.; 54 \/Z lb.; 93.8 lb.; 85.1 


§3B. Page 81 

J' <6) ^* rJ (c) (rf) x; W (/) ig) ih) -Y*; it) $r 

2- (a) 60 ; ( 6 ) 135°; (c) 2.5°; (d) 210°; (e) 1200°; (/) 176.40° 

4. (a) 6°44'; (6) 143°15'; (c) 91°40'; (d) 343°46' 

6 - (“) l ~~2< W \ W 4.- 5 ; W) (e) 13,, ^ 

«• Mi V~i; (6) i Vi; (0 i Vi; W Vi; <«) 1; (/) -i : (<,) i Vi; (A) 

§39. Pages 83 to 85 

2 * ? n r ^ a “ ; i 6 ! 1 radian ; w i radian ; (d) fc/600 radians 

2. (a) 10 ft.; ( 6 ) 350 ft.; (c) 33^; (d) 150r ft.; (c) 3.20 ft. 

76 yd* g t 

8* 26,9 radianS per 8eCOnd !* 69 - 088 milcs > 932.71 miles 

10. 1760 radians per minute 

12. 589 ft. 13. 21 ft., 200 ft. 

16. 7.62 miles 


- 2 ; 


9. 62.9 radians per second 
11. 222.67.ft,, 4583.8 ft. 

14. 250 ft. 16. Yes 

17. 75.2 miles 


1. 2r 


§41. Pages 87, 88 


3 . 


2 . 2x 
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§42. Page 89 

3. bl 12 

4. (a) b, 4; (b) b, 3; (c) n, 6 ; (d) b, 2 


6 . 7 r; 3 


1. 2tt 


6 . 7r; 3 


§43. Page 90 


2. 2t 


_ 2tt 

12. ^^sec.; 110 volts 


3. (a) 2tt; (6 ) 2*-; (c) 2*-; (d) 2r 


§46. Page 93 

1 . -J 7 T 2. 77 T 3. An infinite number 4. 2 

6 . Because for each function y is undefined for certain values of x 

6 . 2 tt; b\ b', b\ ib r 

§46. Page 94 

1 . (a) b', (&) b', (c) bi (d) b 

2. (a) 0.49 radian; (b) 0.64 radian; (c) 2.68 radians 

3. (a) 27.00°; ( b) 89.38°; (c) 146.10° 

4. 446.3 ft.; 38°46' 6 . 3327 ft. 

§48. Pages 97 to 99 

1 . f(l + v'lo), i(4 V* - \/5) 

3. 1 \/2 (V bkM, i V* (\/3 - 1), etc. 

4. f\/2 (\/3 + 1), etc. 

6.0 6 .|| . 7. M 

9. sin 2A — 2 sin A cos A, cos 2 A = cos* A — sin* A . 

11 . (a) sin y, - cos y; ( 6 ) - sin y, - cos y; (c) cos y, - sin y; (d)_ - cos y, sin y; 

(e) - sin y, cos y; (/) 7 \/3 cos y - £ sin y, £ cos y + £ V 3 sin y 

16 . _L_ (V3 + -s/2) 16 ' 6in * 

2 v 3 

18. (a) cos 5x; (b) cos x; (c) sin 20°; ( d ) - sm 45°; (e) 1 

23. (a) 4 sin (0 + 30°); (6) a V2 sin (0 + 45°); (c) sin (0 + 45°); 

(d) 2 \/3 sin (0 + 330°); (e) 5 sin (0 + 53°8'); (/) 2 sin (0 + 315 ) 

§60. Page 102 

3 + Vs 2 . -H; -H; -H 

3 - \/3 

4- M; 6 * 

16. (a)’tan 5x ; (6) tan 3x; (c) tan 2x; (d) tan 2x 

§61. Pages 104 to 106 

1 . -U, A; A Vio;A Vft 3 


1 . - 


6 . 3 


>. i vwi; i V2“+vi 3 - - u * 1 A: _TW 

- - 4 tan x - 4 tan 3 x 

0 . ± (4 sin x - 8 sin* x) V 1 “ 8in * x> 1 _ 6 tan* x + tan 4 x 
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13. £(\/5 — 1) 23. 30°; 90°: 150°; 270° 

24. 60°; 180°; 300° 26. 90°; 120°: 240°; 270° 

26. 0°; 90°; 180°; 270°; 60°; 120°; 240°; 300 

27. 30°; 150°; 210°; 330° 28. 51°19'; 308°41'; 180° 

§62. Pages 109, 110 , 

1. (a) 2 lb 30” cos 5•; (<:) 2 cos 45” cos 20”; (a) 2 cos 3i cos x; (g) 2 sin 2s: cos x 

2- (a »(sin 10x - sin 4x) (6) 2(cos lOx + cos 4x) 

C S .“ 13 * - Sin 9 * (<*) §<«>s 5x + cos x) 

W T (sm 22x - sin 2x) (/) ifsin lSx + sin 7x) 

3. t(sm 14x + sin 2i - sin 8x -f sin 4x) 

4. (a) i(cos 9x + cos x — cos 15x — cos 5x) 

(i>) i(cos 9x + cos 5x — cos 13x — cos x) 

6. 2 sin [45° + £(x - j/)] cos (-45° -j- £(x -f «)] 

6 . 2 cos [45° + $(x - j/)] sin (-45° + £(x -f ?/)] 

30. Sins as . increases from 0” to 90” the expression increases sinusoidally from 


33. 256;4 


36. (a) 


1000 2w 


*■ 10 
o4. — sec.: — 

10 ' x 


1000 


5 X 10« 


sec., —; — sec 

» ’5X10* SeC ’’ 2x 


(x\ T 500 2rr 
W -— sec.,--- 

500 ’ * ' 1.001 X 10 7 


see., 


1001 X 10 7 

%r 


2 - («) TS‘, (6) 0; (c) und. 


4- (a) \ \/2 (\/3 + 1); (6) 1 

1 - V3 


§63. Pages 111, H2 

3 - •&; tV V5; —l 


6- II, III, vi, vir, VIII 

7 (a) 2 oos \ X + t X lL ( o ? (C ° S 6x + COS t*)’’ W 7 (sin 8x - sin 2x) 

12 O 9 - 5X C0S 2X ’ 6 2 8m 41 cos x; (c) ~~ 2 cos 7x sin 3x 

is no':!? 13> °°; 12 o°; 240 ° 14 0 9 - iso 9 

16. 0 ; 90 ; 120°; 180°; 240°; 270* i 6 . 0; 180 9 * 180 

§64. Pages 115 to 117 

1. a =» 25 sin 50° esc 70°; b - 25 sin 60° esc 70° 

S J “ oo 8 “ 7 °° 060 5 °° ; c " 35 sin 60° esc 50° 

3 6 - 4 ^ Sm 10 °° 080 42 ° ; C ° 22 38 ° csc 42° 

*»* «<0V V- 60 sto aS^S-Mo 40® ^ 18 ° 40 ’ rao 30 ° : Ke - 8! 1 - 60 

P “ CSC 30° sS 50° sL 40^Lo°60 9m 5 °° ; * ~ ^ 3 °° 8in 6 °° ““ 800 080 60° 

7 m, B " ® “ 8 . 627; 1 “ 624 ™ 018” - B) eac 62” 

7. [312 am [118 - B)(csc 62")| 485 ain 6?” 
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8 . x = a sin 65° esc 40°; y = a sin 75° esc 40°; x = a esc 0 sin (0 <p) 

y = a esc 0 sin <f> 

9. x = sin 50° esc 60°; z = sin 50° esc 30°; iv = sin 50° esc 70° 
y = sin 1 50° esc 60° esc 70° 


1. 6 = 4.4217; 

2. b = 4382; 

3. a — 895.14; 

4. a = 177.64; 

6 . a = 241.18; 

6 . b = 695.32; 

7. 26,624 ft.; 26,689 ft. 
11. (a) 3.113 

14. 2.385 mi. 


§66. Pages 120, 121 

c = 1.7302; 
c = 6136; 
b = 728.40; 
b = 213.78; 
b = 165.68; 
c = 345.64; 

8 . 590.43 ft. 

12. 345.43 
16. 192.41 ft. 


C = 22°24' 

A = 81°48' 

C = 67°34'31" 
B = 62°19'53" 
C = 68°12'15" 
C = 21°14 , 20" 
9. 73.548 ft. 

13. 2232.2 ft. 


§67. Page 124 


1 . B = 34.10°; C = 87.45°; c = 88.66 
3. Bi = 89°36'00", B 2 = 90°24'00" 

Ci = 36°0'36", Cs = 35 0 12'36" 
c, = 51.528, ct = 50.533 

6 . A i = 134.7°, Ai = 3.1° 

Ci = 24.2°, Cz = 155.8° 
ai = 624, at = 47.5 

7. ai = 167.64, a, = 35.124 

Ai = 81°39'07 / ', Ai = 11°57'49" 

C, = 55°09'21 ,/ , Ci = 124°50'39" 

9 . a = 31.672 
C = 90° 

A = 23°47'50' / 

11. ci = 60.303, ci = 24.561 

Bt = 56°20'08", Bi = \23'W52" 
Ci = 91°21'22" l Ci = 24°01'38" 

13. Bi = 45°23'28", B t = 134°36'32" 
Ai = 99°00'12", Ai = 9°47'08" 
ai = 300.29, at = 51.670 
16. 17,090 


2. No sol. 

4. Bi = 24.9°, Bi = 155.1° 

Ci = 133.9°, Ci = 3.7° 

Ci = 616, Ct = 55.1 
6 . 5, = 51.13°, Bi = 128.87° 

Ci = 87.67°, Ci =9.91° 
ci = 116.8, c 2 = 20.17 
8 . B = 36.4° 

C = 76.1° 
c = 309 

10. B = 26° 12 38" 

C = 117°23'22" 
c = 72.022 

12. c, = 3.7834, cj = 2.1960 

Bi = 79°12'00", Bi = 100°48'00" 
Ci = 46°30'00", Ci = 24°54'00" 

14. Impossible 


17. 47.79° 


§68. Pages 127, 128 


1 . A = 77 . 3 °; 2? = 43.5°; c = 14.98 

3. B = 67°37'44 ,/ 

C = 5r9 , l6" 
a = 220.10 

6. A = 46°49'58 ,/ 

B = 22°29 , 32 ,/ 
c = 45.198 

7. 5119.5 ft. 

12. Not horizontal; 5281.7 ft. 

16. 4064; 165.9° 


2 . A = 86.38°; £ = 30.02°; c = 671 

4 . A = 52°10'33' / 

J? = 17°17'27" 
c = 7.3962 
6 . A = 92°51'28' # 

J? = 22°30'32" 
c = 0.53660 

11. 722.2 ft. 

14. 14.8°; 9.54 mi. 
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1. 3.46 
6. 5.76; 7.88 


§69. Page 129 

2.0.875;29.0° 3.111.8° 

§60. Page 131 


4. 5, 15 


* • Id /($ — c)(s — a) J js(s — b ) , / 

*• sm * B ■ V—^— ; cos - v -UniB =v 

V 


sin 


2- 109.4* 


/(« - <*)(« - &) , „ / 
V—5— : cosiC -v 


s(s — c) 
ab 


tan 


(a - c) (s - q) 
s(s — 6) 

(s - a)(s - b) 
s(s — c) 


1. A = 107.0° 

B = 46.7° 

C « 26.2° 

4. A - 44°42'14" 
B = 49°37'24" 
C = 85°40'18 ,/ 
7. 4 = 28°6'48" 
B = 115°2'0" 
C = 36°51'6" 
9. 80.4° 


§61. Pages 133, 134 

2. A = 27.4° 

£ = 143.2° 

C = 9.6° 

6. A = 27°46'44" 

# - 33°46'54" 

C = 118°26'20" 


3. A = 8°20'0" 

B = 33°39'58" 
c = i38°o'4" 
6. a = 5i°53'i6" 
B = 59°31'48" 
C = 68°35'06" 


10. 46.6' 


14. 7.63 mi.; 9.01 mi. 


1. A = 40°49'36" 

£ = 23°31'24" 
c = 58.413 

4. A = 52°10'33" 

£ = 17°17'27" 
c = 0.073963 

6. B, = 56°56'53" 

C, = 90°45'7" 
cj = 58.456 

7. AC - 1474.0 ft., BC 


8. A = 45°37'16" 
= 75°19'32" 
C = 59°3'10" 
11. 106.1° 


16. 305.7°; 67.7° 

§62. Pages 136 to 139 
2. A - 41°47'48" 


13. 72.6' 


18. 496 ft. 


10. 722 


3. C = 69°13'45" 

B = 54°20'12" 6 = 462.76 

C - 83°52'10" c = 499.00 

6. A = 46°56'20" 

£ = 57°I1'04" 

C = 75°52'28" 

Bi = 123°3'7" 

C, = 24°38'53" 
cj = 24.381 
8. 6330 ft. 

12. 52.431 


1252.7 ft. 


9 Ri° 

1. ™,* RA1 . Q 12. 52.431 14.373 ft. 

18 « ft * 1 6 ?‘ 6 16- 6463 0 ft ‘ 17 ‘ 220 ft . 

30 £?» l 2 5- 2588 ft - «• » ft 33. mo yd »: SsVd 
« pb “ d “ e n ° rth 0f A; 19 0 !t - when north of B, 7.7° NE 
*!• i B - ^33-68 yd.; PA - 140.89 yd.; PC - 734.08 yd. 

36. See Exercise 35 

§63. Page 140 

2 . 10 


4 . 27°48'18"; tan - B 

mt 


rh :ton 5 c 


(4 - Q)(« - 6) (* - C ) 


3 * ( 18 )> S 58 ; (*>) (32) to (35), §60 

~ c ' where • - 5 (a + b + c) and 


a 
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6. 83' 


6. V5I; sin B = 


8. 103 ft. 


9. 4.7' 


10. 87.1 


11. 152 


1. 30°, 150° 
4. 60°, 240° 
7. 135°, 225° 
10. 210°, 330° 


§64. Page 142 

2. 60°, 120° 

6. 135°, 315° 

8. 45°, 315° 

11. 60°, 120° 

§66. Pages 144, 146 


3. 225°, 315° 

6. 120°, 240° 

9. 60°, 300° 

12. 25°36\ 154°24 


!• 0 ) ~ + 2 nir, —- + 2mr 

6 6 

7T 3a - 

(c) - + 2 nir, ——|- 2 nr 
4 4 

(e) 2nir, a- + 2n?r; (or 7ia-) 

(?) 19°28' + n3G0°, 1G0 0 32 , + n360° 

(h) — + 2«t, ——[- 2;ur 

4 4 

O') ~ + 2nir, — + 2«t 
6 G 

(/) — + 2 nir, — + 271a- 
4 4 

(n) 66 0 38' + «360°, 246°38' + n360° 

(o) 25°3G' + n360°, 154°24' + n360° 

11a- . ... 7r , „ 


(0 - + 2mr } — + 2nv 

. 47r 07T 

(<f) — + 2 tut, — + 2nr 

O U 

3tt 

(/) j + 2 /it 


(0 ~r + 2 /j*-, — 4* 2nr 
4 4 

7tt 11tt 

(*) — + 271a-, — 4- 2na- 

7T 5tT 

(tti) - + 271a-, — + 2 tit 


2. (a) 


4- 271a- 


(d) — 4* 2tit 
4 


7tt 

(&) 7" + 2n * 
G 

Stt 

0) 7 - + 2n * 
G 


3t 

(c) — + 2nx 
4 


5t 

(/) j + 2 t»x 


3. (a) 21°G' 4- n3G0°, 158°54' 4- «360° 

(b) 53°8' 4- 7i360°, 30G°52' 4- «360° 

(c) 41°59' 4- 7i3G0°, 221°59' 4- "360° 

(d) 25°28 / 4- n3G0°, 205°28' 4- «3G0° 

(e) 73°0' 4- n3G0°, 287°0' 4- n3G0° 

(/) 55°44' 4- n3G0°, 124°10' 4- «3G0° 

(g) 53°8' 4- n3G0°, 30G°52' 4* «3G0° 

(h) 41°49' 4- n3G0°, 138°ir 4- «3G0° 

(t) 51 °20' 4- 7i3G0°, 231°20' 4- «3G0° 

(j) 48°49' 4- »3G0°, 228°49' 4* n360° 

6. (a) 45° 4- *180° (&) 30 ° + km ° 

(c) 135° 4- *180° (<*) 18 ° 53/ + H80 

6. (c) 10°, 130°, 250°, 50°, 170°, 290° 

(d) 18°, 90°, 1G2°, 234°, 30G°, 54°, 126°, 198°, 270,342 
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7. (a) 30° + nl80°, 150° + nl80°; 30°, 150°, 210°, 330° 

(6) 70° + nl20°, 110° + nl20°; 70°, 110°, 190°, 230°, 310°, 350° 

(c) 20° -f nl20°, 80° + nl20°; 20°, 80°, 140°, 200°, 260°, 320° 

(d) 33.8° + n90°, 78.8° + n90°; 33.8°, 78.8°, 123.8°, 168.8°, 213.8°, 258.8°, 
303.8°, 348.8° 

(e) 67.6° + n 120°, 112.4° -f «120°; 07.6°, 112.4°, 187.6°, 232.4°, 307.G°, 352.4° 
CO 76.5° + ?i 180°, 166.5° + nl80°; 76.5°, 166.5°, 256.5°, 346.5° 


§67. Pages 146, 147 


1. (a) ix 

(6) 0 


00 It 

(e) 0 
* 

CO TT 

(?) It 

(A) It 

(*) Tt* 

m 

0) It 

(1‘) It 

(0 It 

(m) -$v 

(«) o 

(o) It 


2. (a) -30° 

(b) -45° 


(c) — G0° 

(d) -45° 

(e) -60° 


(/) -30° 

3. (a) 135° 

(6) 150° 


(r) 120° 

(d) 135° 

(e) 150° 


(/) 120° 

4. (a) —fr 

(b) —t 


(f) ~1 t 

id) —It 

(e) -It 


(/) -It 

6. (a) -60° 

(5) 114°27 / 


(r) —111 °29' 

id) 115°16' 

_ * 

(e) — 17l°l' 


CO —85°36' 

6- (a) It 

(6) —It 


(c) It 

(d) —lx 

(e) t 


s 

1 


§68. Page 149 


1*1 

2. -r 5 \/u9 


3. - Vf 

4* -i 

5. -f 


6. 2/V5 

7. 1 

8. 0 


9. 4/Vl7 

10. (a) -1 

(6) 2/V3 

(c) 1 

00 -0. 


§69. Page 151 


1. (a) 30°, 150°, 210°, 330° 

(c) 22^°, 1121°, 2021°, 2921° 
(e) 120°, 150°, 300°, 330° 

2. (a) 120°, 240° 

(c) 60°, 120° 

(e) 30°, 150°, 210°, 330° 

(?) 135°, 315° 

3- (a) lir, h, It, & 

(c) It, It, -Jr, r 


4. (a) 
( 6 ) 
W 
(e) 


30° + n360°, 150° + n300° 

37°69' + n45° 

90° + nl80°, ±60° + nl80°, ±120“ + «180° 


(&) 

60°, 120°, 240°, 

300° 

00 

10°, 50°, 130°, 170°, 250°, 290 

if) 

45°, 135°, 225°, 

315° 

(b) 

30°, 150°, 210°, 

330° 

id) 

60°, 300° 


if) 

45°, 225° 


ib) 

!*■> It, It 


id) 

A 

h. fr, V-, £ 

it 


| V 

ic) 

270° + »3G0° 
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if) 51°19' + n360°, 308°41' + 72360°, 180° + n360° 

(. 9 ) 30° -1- 7i360°, 150° + 7i360°, 90° + n360° 

(h) 45° + n90° (t) 45° + nl80°, 71°34' + ti180° 

(j) 120° -f 72360°, 240° + ti360° (k) 105° + 72180°, 165° -f nl80° 

(0 45° + 71180°, 105° + 71180°, 165° + 72180° 

(m) 30° + ti180°, 150° + ti180° 

6. (a) ti180°, ±60° + ti360° 

(6) 90° + nl80°, 30° + ti 360 o , 150° + 72360° 

(c) ti 180°, ±60° + n 180°, ±120° + ti180° 
id) 90° + ti 180°, 210° + n360°, 330 + 72360° 

(e) 45° + ti 90°, 15° + nl80°, 75° + ti180° 

if) 30° + ti360°, 330° + ti 360°, nl80° 

ig) 7i90°, 52°14' + nl80°, 127°46' + ti180° 

C h ) ti 180°, ±60° + 7i 180° 

6. (a) (0°, 0), (180°, 0), (60°, £ y/z), (330°, y/z) 

(6) (0°, 1), (120°, -£), (240°, -i), (360°, 1) 

(c) (45°, y/2), (135° y/2), (225°, - y/2), (315°, - y/2) 

id) (60°, y/z), (120°, - y/l\ (240°, y/l\ (300°, - y/z) 

(«) (0°, 0), (60°, y/Z), (180°, 0°), (300°, - y/z), (360°, 0) 
if) (45°, 1), (135°, -1), (225°, 1), (315°, -1) 


§70. Page 164 


1. (a) ti60°, 15° + ti30° 

(c) 5° + ti 20°, 22^° + 7i90‘ 


(6) ti45° 

, ”180° 

(d) ——» ti90 


(e) 9° +ti18° (f) 45° + 72180°, 5° + 7220' 

(: g ) 30° + 72120°, 90° + 72120°, 150° + 72360° 

(h) 30° + 7290°, 60° + 7290°, 90° + 72360°, 270° + 72360° 

(i) 7290°, 45° + 7290°, 12° + n72°, 60° + n72° 

O') 90 ° + " 360 °, 27 °° + " 3G °°, 30° + n!20°, 90° + n 120» 


(k) 7260°, 30° + 7260° 

(0 7290°, 45° + 7290°, 30° + 72120°, 90° + 72120° 


2. (a) -30° + 72360°, 90° + 72360° 

(c) 75° + 72360°, 195° + 72360° 

(e) 142.6° + 72360°, 262.6° + 72360° 
(g) 60° + 72120°, 15.1° + 72120° 

(i) 2.7° + 72120°, 72.4° + 72120° 

3. r = ±6.165; 0 = 56.32°, 236.32°; * 


(5) 72.360°, 90° + 72360° 
id) 90° + 72360°, 196.3° + 72360° 
if) 135° + 72180°, 161.6° + 72180° 
(h) 30° + 72180° 

54.20°, 125.80° 


§71. Pages 164,166 


1. (a) 60°, 120°; (6) 150°, 330°; (c) 
256.43° 

2. (a) 45° + 72360°, 135° + 72360° 
(c) 45° + 72360°, 315° + 72360° 
(e) 210° + 72360°, 330° + 72360° 

3. (a) -30°; (6) -45°; (c) 150°; (d) 


°, 330°; id) 90°; (e) 0°. 360°; if) 103.57 

(6) 240° + 72360°, 300° + 72360° 
id) 120° + 72360°, 300° + 72360° 
if) 161.57° + 72360°, 341.57° + 72360 
50°; («) -120°; if) -165.52° 
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4. (a) 3 i°, 150°, 210°, 330° (6) 80°, 100°, 200°, 220°, 320°, 340° 

(c) 22.5°, 112.5°, 202.5°, 292.5° (d) 13.28°, 76.72°, 103.28°, 166.72°, 

193.28°, 256.72°, 283.28°, 346.72° ’ 

6. (a) 120° + n360°, 240° + *360° 

to) 90° + n360°, 270° + n360°, n360°, 120° + n360°, 240° + n360° 

6. 15° -f nl80°, 75° + nl80°, 135° + nl80°; 15°, 75°, 135°, 195°, 255°, 315° 

7. 52.23°, 127.77°, 232.23°, 307.77°; 0°, 90°, 180°, 270° 

8. 60° + n360°; 300° + *360° 10. (a) £ V3; (6) 3 


1. (a) 9 + lit 
to) -1 + Ot¬ 
to 3 + 7 i 

i9 ) (2a + 7) + (3a - l)t 

2. (a) -10 + 37t 
to 0 - 13t 

(e) 20 - 48t" 

(ff) 20 — lOt 
(a) | - fi¬ 
le) 3 - 2t 
to) -1 - 2t" 

(ff) -9 - i 


§73. Page 158 

(b) 3 - t 

(rf) 0 4- 8t 

if) - 3 4- 12 t 

(h) (4a - 5) 4- (5 4- a)i 

(b) -39 4- 2t 

id) -2 - 34t 

if) 0 4- 29* 

ih) 32 - 26* 

ib) -ff + -fai 

id) $ - ft 
if) 24 - 2i 
ih) 1.6 4- 1.8* 


r a to ; 25: (6) r, 5 ~ 2, ‘> 29 ; w 2i ‘. to) e - o», 36 

6 . (a) -12 4 - Ot; ( 6 ) 4 - f|»; ( c ) -3 _ 3 ; 

5’ M Al l ( £ 2 ^ ; (C) 2> “ 2: (<f) 6 ’ “ 3; (C) 2 ' " 3 ^ (/) 2 » -2 

7. (a) Y 4- ft; ( 6 ) 1.1 - . 2 *; (c) -ff - 

k to « 574. Page 169 

5. 10 lb.; 53.13° 

§76. Pages 160,161 

** “3 \/3 — 3t; 6 (cos 210° 4- i sin 210°) 

2- V2 (cos 45° 4 - * sin 45°) 

3. (a) 4 cis 60°; (6) 4 cis 300°; (c) 4 cis 120°; (d) 4 cis 240° 

4. (a) 10 cis 270°; ( 5 ) 10 cis 180°; (c) 10 cis 0 °; (d) 6 cis 120‘ 


w > 

6. (c) \/2 4- t 
to) 6 - fit 

to -4 \/2 - 4 v 2 t 
(J) -3 

6 - to) \/2 cis 315° 

(<0 \/l3 cis 303.68° 
to) 3 cis 270° 

if) 7.4 cis 145.5° 

7- -22 4- (20 4- 6 V3)t 


to) 4 4- 4 V3 t 
to 5 - 5 y/ii 

ih) 5 y/z - 5t 
to) —8t 

to) \Zl3 cis 236.32' 
(e) 4 cis 90° 
to) 1.3 cis 57.5° 

to) 7.4 cis 243.1° 

8 . 10 


to) —6 y/z — 6t 

(/) -6 - 6 y/Zi 
0) lot¬ 
to) 2 

(c) y/lZ cis 123.68' 
if) i cis 270° 

(*) 6.38 cis 300.6° 

(0 'S/S cis 315° 
39.3t; 40.5 cis (—75.7°) 


§76. Page 163 

1. (a) 40 ota 60"; ( 6 ) 10 eta (-30"); (c) 24 eta 90»; (d) 72 eta 90” 
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(c) cis 360° 

(/) V32cis45° 


3. (a) 27 cis 60° (6) 25 cis 20° 

(d) cis 360° (c) 64_cis 0° 

4. 13.5 y/Z + 4 + (13.5 - 4 y/z)i 

6. (a) 2 \/2 cis 45°; (5) 5184 cis 60°; (c) 13 cis 157.8°; (d) 250 y/2 cis 45' 

6. (a) 2 + 2 \/3 t; (6) -* + * V 3 f; (c) -0.500 - 0.866i; (rf) 1 

7. (1 - 4 \/3) + (4 + \/3)i 

9. cos 20 = cos 2 0 — sin 2 0; sin 20 = 2 sin 0 cos 0 
10. cos 30 = cos 3 0 — 3 cos 0 sin 2 0; sin 30 = 3 cos 2 0 sin 0 — sin 3 0 


§77. Page 165 

1. (a) 2 cis 40°; ( b ) 4 cis 30°; (c) 4 cis 30° 

2. (a) | cis 10°; (6) 3 cis 30°; (c) 6.25 cis 30° 

3. (a) 8 y/2; (6) f; (c) -|i; (d) 1; (e) -8-8i; (/) -j+jy/3i 

§78. Pages 166, 167 

1 . 1 + y/z i; -2; 1 - y/z i 2. i; -£ V 3 - it; * y/l - b 

3. ±2, ±2i 

4. (a) cis 90°, cis 210°, cis 330° 

( b ) cis 45°, cis 135°, cis 225°, cis 315° 

(c) 2 cis 0°, 2 cis 72°, 2 cis 144°, 2 cis 216°, 2 cis 288° 

(d) 3 cis 36°, 3 cis 108°, 3 cis 180°, 3 cis 252°, 3 cis 324° 

(e) 1.62 cis 75°, 1.62 cis 195°, 1.62 cis 315° 

(/) 1.78 cis 45°, 1.78 cis 165°, 1.78 cis 285° 

(g) 1.496 cis 9.2°, 1.496 cis 99.2°, 1.496 cis 189.2°, 1.496 cis 279.2° 

(, h) 2.351 cis 82.5°, 2.351 cis 202.5°, 2.351 cis 322.5° 

6. (a) cis 0°, cis 90°, cis 180°, cis 270° 

(6) 2 cis 36°, 2 cis 108°, 2 cis 180°, 2 cis 252°, 2 cis 324° 

(c) 1.817 cis 10°, 1.817 cis 130°, 1.817 cis 250° 

(d) 1.910 cis 0°, 1.710 cis 60°, 1.910 cis 120°, 1.710 cis 180°, 1.910 c.s 240 , 
1.710 cis 300° 

(e) 0, 0, cis 60°, cis 120°, cis 240°, cis 300° 

(/) -y/2 cis 157.5°, y/2 cis 337.5°, cis 112.5°, y/2 cis 292.5° 

6. 6 i; —3 y/z — 3i; 3 y/z - 3t 

7. (a) 16 cis 180°, 16 cis 420°, 16 cis 660 

(6) 6.447 cis 90°, 6.447 cis 180°, 6.447 c,s 270°, 6 447 cs 360 

(c) 32 cis 226°, 32 cis 165°, 32 cis 105°, 32 cis 45 , 32 as 345 , 32 as 285 

§79. Pages 167, 168 

1. («) -l + K; (M -1 - *•'; W - 4 ; < d) 6 + 3i 

2. (a) 17 - Of; (W 10fj (c) i - ¥■. W ¥ - 121 . 

3. (a) 2 -v/5 cis 330°; (6) 5 cis 53.1°; to 5 cis 270 ; (rf) 6 as 180 

a a/, 3 i* (5) -2 - 2i; (c) (d) -# - ¥ V 3 1 

e! 10 ! 36.9* V ’ «• («) 81 cis 40°; (6) 24 ^3 cis 270"; <0 1.00 cis 105 

,/5 11. 

T . ^cis(-135“);--- 3l > 
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8. 3 cis 90°, 3 cis 210°, 3 cis 330°; 3i, ±| y/a - ft 

9. 0.7660 + 0.6428/; -0.9397 + 0.3420/; 0.1736 - 0.9848/; 0.1736 + 0 9848/* 
-0.9397 - 0.3420/; 0.7660 - 0.6428/ 

10. 1.710 cis 17.8; 1.710 cis 257.8; 1.710 cis 497.8° 

11. cos 30 = cos* 0 - 3 cos 0 sin 1 0; sin 30 = 3 cos 1 0 sin 0 — sin 3 0 


§81. Pages 169,170 

1 . (a) 2; (6) 1; ( c ) 0; (d) -1; (e) -2 

2. 2; 1; 0; -1; -2; k ; -k 3. 3; 2; 0; -1; 

4- log,, 100 = 2; log 2 16 = 4; log,„ 0.001 = -3; log )0 1 = 
6 . 10 1 = 100; 9 -1 = 10~ 3 = 0.001; 8° = 1 

6 - 36 7. 8 8. 2 

10 ' 5 11. * 12. i 


14. -4 


15. 0.1 


16 . 


—2; k; —k 

0 

9. 15 
13. 1 
17. 0 


§82. Page 171 

1. (a) 2 log, Z + log, y ; (6) f log, x - £ log, y ; (c) { I 0 g, x + 2 log, y + | ) 0 g, 2 
“t log, p — t log, q 

»■ W log. (xy/Vz); (6) log. (y/l/yV)-, (c) log. (*I/g); W) log. (Viz>/y>) 

8. 0.8020; 0.9542; 1.4471; 0.1249; -0.1761; 1.3801; 0.6990 ( * ^ °’ W 2 

7. (a) 0.6690; (6) 0.9330; (c) 0.9812; ( d ) 1.8963 


§84. Pages 174, 176 


8. 1.7386 

12. 8.7486 

16. 3.4482 

20. 0.48391 
24. 7.58371 
28. 9.26133 


- 10 


- 10 
- 10 


9. 9.9413 - 10 

13. 5.6603 

17. 8.5654 - 10 

21. 4.00864 
26. 8.93677 - 10 


10. 7.8135 - 10 

14. 1.0402 

18. 7.6738 - 10 

22. 2.03411 
26. 5.88152 - 10 


§85. Pages 176,176 

8. 665.6 9. 1.322 

12. 0.04533 13. 2.398 

16. 31.41 17. 1.648 X 10" 3 

20. 0.50119 21. 12.954 

24. 7903.0 

§86. Pages 176,177 
2. .5545 3. 40.76 

6. 1.280 7 . i3 gs 

10. 224.09 11 . 1.7401 


10. 84.31 
14. 5.784 X 10* 
18. 1.255 X 10 s 
22. 7.4962 


4. 26.72 
8. 18,200 
12. 0.062086 


7. 3.8459 

11. 1.4120 

15. 4.1166 

19. 1.60733 

23. 9.33333 - 10 
27. 8.43198 - 10 


7. 3745 
11. 0.3016 
16. 0.0003292 
19. 0.045920 
23. 997.15 


1. 435.4 
5. 1514 
9. 433.90 


2. 8.0575 - 10 
8. 2.4130 


§87. Page 177 

3. 7.1167 - 10 
6. 4.7026 - 10 


4. 0.1579 
7. 8.0619 - 10 
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§88. Page 179 


2. 8.540 

3. 1.090 

4. 250.3 

6. 1816.0 

6. 107.9 

7. 106.5 

8. 438.0 

9. 1.283 

10. 0.3977 

11. 0.3951 

12. 1.239 

13. -0.001163 

14. 107.4 

15. 1.067 

16. 315.4 

17. 2705.0 

18. 143.8 

19. 15.72 min. 

20. 0.037367 

21. 0.0093936 

22. 67.535 

23. 2362.9 




§89. Pages 179, 180 

1. (o) 6.9345 - 10; (6) 5.9345; (c) 9.9345 - 10; (d) 0.9345 

2. (a) 9.1772 - 10; (6) 3.1772; (c) 0.1772; (d) 4.1772 - 10 

3. (a) 1.33185; ( b ) 3.99555; (c) 9.22123 - 10; (<f) 9.77580 - 10; (e) 8.83185 - 

7. (a) x = i; (6) x = 3; (c) x = 1; (d) x = 0; (e) x = -3; (/) x = \/l0 
8 5 6176 9. 65.367 10. 0.36347 11. 3.5047 
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PREFACE 


A table of logarithms should be accurate, it should be easy to under¬ 
stand, and it should be as easy to use as possible. The authors, in the 

tables offered here, have attempted to make improvements along these 
three lines. 

The tables used in trigonometry and its applications have been 
checked many times and have been carefully read against other tables. 

, in spite of this thoroughness in compilation, errors are discovered 
the authors would appreciate having them pointed out. 

Frequently students fad to understand the process of linear interpola- 

JT ^ exp amed ln this book by mea ns of a simple diagram which 
gives the idea almost at a glance. 

The table of logarithms of trigonometric functions (Table II) the 

TklrTV"' f ° r trig ° nometry - has a number <>f new features. 
P ro Porti°nal parts are tabulated for each second from 0" to 60” and 

htt e a d r ber i h t aVe be T° USed “ t0 avoid *«y. Whenever 

? ‘, s a cho ‘ ce of two numbers one of which is written in bold face 

introducecTbv tTT * Ch ° S “- Tte *»y of operation 

introduced by this plan gives a gain both in speed and in accuracv 

Lyman M. Kells. 
Willis F. Kern. 

Annapolis, Md., James R. Bland. 

July, 1936. 
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FIVE-PLACE LOGARITHMIC AND 
TRIGONOMETRIC TABLES 


TABLE I 


COMMON LOGARITHMS OF NUMBERS 

1. Introduction.* The power L to which a given number b must be 
raised to produce a number N is called the logarithm of N to the base b. 
This relation expressed in symbols is 

b L = N. 

It appears at once that b must not be unity and it must not be nega^ 

,?• “ the following set of tables, 10 is used as base. This system is 
called the common system or the Briggs system. Another important 
ys m, called the natural system , has e as base, where e — 2 71828 

accurate to six figures. 

2. Characteristic and mantissa. The common logarithm of any real 
PMibve number “ ay be Writte " “ an integer - P° sitive or negative^ pi™ 
a ^sitoe decimal fraction. The integral part is called the characteristic 

UX ~r 

X \* Th * * h * TacU * nstic °f the common logarithm of a number greater 

ing 1 fTOm the nUmber 0f dig<tS to the ** * 

les^fof^i ^ eh ° raclen f lc °f the common logarithm of a positive number 
18 "**" magnitude is obtained by Ling 1 tTZ 

number of zeros immediately following the decimal point ^ ™ 

JL?i i ; - -?.<■ ***■•>■ “ ■“ >- 

rU'S'2 

» SzJa'its.ri* “• - * — - 

- •* **> 
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EXPLANATION OF TABLE I 


EXERCISES 


Verify the characteristic of the logarithm of each of the numbers N written below 


N 

1. 6.830 

2. 68.30 

3. 6830 

4. 683,000 
6. 0.7860 

6. 0.007860 

7. 0.0007860 


log N 
0.83442. 

1.83442. 

3.83442. 

5.83442. 

9.89542 - 10. 

7.89542 - 10. 

6.89542 - 10. 


N 

8. 58.73 

9. 0.6740 

10. 0.007500 

11. 6.870 X 10 s 

12. 5.860 X 10" 4 

13. 3.990 X 10-° 

14. 7.330 X 10* 


log N 
1.76886. 
9.82866 - 10. 
7.87506 - 10. 
5.83696. 
6.76790 - 10. 
4.60097 - 10. 
2.86510. 


3. To find the mantissa. Special case. The mantissa, or decimal 
part of the logarithm of a number, depends only on the sequence of the 
digits and not on the position of the decimal point. Table I lists the 
mantissas, accurate to five decimal places, of the logarithms of all integers 
from 1 to 10,000. 

The change in the mantissas of the logarithms is so slow that the 
first two figures do not change for several lines of the table. Conse¬ 
quently the appropriate first two figures are printed in the first column 
before the first full row to which they apply. Also the appropriate first 
two figures appear at the left of the first line of mantissas on each page. 
An asterisk in any row indicates that the first two figures are to be found 
at the left of the next row. 

To find the mantissa of the logarithm of a number locate the first 
three digits of this number in the left-hand column headed N and the 
fourth digit in the row at the top of the page. Then the mantissa of the 
given number containing four significant figures is in the row whose 
first three figures are the first three significant figures of the given num¬ 
ber, and in the column headed by the fourth. Thus to find the logarithm 
of 76.64 find 766 in the column headed N, follow the corresponding row 
to the entry in the column headed by 4. This entry 88446 represents 

the mantissa required. Hence we have 

log 76.64 = 1.88446. Ans. 


EXERCISES 

Verify the logarithms in the exercise of §2. 

4. Interpolation. When a number contains a fifth significant figure, 
we find the logarithm corresponding to the first four figures as in b3 an 
then add an increment obtained by a process called interpolation. IWs 
process is based on the assumption that for relatively small changes i 
Z number N the changes in log N are proportional to the 
The following example will serve to illustrate the process of in' eolation. 

The expression tabular difference will be used frequently m what 
follows. The tabular difference, when used in connection wi 



explanation of TABLE 1 


3 


means the result of subtracting the lesser of two successive entries from 
the greater. 

Example. Find log 235.47. 

Solution. We first find the logarithms in the following form and 
then compute the difference indicated: 

log 235.40) ) = 2.37181) ) 

log 235.47/ >10 = ? / /18 (tabular difference*) 

log 235.50 ) = 2.37199 ) 

By the principle of proportional parts, we have 
7 d 7 

10 “18' or ^ = lo^ 18 ) = 12 ’^ = 13 (nearly). 

Adding 0.00013 to 2.37181, we obtain 


a ns. 


log 23 5.47 = 2.37194. 

The increment 12.6 was rounded off to 13 because we are not justified 
m writing mor e than five decimal places in the mantissa. 

To find TT P™ cedure 18 embodied in the following statement. 

logarithm of a number composed of five significant figures, 
, , 4 ^d tlre logarithm corresponding to the first four figures and to it 
one-tenth of the tabular difference multiplied by the fifth digit 

P n„ t, ° rten the process of interpolation, 10 s times each tabulardiffer- 
ccurring m the table has been multiplied by 0.1, 0 2 0 9 

h fl e beeD tabulated °“ the right-hand sides of the pagel 

at The t,n h< ? , d ‘ erences 0CCUr - The abbreviation Prop. Parts written 
at the top of the page over these smaU tables abbreviates the words 

ITZt Tu v T d T t , erp0late m the exampla solved, locTtt 

thc en^ l2 6 e -n , i “? fl " d ° PP ° site 7 its Ieft - hand o°lumn 

comnuted hnf . In general > thi3 difference should not be 

dieiUn it, shou l d be obtamed from the number opposite the fifth 
digit in the appropriate table of proportional parts. 


Verify the following logarithms: 
*• Io 6 7012.6 = 3.84688. 

2 - log 64.726 = 1.73819. 

B - log 0.87364 = 9.94133 - 10. 

4 - log 3.7246 - 0.67107. 

6 * log 0.00066931 = 6.81909. 

J* 1°K 26 -8l9 = 1.41194. 

7* log 2.3464 = 0.37022. 




8. log 0.056321 = 8.75067 - 10. 

9. log 4,574,000 = 6.66030. 

10. log 568.91 = 2.76504. 

11. log 4.3965 X 10* - 5.64311. 

12. log 10.905 = 1.03763. 

13. log 0.0025726 - 7.41036 

14. log 0.000032026 » 5.60550 - 10 


«-——— u.uuoou — 10. 

or convemence the decimal point has been omitted. 
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EXPLANATION OF TABLE I 


digits of a number N corresponding to a given logarithm L is found irom 
its mantissa, and the decimal point is then placed in accordance with 
the rules of §2. 

Example. Given log N = 1.60334, find N. 

Solution . The mantissa .60334 lies between the entries .60325 and 
.60336 of Table I. Using the table and computing the differences 
indicated, we write the following form: 

1.60325) ) = log 40.110) ) 

1.60334/’/ll = log N / x >10 
1.60336 ) = log 40.120 ) 


Assuming that changes in the logarithm are proportional to the corre¬ 
sponding changes in the number, we write 


A = or x = 10 (n) = 8 ( nearly )’ 


Hence 

N = 40.118. Ans. 

The essence of the process of interpolation is indicated in the fore¬ 
going procedure. However, in practice, the student should always 
interpolate by using the table of proportional parts. The fifth figure 8 
should have been obtained from the table of proportional parts. In the 
small Prop. Parts table corresponding to the tabular difference 11, we 
read the fifth figure 8 in the left-hand column opposite the entry 8.8, 

the entry nearest to 9. 

EXERCISES 


Verify the following antilogarithms: 

1. 3.57351 = log 3745.5. 

2. 2.82315 = log 665.50. 

3. 0.12112 = log 1.3217. 

4. 1.92594 = log 84.321. 

6 . 9.47954 - 10 = log 0.30167. 

6 . 8.65636 - 10 = log 0.045327. 

7. 0.37976 = log 2.3975. 


8 . 4.76224 = log 67842. 

9. 6.51738 - 10 = log 0.00032914. 

10. 1.49715 = log 31.416. 

11. 4.21691 - 10 = log 16478. 

12. 5.09873 = log 125520. 

13. 9.27951 - 10 = log 0.19033. 

14. 7.88000 - 10 = log 0.0075858. 



TABLE II 

LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 

6. Table of logarithms of trigonometric functions. Table II gives 
the logarithms of the sines, cosines, tangents, cotangents, secants, and 
cosecants of angles at intervals of 1' from 0° to 90°. The names of the 
functions written at the top of any page apply to angles having the 
number of degrees written at the top of the page, and the function names 
written at the bottom apply to angles having the number of degrees 
written at the bottom. The left-hand or the right-hand minute column 
applies according as the number of degrees in the angle is written on the 
left side or on the right side of the block of numbers under consideration. 

For example, to find log sin 32° 46', we find the page at the top of 

which 32° appears, find the row containing 46 in the left-hand minute 

column, and read 73337 in this row and in the column headed l sin 

Hence log sin 32° 46' - 9.73337 - 10. The number 9 was found at the 

head of the l sin column and the number -10 is to be applied to every 

logarithm m the table. Again, to find log tan 142° 36', find the page 

at the top of which 142° appears, find the row containing 36 in the right- 

hand minute column, and read 88341 in this row and in the column 

headed l tan. Hence log tan 142° 36' = (-) 9.88341 - 10. The minus 

sign in parentheses before the log indicates that a negative number is 

under consideration. The characteristic was obtained as in the first 
example. 


EXERCISES 

Verify the following: 

1. log sin 37° 27' = 9.78395 - 10. 

2. log tan 36° 41' = 9.87211 - 10. 

3* log cot 28° 16' = 0.26946. 

4. log cos 62° 20' = 9.66682 - 10. 

5. log esc 69° 54' = 0.02729. 

6. log sin 131° 10' = 9.87668 - 10. 

7. log tan 142° 27' = (-) 9.88577 - 10. 

8. log sec 134° 47' = (-) 0.15216. 

8- log cos 45° 47' = 9.84347 - 10. 

10. log esc 136° 13' « (-) 0.15216. 

U* log cot 132° 0' - (-) 0.95444 - 10. 


7. Given the angle, to find the logarithm of a trigonometric functioi 
e principles involved here are the same as those involved in findii 

6 
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EXPLANATION OF TABLE II 


logarithms and antilogarithms of numbers. Interpolation for seconds 
is accomplished by direct interpolation or by using the columns headed 
d 1' and the columns headed proportional parts. The following example 
will illustrate the procedure. 

Example. Find log tan 65° 42' 17". 

Solution. Using the table to find logarithms and computing differ- 
nces, we write the following form: 

log tan 65° 42' 00") = 0.34533) ) 

log tan 65° 42' 17"/ >60" ? / X >33 

log tan 65° 43' 00" ) = 0.34566 ) 


x 17 

33 60’ ° r 


x = 


Hence ass umin g that, for small changes, change of logarithm is propor¬ 
tional to change of angle, we have 

= 33^j^ = 9.35 = 9 (nearly). 

Therefore 

log tan 65° 42' 17" = 0.34533 + 0.00009 = 0.34542. Ans. 

The essence of the process of interpolation is indicated in the fore¬ 
going procedure. However, in practice, the student should always 
interpolate by using the columns headed d 1' and the proportional parts 

column. 

Each entry in the column headed d V gives the difference of the loga¬ 
rithms between which it is spaced in each of the adjacent columns. In 
each column headed by proportional parts appears A, A • • • °J 
the number heading the column. Hence the difference 9 to be applied 
in the case of the foregoing example is found in the proportional parts 
column headed by 33 (the tabular difference for 1'written between 0.34o3 
and 0.34566) and in the row with the 17 of the seconds column. Again, 
to find log cot 10° 28' 36", we find the entry 73345 for log cot 10° 28 , note 
the appropriate number 71 in the adjacent column headed d 1, enter 
the proportional parts column headed by 71, read in t is co 
opposite the 36 of the seconds column; subtract 43 from /3345, and 

log cot 10° 28 / 36" = 0.73302. » 

6 It is worthy of note that the changes of logarithms due to the secon 
of an angle must be added or subtracted according as the value of the 
function for angles near the one under consideration is increasi g 

iecreasing with increasing angle. 

exercises 


Verify the following: 

1 . log sin 35° 17' 8" = 9.76166 - 10. 

2 log cos 48° 24' 21" = 9.82207 - 10. 
I log sec 142° 37' 16" = (—) 0.09984. 
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4. log esc 56° 21' 57" = 0.07956. 

5. log cot 23° 16' 50" = 0.36626. 

6. log esc 128° 47' 52" = 0.10826. 

7. log tan - 69° 38' 54" = (-) 0.43070. 

8. log sin 197° 36' 57" = 9.48092 - 10. 

9. log sin 137° 45' 22" = 9.82756 - 10. 

10. log cos 137° 45' 22" = (-) 9.86940 - 10. 

11. log sin 209° 32' 50" = 9.69297 — 10. 

12. log cos 330° 27' 10" = 9.93949 — 10. 


8. Given the logarithm of a trigonometric function, to find the angle. 

The following example will indicate the procedure necessary to find the 

angle when the logarithm of a trigonometric function of the angle is 
given: 

Example. Find 6 if log cos 6 is 9.85391 - 10. 

Solution. Using the table to find logarithms and computing differ¬ 
ences, we write the following form: 


log cos 44° 24' 00") ) = 9.85399) ) 

log cos 44° 24' ?"/ a: >60" = 9.85391J 8 >13 
log cos 44° 25' 00" ) = 9.85386 J 

Hence 

60 = 13’ or x = j|( 60 ) = 37 ” (nearly), 
and 


6 = 44° 24' 37". Ans. 

The essence of the process of interpolation is indicated in the fore¬ 
going procedure. In practice, however, the columns headed d 1' and 

;r/rr r i° nal PartS Columns should be used in interpolation. Thus, 
find 0 m the example just considered, we first find 44° 24' and difference 

L? T’ ^ reSd 13 “ the colunm headed d V adjacent to and slightly 
below the entry 85399, enter the corresponding proportional parte 

cohmm, opposite the bold-faced one of the five 8’s tabulated read P 37" 
the seconds column, and then write 0 = 44° 24' 37 ;, # 

<rivc!!te a f “? Dg , tho number of seconds in an angle corresponding to a 
» en logarithm of a trigonometric function, the student may find several 

entical entnes m the proportional parte column involved T n tM. 

^ Wkere there “ a choice between *»» or more entries one 
entry. ** VnnM m bold face > alw W give preference to the bold-faced 


Knd the value of $ less than 360“ in the followinir 

log Sin e = 9.96162 - 10 . 

2 * log cos 0 »= 9.99537 - 10 ?? 18 811(1 ll3 ° 44 ' 0". 

log cot 0 = 0.52368. 8 21 ' °" and 351° 39' 0". 

Ant, 16° 40' 13" and 196® 40' 13" 
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4. log tan 0 = 9.50368 — 
6 . log cos 0 = 9.96301 — 

6 . log sin 0 = 9.84963 — 

7. log cot 0 = 9.50064 — 

8 . log tan 0 = 0.96236. 

9. log sec 0 = 0.12358. 
10. log esc 0 = 0.71238. 


10 . 

A ns. 

10 . 

A ns. 

10 . 

Ans. 

10 . 

Ans. 


Ans. 


Ans. 


Ans. 


17° 41' 18" and 197° 41' 18". 
23° 18' 48" and 336° 41' 12". 
45° 1' 9" and 134° 58' 51". 
72° 25' 38" and 252° 25' 38". 
83° 46' 34" and 263° 46' 34". 
41° 12' 22" and 318° 47' 38". 
11° 10' 53" and 168° 49' 7". 


9. Angles near 0° and 90°. When angles are near 0° or near 90°, 
interpolation based on the assumption of proportional change in angle 
and logarithm may give results considerably in error. For this reason 
it is convenient to introduce the functions S and T defined by the equa¬ 
tions S = a /sin a and T = a /tan a. The relative change of the func¬ 
tions S and T with respect to a is very small when a is less than 3° and, 
as a consequence, the required accuracy of the results is obtained by 
using them. On the first three pages of Table II the columns headed 
log S* and log T give the common logarithms of S and T , respectively. 


The following formulas apply when the angle involved is less than 3°: 

1. For angles less in magnitude than 3°. 

(а) log sin a = log a"f — log S. (e) log a" = log sin a + log S. 

(б) log tan a = log a" - log T. (/) log a" = log tan a + log T. 

(c) log cot a = colog a" + log T , ( g) log a" — colog cot a + log T. 

= colog tan a. ( h ) log a" = colog esc a + log S. 

(i d ) log esc a = colog a" + log S. 

2. For angles a such that 90° - at is less in magnitude than 3 . 

(i) log cos a = log (90° — a)" — log S. 

(J) log cot a = log (90° — a)" — log T. 

(k) log tan a = colog (90° — a)" + log T, 

= colog cot a. 

(l) log sec a = colog (90° — ot)" + log S. 

(m) log (90° - a)" = log cos a + log S. 

(n) log (90° - a)" = log cot a + log T. 

(o) log (90° - a)" = colog tan a + log T. 

(p) log (90° - a)" = colog sec a + log S. 


To find 0 when log sin 0 = 8.46932 - 10, we first findmthe column 
headed 1 sin the entry nearest to 8.46932, namely, ^46799. On one 
side of 8.46799 we read log 5 = 5.31449, and on the otter 1 « - MW. 
Hence, using formula (e), we write log a - 8.46932 10 + . 


. The function log S is often written epl S, and the function log T, is written 

CPl ^The symbol log w" means in this connection the logarithm of the number of 

seconds in the angle. (90 <> _ a y 

X Since cos « - sin (90° - a), in this case S = sin (90 o _ a) * 
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3.78381. Therefore a = 6078.7". Since 1° 41' = 6060", 6078.7" 
1° 41' 19". 

EXERCISES 


Verify the following: 

1. log sin 0° 44' 13" = 8.10930 - 10. 

2. log cos 89° 21' 31" = 8.04899 - 10. 

3. log tan 0° 32' 23" « 7.97406 - 10. 

4. log cot 0° 25' 56" = 2.12241. 

5. log tan 1° 10' 9" - 8.30981 - 10. 
Verify the following: 

11. log cos 9 = 8.32967 — 10 

12. log tan 6 = 8.11584 - 10 

13. log sin 0 m 8.23468 - 10 


6 . log cot 89° 3' 11" *= 8.21824 - 10. 

7. log cos 88° 41' 20" = 8.35948 - 10. 

8 . log sin 0° 59' 8" = 8.23554 - 10. 

9. log tan 1° 29' 10" = 8.41403 - 10. 

10. log sec 88° 16' 10" = 1.52000. 


9 = 88° 46' 33" and 271° 13' 27". 
5=0° 44' 53" and 180° 44' 53". 

0 = 0° 59' 1" and 179° 0' 59". 




TABLE III 


NATURAL TRIGONOMETRIC FUNCTIONS 

10. Table of natural values of trigonometric functions. Table III 
Contains the numerical values of the sines, cosines, tangents, and 
cotangents of angles from 0° to 90° at intervals of T. In the case 
of an angle in the range from 0° to 45°, the number of degrees in 
the angle and the names of the functions are found at the top of the 
page and the left-hand minute column applies; in the case of angles in 
the range from 45° to 90°, the number of degrees in the angle and the 
names of the functions are found at the bottom of the page and the 
right-hand minute column applies. Interpolation must be carried out 
without the aid of difference columns or tables of proportional parts. 

The following examples illustrate the method of using the tables. 

Example 1. Find sin 68° 28'. 

Solution. We first find the page at the bottom of which 68° appears 
and then find the row of the 68° block containing 28' in the right-hand 
minute column. In this row and in the column having sin at its foot 
we find 020 to which we must prefix 0.93 to obtain sin 68° 28' = 0.93020. 

Example 2. Find sin 38° 38' 27". 

Solution. Using the tables and computing differences, we find the 
values exhibited in the following form: 

sin 38° 38' 00") = 0.62433) ) 

sin 38° 38' 27"/ >60" = ? f x >23 

sin 38° 39' 00" ) - 0.62456 ) 

Hence 

Is - 55' or * = (I) 23 - 10 (nearly) - 

Therefore 

sin 38° 38' 27" = 0.62433 + 0.00010 = 0.62443. Ans. 

Example 3. If cot 0 = 0.37806, find 0. 

Solution. Using the tables and computing differences, we find the 
values exhibited in the following form: 

cot 69° 17' 00") ) = 0.37820) 14 ) 

cot ? / >60 - 0.37806/ >33 

cot 69° 18' 00" I = 0.37787 I 

10 
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Hence 

^ or x = ||(60) = 25" (nearly), and 6 = 69° 17' 25". Ana . 

Since cot 6 is positive in the third quadrant, we may also write an 
answer 180° -f 69° 17' 25" = 249° 17' 25". Ans. 


EXERCISES 


Verify the following: 

1. sin 53° 42' 0" = 0.80593. 

2. cos 31° 53' 9" - 0.84911. 

3. tan 156° 42' 13" = -0.43059. 

4. cot 27° 51' 17" = 1.8923. 


6. cos 83° 17'38" = 0.11678. 

6. sin 87° 37' 25" = 0.99914. 

7. cot 13° 14' 52" = 4.2475. 

8. tan 83° 40' 30" = 9.0218. 


Find the values of 6 less than 360° in the following: 


9. sin 0 *= 0.89742. 

10. cos 0 = 0.43750. 

11. tan 0 = -0.92834. 

12. cot 0 = 1.8923. 

13. cos 0 = 0.95140. 

14. sin 0 = 0.13552. 


Ana. 63° 49' 12" and 116® 10' 48". 
Ans. 64° 3' 20" and 295° 56' 40". 
Ans. 137° 7' 41" and 317° 7' 41". 
Ans. 27° 51' 17" and 207° 51' 17". 
Ana. 17® 56' 14" and 342° 3' 46". 
Ans. 7® 47' 19" and 172® 12' 41". 




TABLE I 

five-place table of common logarithms of numbers 

From 1 to 10,000 







TABLE I 

FIVE-PLACE TABLE OF COMMON LOGARITHMS OF NUMBERS 


Log. 


0.00 000 
0.30 103 
0.47 712 

0.60 206 
0.69 897 
0.77 815 

0.84 610 
0.90 309 
0.95 424 



Log. 


1.30 103 


1.32 222 
1.34 242 
1.36 173 

1.38 021 

1.39 794 
1.41 497 

1.43 136 

1.44 716 
1.46 240 


1.47 712 


1.49 136 
1.60 515 
1.51 851 

1.63 148 

1.64 407 


From 1 to 10,000 
N. Log. | 



1.56 

820 

1.67 

978. 

1.59 

106 

1.60 

206 



MM 

206 

1.61 

278 

1.62 

325 

1.63 

347 

1.64 

345 

1.65 

321 

1.66 

276 

1.67 

210 

1.68 

124 

1.69 

020 

ME 

897 

1.70 

757 

1.71 

600 

1.72 

428 

1.73 

239 

1.74 

036 

1.74 

819 

1.75 

687 

1.76 

343 

1.77 

086 

1.77 

815 


Log. 


1.77 

815 

1.78 

533 

1.79 

239 

1.79 

934 

1.80 

618 

1.81 

291 

1.81 

954 

1.82 

607 

1.83 

251 

1.83 

885 

1.84 

510 

1.85 

126 

1.85 

733 

1.86 

332 

1.86 

923 

1.87 

506 

1.88 

081 

1.88 

649 

1.89 

209 

1.89 

763 


|N. 


80 



Log. 


1.90 

309 

1.90 

849 

1.91 

381 

1.91 

908 

1.92 

428 

1.92 

942 

1.93 

450 

1.93 

952 

1.94 

448 

1.94 

939 

1.95 

424 

1.95 

904 

1.96 

379 

1.96 

848 

1.97 

313 

1.97 

772 

1.98 

227 

1.98 

677 

1.99 

123 

1.99 

564 





2.00 












TABLE I 



00 000 30 103 47 712 60 206|69 897 77 815 84 510 90 309 95 424 


00 000 04 139 07 918 

30 103 32 222 34 242 

47 712 49 136 50 515 

60 206 61 278 62 325 

69 897 70 757 71 600 

77 815 78 533 79 239 

84 510 85 126 85 733 

90 309 90 849 91 381 

95 424 95 904 96 379 


11 394 
36 173 
51 851 

63 347 
72 428 
79 934 

86 332 
91 908 
96 848 


14 613 17 609 
38 021 39 794 
53 148 54 407 

64 345 65 321 
73 239 74 036 
80 618 81 291 

86 923 87 506 
92 428 92 942 
97 313 97 772 


20 412 23 045 25 527 27 875 

41 497 43 136 44 716 46 240 

55 630 56 820 57 978 59 106 

66 276 67 210 68 124 69 020 

74 819 75 587 76 343 77 085 

81 954 82 607 83 251 83 885 

88 081 88 649 89 209 89 763 

93 450 93 952 94 448 94 939 

98 227 98 677 99 123 99 564 


00 000 00 432 00 860 01 284 01 703|02 119 02 531 02 938 03 342 03 743 


04 139 
07 918 
11 394 

14 613 
17 609 
20 412 

23 045 
25 527 
27 875 


04 532 
08 279 
11 727 

14 922 
17 898 
20 683 

23 300 
25 768 
28 103 


04 922 
08 636 
12 057 

15 229 
18 184 
20 952 

23 553 
26 007 
28 330 


05 308 
08 991 
12 385 

15 534 
18 469 
21 219 

23 805 
26 245 
28 556 


05 690 06 070 
09 342 09 691 
12 710 13 033 

15 836 16 137 
18 752 19 033 
21 484 21 748 

24 055 24 304 
26 482 26 717 
28 780 29 003 


06 446 06 819 07 188 07 555 

10 037 10 380 10 721 11 059 

13 354 13 672 13 988 14 301 

16 435 16 732 17 026 17 319 

19 312 19 590 19 866 20 140 

22 011 22 272 22 531 22 789 

24 551 24 797 25 042 25 285 

26 951 27 184 27 416 27 646 

29 226 29 447 29 667 29 885 


20 30 103 30 320 30 535 30 750 30 963)31 175 31 387 31 597 31 806 32 015 

21 32 222 32 428 32 634 32 838 33 041 33 244 33 445 33 646 33 846 34 044 

22 34242 34439 34635 34830 3502535218 35411 35603 35793 35984 

°° 36 1 73 3 6 36 1 36 549 3 6 736 3 6 922 37 1 07 3 7 291 37 475 3 7 658 37 840 

38 021 38 202 38 382 38 561 38 739 38 917 39 094 39 270 39 445 39 620 

39 794 39 967 40 140 40 312 40 483 40 654 40 824 40 993 41 162 41 330 

41 497 41 664 41 830 41 996 42 160 42 325 42 488 42 651 42 813 42 975 

43 1 36 43 297 43 457 4 3 616 4 3 775 43 933 44 091 44 248 4 4 404 44 560 

44 716 44 871 45 025 45 179 45 332 45 484 45 637 45 788 45 939 46 090 

46 240 46 389 46 538 46 687 46 835 46 982 47 129 47 276 47 422 47 567 


47 712 4 7 857 4 8 001 48 1 44 4 8 287 48 430 48 572 48 714 48 855 48 996 


49 136 

50 515 

51 851 

53 148 

54 407 

55 630 

56 820 

57 978 
59 106 


49 276 

50 651 

51 983 

53 275 

54 531 

55 751 

56 937 

58 092 

59 218 


49 415 

50 786 

52 114 

53 403 

54 654 

55 871 

57 054 

58 206 

59 329 


49 554 

50 920 

52 244 

53 529 

54 777 

55 991 

57 171 

58 320 

59 439 


49 693149 831 

51 055 51 188 

52 375 52 504 

53 656 53 782 

54 900 55 023 

56 110 56 229 

57 287 57 403 

58 433 58 546 

59 550 59 660 


49 969 

51 322 

52 634 

53 908 

55 145 

56 348 

57 519 

58 659 

59 770 


50 106 

51 455 

52 763 

54 033 

55 267 

56 467 

57 634 

58 771 

59 879 


50 243 

51 587 

52 892 

54 158 

55 388 

56 585 

57 749 

58 883 

59 988 


50 379 

51 720 

53 020 

54 283 

55 509 

56 703 

57 864 

58 995 
60 097 


60 206 60 314 60 423 60 531 60 638)60 746 60 853 60 959 61 066 61J72 


61 278 

62 325 

63 347 

64 346 

65 321 

66 276 

67 210 

68 124 

69 020 


61 384 

62 428 

63 448 

64 444 

65 418 

66 370 

67 302 

68 215 

69 108 


61 490 

62 531 

63 548 

64 542 

65 514 

66 464 

67 394 

68 305 

69 197 


61 595 

62 634 

63 649 

64 640 

65 610 

66 558 

67 486 

68 395 

69 285 


61 700 61 805 

62 737 62 839 

63 749 63 849 

64 738 64 836 

65 706 65 801 

66 652 66 745 

67 578 67 669 

68 485 68 574 

69 373 69 461 


61 909 

62 941 

63 949 

64 933 

65 896 

66 839 

67 761 

68 664 

69 548 


62 014 

63 043 

64 048 

65 031 

65 992 

66 932 

67 852 

68 753 

69 636 


62 118 

63 144 

64 147 

65 128 

66 087 

67 025 

67 943 

68 842 

69 723 


62 221 

63 246 

64 246 

65 225 

66 181 

67 117 

68 034 

68 931 

69 810 



984 70 070 70 157 


70 243170 329 70 4l5 70 501 70 586 70 672 







TABLE I 


N. 


50-100 


L. 0 1 

2 

3 4 

69 897 69 984 

70 070 

70 157 70 243 7 



70 757 

71 600 

72 428 

73 239 

74 036 

74 819 

75 587 

76 343 

77 085 


70 842 

71 684 

72 509 

73 320 

74 115 

74 896 

75 664 

76 418 

77 159 


70 927 

71 767 

72 591 

73 400 

74 194 

74 974 

75 740 

76 492 

77 232 


71 012 

71 850 

72 673 

73 480 

74 273 

75 051 

75 815 

76 567 

77 305 


71 096 71 181 

71 933 72 016 

72 754 72 835 

73 560 73 640 

74 351 74 429 

75 128 75 205 

75 891 75 967 

76 641 76 716 

77 379 77 452 


71 265 

72 099 

72 916 

73 719 

74 507 

75 282 

76 042 

76 790 

77 525 


71 349 

72 181 

72 997 

73 799 

74 586 

75 358 

76 118 

76 864 

77 597 


71 433 

72 263 

73 078 

73 878 

74 663 

75 435 

76 193 

76 938 

77 670 


71 517 

72 346 

73 159 

73 957 

74 741 

75 511 

76 268 

77 012 
77 743 


77 815 77 887 77 960 78 032 78 104|78 176 78 247 78 319 78 390 78 462 


78 533 

79 239 

79 934 

80 618 
81 291 

81 954 

82 607 

83 251 
83 885 


78 604 

79 309 

80 003 

80 686 

81 358 

82 020 

82 672 

83 315 
83 948 


78 675 

79 379 

80 072 

80 754 

81 425 

82 086 

82 737 

83 378 

84 011 


78 746 

79 449 

80 140 

80 821 

81 491 

82 151 

82 802 

83 442 

84 073 


78 817 78 888 

79 518 79 588 

80 209 80 277 

80 889 80 956 

81 558 81 624 

82 217 82 282 

82 866 82 930 

83 506 

84 136 


78 958 

79 657 

80 346 

81 023 

81 690 

82 347 


79 029 

79 727 

80 414 

81 090 

81 757 

82 413 


79 099 

79 796 

80 482 

81 158 

81 823 

82 478 


79 169 

79 865 

80 550 

81 224 

81 889 

82 543 


82 995 83 059 83 123 83 187 


84 510 84 572 84 634 84 696 84 75' 


85 126 

85 733 

86 332 

86 923 

87 506 

88 081 

88 649 

89 209 
89 763 


85 187 

85 794 

86 392 

86 982 

87 564 

88 138 

88 705 

89 265 
89 818 


85 248 

85 854 

86 451 

87 040 

87 622 

88 195 

88 762 

89 321 
89 873 


85 309 

85 914 

86 510 

87 099 

87 679 

88 252 

88 818 

89 376 
89 927 


85 370 

85 974 

86 570 

87 157 

87 737 

88 309 

88 874 

89 432 
89 982 


90 309 90 363 90 417 90 472 90 526 




90 849 

91 381 

91 908 

92 428 

92 942 

93 450 

93 952 

94 448 
94 939 


90 902 

91 434 

91 960 

92 480 

92 993 

93 500 

94 002 
94 498 
94 988 


90 956 

91 487 

92 012 

92 531 

93 044 

93 551 

94 052 

94 547 

95 036 


91 009 

91 540 

92 065 

92 583 

93 095 

93 601 

94 101 

94 596 

95 085 


91 062 

91 593 

92 117 

92 634 

93 146 

93 651 

94 151 

94 645 

95 134 



95 424 95 472 95 521 95 569 95 61 


95 904 

96 379 

96 848 

97 313 

97 772 

98 227 

98 677 

99 123 
99 564 


95 952 

96 426 

96 895 

97 359 

97 818 

98 272 

98 722 

99 167 
99 607 


95 999 

96 473 

96 942 

97 405 

97 864 

98 318 

98 767 

99 211 
99 661 


*90 |00 000 00 043 00 087 


96 047 
96 520 

96 988 

97 451 

97 909 

98 363 

98 811 

99 255 

99 695 


00 130 


3 



96 095 

96 567 

97 035 

97 497 

97 955 

98 408 

SgSSS SSS $432 S 8 S till o 8 

99 73989 782 99 826 99 875 Molt 99 Ifl 
00 173 ut) HI7 00 260 00 303 op 94(1 nn m 

' 8 fi 
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TABLE I 


100-150 
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TABLE I 


150-200 
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20 



TABLE I 


654 
824 
993 
41 162 
330 
250 497 

261 664 

262 830 

263 996 

264 42 160 


270 43 136 

271 297 


276 44 091 

277 248 

278 404 

279 560 

716 
871 

45 025 
179 
332 

484 
637 
788 
939 

46 090 

240 
389 
538 

293 687 

294 835 

296 982 

296 47 129 



846 

*008 

169 

329 

489 

648 

807 i 





902 
040 056 
194 209 
347 362 

500 515 
652 667 
803 818 
954 969 
105 120 

255 270 
404 419 
553 568 
702 716 
850 864 

997 *012 
144 159 

290 305 
436 451 
582 596 

727 


201 

361 

521 

680 

838 

996 

154 

311 

467 

623 

778 

932 

086 

240 

393 

545 

697 

849 

*000 

150 



894 

*041 

168 

334 

480 

625 



250-300 


881 

*054 

226 

398 

569 

739 

909 

*078 

246 

414 

581 

747 

913 

*078 

243 

406 

570 
732 
894 

*056 

217 

377 

537 

696 

854 

*012 

170 

326 

483 

638 

793 

948 

102 

255 

408 

561 

712 

864 

*015 

165 

315 

464 

613 

761 


*056 

202 

349 

494 

640 

784 


Prop. Parts 


927 

*088 

249 

409 

569 

727 

886 

*044 

201 

358 

514 

669 

824 

979 

133 

286 

439 

591 

743 

894 

♦045 

195 

345 

494 

642 

790 

938 

*085 

232 

378 

524 

669 


950 

*123 

295 

466 

637 

807 

976 

*145 

313 

481 

647 

814 

979 

*144 

308 



*060 

210 

359 

509 

657 

805 

953 

*100 

246 

392 

538 

683 

828 


797 

959 

*120 

281 

441 

600 

759 

917 

*075 

232 

389 

545 

700 

855 

♦010 

163 

317 

469 

621 

773 

924 

*075 

225 

374 

523 

672 

820 

967 

*114 

261 



18 

1 

1.8 

2 

3.6 

3 

5.4 

4 

7.2 

5 

9.0 

6 

10.8 

7 

12.6 

8 

14.4 

9 

16.2 

• 

17 

1 

1.7 

2 

3.4 

3 

5.1 

4 

6.8 

5 

8.5 

6 

10.2 

7 

11.9 

8 

13.6 

9 

15.3 

log £ 

= 0.43429 


16 

1 

1.6 

2 

3.2 

3 

4.8 

4 

6.4 

5 

8.0 

6 

9.6 

7 

11.2 

8 

12.8 

9 

14.4 


16 

1 

1.5 

2 

3.0 

3 

4.5 

4 

6.0 

5 

7.5 

6 

9.0 

7 

10.5 

8 

12.0 

9 

13.5 

V r 

- 

14 

1 

1.4 

2 

2.8 

3 

4.2 

4 

5.6 

5 

7.0 

6 

8.4 

7 

9.8 

8 

11.2 

9 

12.6 


_ 1 





































TABLE I 


300-350 


| N. j L. 0 

I 

2 3 

i 

5 

6 

■111 

9 1 Prop. Parts 

300 

301 

302 

303 

304 

S05 

306 

307 

308 

309 

810 

311 

312 

313 

314 

316 

316 

317 

318 

319 

320 

321 

322 

323 

324 

326 

326 

327 

328 

329 

330 

331 

332 

333 

334 

336 

336 

337 

338 

339 

340 

341 

342 

343 

344 

346 

346 

347 

348 

349 

860 

47 712 
857 

48 001 
144 
287 

430 

572 

714 

855 

996 

49 136 
276 
415 
554 
693 

83 T 

969 

50 106 

243 
379 

515 

651 

786 

920 

51 055 

188 

322 

455 

587 

720 

851 

983 

52 114 

244 
375 

504 

634 

763 

892 

53 020 

148 

275 

403 

529 

656 

782 

908 

54 033 
158 
283 

407 

727 
871 
015 
159 
302 

444 

586 

728 
869 

♦010 

150 

290 

429 

568 

707 

845 

982 

120 

256 
393 

529 

664 

799 

934 

068 

202 

335 

468 

601 

733 

865 

996 

127 

257 
388 

517 

647 

776 

905 

033 

161 

288 

415 

542 

668 

794 

920 

045 

170 

295 

419 

741 
885 
029 
173 
316 

458 

601 

742 
883 

♦024 

164 

304 

443 

582 

721 

859 

996 

133 

270 

406 

542 

678 

813 

947 

081 

215 

348 

481 

614 

746 

878 

♦009 

140 

270 

401 

530 

660 

789 

917 

046 

173 

301 

428 

555 

681 

807 

933 

058 

183 

307 

432 

756 

900 

044 

187 

330 

473 

615 

756 

897 

*038 

178 

318 

457 

596 

734 

872 

*010 

147 

284 

420 

556 

691 

826 

961 

095 

228 

362 

495 

627 

759 

891 

*022 

153 

284 

414 

543 

673 

802 

930 

058 

186 

314 

441 

567 

694 

820 

945 

070 

195 

320 

444 

770 

914 

058 

202 

344 

487 

629 

770 

911 

*052 

192 

332 

471 

610 

748 

886 

*024 

161 

297 

433 

569 

705 
840 
974 
108 

242 

375 

508 

640 

772 

904 

*035 

166 

297 

427 

556 

686 

815 

943 

071 

199 

326 

453 

580 

706 

832 

958 

083 

208 

332 

456 

784 
929 
073 
216 
359 

501 

643 

785 
926 

*066 

206 

346 

485 

624 

762 

900 

*037 

174 

311 

447 

583 

718 
853 
987 
121 
255 
388 
521 
654 

786 

917 

♦048 

179 

310 

440 

569 

699 

827 

956 

084 

212 

339 

466 

593 

719 

845 

970 

095 

220 

345 

469 

799 

943 

087 

230 

373 

515 

657 

799 

940 

*080 

220 

360 

499 

638 

776 

914 

*051 

188 

325 

461 

596 

732 

866 

*001 

135 

268 

402 

534 

667 

799 

930 

*061 

192 

323 

453 

582 

711 

840 

969 

097 

224 

352 

479 

605 

732 

857 

983 

108 

233 

357 

481 

813 

958 

101 

244 
387 

530 

671 

813 

954 

*094 

234 

374 

513 

651 

790 

927 

*065 

202 

338 

474 

610 

745 

880 

*014 

148 

282 

415 

548 

680 

812 

943 

*075 

205 

336 

466 

595 

724 

853 

982 

110 

237 

364 

491 

618 

744 

870 

995 

120 

245 
370 

494 

828 

972 

116 

259 

401 

544 

686 

827 

968 

*108 

248 

388 

527 

665 

803 

941 

*079 

215 

352 

488 

623 

759 

893 

*028 

162 

295 

428 

561 

693 

825 

957 

*088 

218 

349 

479 

608 

737 

866 

994 

122 

250 

377 

504 

631 

757 

882 

*008 

133 

258 

382 

506 

842 

986 

130 

273 

416 

558 

700 

841 

982 

*122 

262 

402 

541 

679 

817 

955 

*092 

229 

365 

501 

637 

772 

907 

*041 

175 

308 

441 

574 

706 

838 

970 

*101 

231 

362 

492 

621 

750 

879 

*007 

135 

263 

390 

517 
643 
769 

895 

*020 

145 

270 

394 

518 

15 

1 1.5 

2 3.0 

3 4.5 

4 6.0 

5 7.5 

6 9.0 

7 10.5 

8 12.0 

9 13.5 

log v = 0.49715 

14 

1 1.4 

2 2.8 

3 4.2 

4 5.6 

5 7.0 

6 8.4 

7 9.8 

8 11.2 

9 12.6 

13 

1 1.3 

2 2.6 

3 3.9 

4 5.2 

5 6.5 

6 7.8 

7 9.1 

8 10.4 

9 11.7 

12 

1 1.2 

2 2.4 

3 3.6 

4 4.8 

5 6.0 

6 7.2 

7 8.4 

8 9.6 

9 10.8 

n. 

L. o 

z 

2 

3 

mm 

5 6 

7 ~ 

| 8~ 

9 

Prop. Parts 


22 














TABLE I 


350-4 



860 

351 

352 

353 

354 

S66 

356 

357 

358 

359 

860 

36 ! 

362 

363 

364 

366 

366 

367 

368 

369 

370 

371 

372 

373 

374 

376 

376 

377 

378 

379 


54 407 
531 
654 
777 
900 

55 023 
145 
267 
388 
509 

630 

751 

87 ! 

991 

56 110 

229 

348 

467 

585 

703 

820 

937 


L/MiVl 



Prop. Parts 


035 

157 

279 

400 

522 

642 

763 

883 

*003 

122 

241 

360 


654 

775 

895 

*015 

134 

253 

372 

490 

608 

726 

844 

961 

078 

194 

310 


444 456 469 

568 580 593 

691 704 716 

814 827 839 

937 949 962 

060 072 084 

182 194 206 

303 315 328 

425 437 449 

546 558 570 

666 678 691 

787 799 811 

907 919 931 

*027 *038 *050 
146 158 170 

265 277 289 

384 396 — 

502 514 
620 632 

738 750 



386 

387 

388 

389 

390 

391 

392 

393 

394 

395 

396 

397 

398 

399 

400 


978 

58 092 
206 
320 
433 

546 

659 
771 
883 
995 

59 106 
218 
329 
439 
550 

660 
770 
879 
988 

60 097 

206 


990 

104 

218 

331 

444 

557 

670 

782 

894 

*006 



*001 

115 

229 

343 

456 

569 

681 

794 

906 

*017 

129 

240 

351 

46 ! 

572 

682 

791 

901 

*010 

119 


*013 

127 

240 

354 

467 

580 

692 
805 
917 

*028 

140 

251 

362 

472 

583 

693 
802 
912 

*021 

130 

239 


*024 

138 

252 

365 

478 

591 

704 

816 

928 

*040 

151 

262 

373 

483 

594 

704 

813 

923 

*032 

141 

249 


879 

996 

113 

229 

345 

461 

576 

692 

807 

921 

*035 

149 

263 

377 

490 

602 

715 

827 

939 

*051 

162 

273 

384 

494 

605 

715 

824 

934 

*043 

152 


481 
605 
728 
1 851 

974 

096 

218 

340 

461 

582 

703 

823 

943 

*062 

182 

301 

419 

538 

656 

773 

891 

*008 

124 

24 ! 

357 

473 

588 

703 

818 

933 

*047 

161 

274 

388 

501 

614 
726 
838 
950 
*062 1 

173 

284 

395 

506 

616 


494 
617 
741 
864 
986 

108 
230 
352 
473 
594 

715 

835 

955 

*074 

194 

312 

431 

549 

667 

785 

902 

*019 

136 

252 

368 

484 

600 

715 

830 

944 

♦058 

172 

286 

399 

512 

625 

737 

850 

961 

*073 


506 
630 
753 
876 
998 

121 

242 

364 

485 

606 

727 

847 

967 

*086 

205 

324 

443 

561 

679 

797 

914 

*031 

148 

264 

380 

496 

611 

726 

841 

955 

*070 

184 

297 

410 

524 

636 

749 

861 

973 

*084 


184 

295 

406 

517 

627 


518 
642 
765 
888 
*011 

133 
255 
376 
497 
618 

739 

859 

979 

*098 

217 

336 
455 
573 
I 691 
808 

926 

*043 

159 

276 

392 

507 

623 

738 

852 

967 

*081 

195 

309 

422 

535 

647 

760 

872 

984 

*095 


726 
835 
945 
*054 
— . 163 

260 271 


737 

846 

956 

*065 

173 

282 


195 

306 

417 

528 

638 

748 

857 

966 

*076 

184 


207 

318 

428 

539 

649 

759 

868 

977 

*086 

195 

304 


1 1.3 

2 2.6 

3 3.9 

4 5.2 

5 6.5 

6 7.8 

7 9.1 

8 10.4 

9 11.7 


12 

1.2 

2.4 

3.6 
4.8 
6.0 
7.2 

8.4 

9.6 
10.8 


11 

1.1 

2.2 

3.3 

4.4 

5.5 

6.6 

7.7 

8.8 
9.9 


10 

1.0 

2.0 

3.0 

4.0 

5.0 

6.0 

7.0 

8.0 

9.0 













TABLE I 


400-450 


IT. L. o 

x a j 

4 5 6 

m 

8 

9 | Prop. Parts j 

400 

401 

402 

403 

404 

405 

406 

407 

408 

409 

410 

411 

412 

413 

414 

415 . 
41 * 

417 

418 

419 

420 

421 

422 

423 

424 

426 

426 

427 

428 

429 

430 

431 

432 

433 

434 

435 

436 

437 

438 

439 

440 

441 

442 

443 

444 

445 

446 

447 

448 

449 

450 

60 206 
314 
423 
531 
638 

746 

853 

959 

61 066 
172 

278 

384 

490 

595 

700 

805 

909 

62 014 
118 
221 

325 

428 

531 

634 

737 

839 

941 

63 043 
144 
246 

347 

448 

548 

649 

749 

849 

949 

64 048 
147 
246 

345 

444 

542 

640 

738 

836 

933 

65 031 
128 
225 

321 

217 

325 

433 

541 

649 

756 

863 

970 

077 

183 

289 

395 

500 

606 

711 

815 

920 

024 

128 

232 

335 

439 

542 
644 

747 
849 
951 
053 
155 
256 

357 

458 

558 

659 

759 

859 

959 

058 

157 

256 

355 

454 

552 

650 

748 

846 

943 

040 

137 

234 

331 

228 

336 

444 

552 

660 

767 

874 

981 

087 

194 

300 

405 

511 

616 

721 

826 

930 

034 

138 

242 

346 

449 

552 

655 

757 

859 

961 

063 

165 

266 

367 

468 

568 

669 

769 

869 

969 

068 

167 

266 

365 

464 

562 

660 

758 

856 

953 

050 

147 

244 

341 

239 

347 

455 

563 

670 

778 
885 
991 
098 
204 

310 

416 

521 

627 

731 

836 

941 

045 

149 

252 

356 

459 

562 

665 

767 

870 

972 

073 

175 

276 

377 

478 

579 

679 

779 

879 

979 

078 

177 

276 

375 

473 

572 

670 

768 

865 

963 

060 

157 

254 

350 

249 

358 

466 

574 

681 

788 
895 

*002 

109 

215 

321 

426 

532 

637 

742 

847 

951 

055 

159 

263 

366 

469 

572 

675 

778 

880 

982 

083 

185 

286 

387 

488 

589 

689 

789 

889 

988 

088 

187 

286 

385 

483 

582 

680 

777 

875 

972 

070 

167 

263 

360 

260 

369 

477 

584 

692 

799 

906 

*013 

119 

225 

331 

437 

542 

648 

752 

857 

962 

066 

170 

273 

377 

480 

583 

685 

788 

890 

992 

094 

195 

296 

397 

498 

599 

699 

799 

899 

998 

098 

197 

296 

395 

493 

591 

689 

787 

885 

982 

079 

176 

273 

369 

271 

379 

487 

595 

703 

810 

917 

*023 

130 

236 

342 

448 

553 

658 

763 

868 

972 

076 

180 

284 

387 

490 

593 

696 

798 

900 

*002 

104 

205 

306 

407 

508 

609 

709 

809 

909 

*008 

108 

207 

306 

404 

503 

601 

699 

797 

895 

992 

089 

186 

283 

379 

282 

390 

498 

606 

713 

821 

927 

*034 

140 

247 

352 

458 

563 

669 

773 

878 

982 

086 

190 

294 

397 

500 

603 

706 

808 

910 

*012 

114 

215 

317 

417 

518 

619 

719 

819 

919 

*018 

118 

217 

316 

414 

513 

611 

709 

807 

904 

♦002 

099 

196 

292 

389 

293 

401 

509 

617 

724 

831 

938 

*045 

151 

257 

363 

469 

574 

679 

784 

888 

993 

097 

201 

304 

408 

511 

613 

716 

818 

921 

*022 

124 

225 

327 

428 

528 

629 

729 

829 

929 

*028 

128 

227 

326 

424 

523 

621 

719 

816 

914 

*011 

108 

205 

302 

398 

304 

412 

520 
627 
735 

842 

949 

*055 

162 

268 

374 

479 

584 

690 

794 

899 

*003 

107 

211 

315 

418 

521 
624 
726 
829 

931 

*033 

134 

236 
337 

438 

538 

639 

739 

839 

939 

*038 

137 

237 
335 
434 
532 
631 
729 
826 

924 

*021 

118 

215 

312 

408 

ii 

1 1 . 1 ! 

2 2.2 

3 3.3 

4 4.4 

5 5.5 

6 6.6 

7 7.7 

8 8.8 

9 9.9 

10 

1 1.0 

2 2.0 

3 3.0 

4 4.0 

5 5.0 

6 6.0 

7 7.0 

8 8.0 

9 9.0 

9 

1 0.9 

2 1.8 

3 2.7 

4 3.6 

5 4.5 

6 5.4 

7 6.3 

8 7.2 

9 8.1 

N. | L. o 

X 

2 

3 

4 | S 

6 7 

8 

9 | Prop. Parts j 
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TABLE I 


550-6 




Prop. Parts 



586 

587 

588 

589 

E 90 

591 

592 

593 

594 

695 

596 

597 

598 

599 

600 


74 036 
115 
194 
273 
351 

429 

507 

586 

663 
741 

819 

896 

974 

75 051 
128 

205 

282 

358 

435 

511 

587 

664 
740 
815 
891 

967 

76 042 
118 
193 
268 

343 

418 

492 

567 

641 

716 

790 

864 

938 

77 012 

085 

159 

232 

305 

379 

452 

525 

597 

670 

743 

815 


044 

052 

123 

131 

202 

210 

280 

288 

359 

367 

437 

445 

515 

523 

593 

601 

671 

679 

749 

757 

827 

834 

904 

912 

981 

989 

059 

066 

136 

143 

213 

220 

289 

297 

366 

374 

442 

450 

519 

526 

595 

603 

671 

679 

747 

755 

823 

831 

899 

906 

974 

982 

050 

057 

125 

133 

200 

208 

275 

283 

350 

358 

425 

433 

500 

507 

574 

582 

649 

656 

723 

730 

797 

805 

871 

879 

945 

953 

019 

026 

093 

100 

166 

173 

240 

247 

313 

320 

386 

393 

459 

466 

turn 

539 

61 ? 


060 

139 

218 

296 

374 

453 

531 

609 
687 
764 

842 

920 

997 

074 

151 

228 

305 

381 

458 

534 

610 
686 
762 
838 
914 

989 

065 

140 

215 

290 

365 
440 
515 | 
589 
664 

738 

812 

886 

960 

034 



068 

147 

225 

304 

382 

461 

539 

617 
695 
772 

850 

927 

*005 

082 

159 

236 

312 

389 

465 

542 

618 
694 
770 
846 
921 

997 

072 

148 

223 

298 

373 

448 

522 

597 

671 

745 

819 

893 

967 

041 

115 

188 

262 

335 

408 

481 

554 

627 

699 

772 

844 


076 

155 

233 

312 

390 

468 

547 

624 

702 

780 

858 

935 

*012 

089 

166 

243 

320 

397 

473 

549 

626 

702 

778 
853 
929 

*005 

080 

155 

230 

305 

380 

455 

530 

604 

678 

753 

827 

901 

975 

048 

122 

195 

269 

342 

415 

488 

561 

634 

706 

779 

851 


084 

162 

241 

320 

398 

476 

554 

632 
710 
788 

865 

943 

*020 

097 

174 

251 

328 

404 

481 

557 

633 
709 
785 
861 
937 

*012 

087 

163 

238 

313 

388 

462 

537 

612 


092 

170 

249 

327 

406 

484 

562 

640 
718 
796 

873 

950 

*028 

105 

182 

259 

335 

412 

488 

565 

641 
717 
793 
868 
944 


099 

178 

257 

335 

414 

492 

570 

648 

726 

803 

881 

958 

*035 

113 

189 

266 

343 

420 

496 

572 

648 

724 

800 

876 

952 


107 

186 

265 

343 

421 

500 

578 

656 

733 

811 

889 

966 

*043 

120 

197 

274 

351 

427 

504 

580 

656 

732 

808 

884 

959 




982 

056 

129 

203 

276 

349 

422 

495 

568 

641 

714 

786 

859 


170 

245 

320 

395 

470 

545 

619 

693 

768 

842 

916 


/V/ 

063 

137 

210 

283 

357 

430 

503 

576 

648 

721 

793 

866 


*027 *035 
103 110 
178 185 
253 260 
328 335 

403 410 
477 485 
552 559 
626 634 
701 708 

775 782 
849 856 
923 930 
997 *004 
070 078 

144 151 
217 225 
291 298 
364 371 
437 444 

517 
590 
663 
735 


144 

217 

291 

364 

437 

510 

583 

656 

728 

801 

873 


8 

I I 0.8 
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TABLE I 600*650 


N. 

BDI 

«1 

2 

3 

1 4 

5 

6 

600 

77 815 

822 

830 

837 

844 

851 

859 

601 

887 

895 

902 

909 

916 

924 

931 

602 

960 

967 

974 

981 

988 

996 

*003 

603 

78 032 

039 

046 

053 

061 


075 

604 

104 

111 

118 

125 

132 

140 

147 

605 

176 

183 

190 

197 

204 

211 

219 

606 

247 

254 

262 

269 

276 

283 

290 

607 

319 

326 

333 

340 

347 

355 

362 

608 

390 

398 

405 

412 

419 

426 

433 

609 

462 

469 

476 

483 

490 

497 

504 

610 

533 

540 

547 

554 

561 

569 

576 

611 

604 

611 

618 

625 

633 

640 

647 

612 

675 

682 

689 

696 

704 

711 

718 

613 

746 

753 

760 

767 

774 

781 

789 

614 

817 

824 

831 

838 

845 

852 

859 

616 

888 

895 

902 

909 

916 

923 

930 

616 

958 

965 

972 

979 

986 

993 

*000 

617 

79 029 

036 

043 

050 

057 

064 

071 

618 

099 

106 

113 

120 

127 

134 

141 

619 

169 

176 

183 

190 

197 

204 

211 

620 

239 

246 

253 

260 

267 

274 

281 

621 

309 

316 

323 

330 

337 

344 

351 

622 

379 

386 

393 

400 

407 

414 

421 

623 

449 

456 

463 

470 

477 

484 

491 

624 

518 

525 

532 

539 

546 

553 

560 

625 

588 

595 

602 

609 

616 

623 

630 

626 

657 

664 

671 

678 

685 

692 

699 

f 627 

727 

734 

741 

748 

754 

761 

768 

628 

796 

803 

810 

817 

824 

831 

837 

629 

865 

872 

879 

886 

893 

900 

906 

630 

934 

941 

948 

955 

962 

969 

975 

631 

80 003 

010 

017 

024 

030 

037 

044 

632 

072 

079 

085 

092 

099 

106 

113 

633 

140 

147 

154 

161 

168 

175 

182 

634 

209 

216 

223 

229 

236 

243 

250 

635 

277 

284 

291 

298 

305 

312 

318 

636 

346 

353 

359 

366 

373 

380 

387 

637 

414 

421 

428 

434 

441 

448 

455 

638 

482 

489 

496 

502 

509 

516 

523 

639 

550 

557 

564 

570 

577 

584 

591 

640 

618 

625 

632 

638 

645 

652 

659 

641 

686 

693 

699 

706 

713 

720 

726 

642 

754 

760 

767 

774 

781 

787 

794 

643 

821 

828 

835 

841 

848 

855 

862 

644 

889 

895 

902 

909 

916 

922 

929 

646 

956 

963 

969 

976 

983 

990 

996 

646 

81 023 

030 

037 

043 

050 

057 

064 

647 

090 

097 

104 

111 

117 

124 

131 

648 

158 

164 

171 

Bui 

184 

191 

198 

649 

224 

231 

238 

EJ 

251 

258 

265 

660 

291 

298 

305 

ED 

318 

325 

331 

N . 

L. o 

| !i 

2 

3 

4 

S 

6 | 
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TABLE I 


650-700 



656 

657 

658 

659 

660 
661 
662 

663 

664 

665 

666 

667 

668 

669 

670 

671 

672 

673 

674 

676 

676 

677 

678 

679 


81 29! 
358 
425 
491 
558 

624 

690 

757 

823 

889 

954 

82 020 
086 
151 
217 

282 

347 

413 

478 

543 

607 
672 
737 
802 
866 
930 
995 
83 059 
123 
187 





569 

632 

696 

759 

822 

885 
948 
84 011 
073 
136 


nun 


in 

in 

ran 


298 

305 

fin 

318 

325 

331 

338 

345 

365 

431 

371 

438 

m 

385 

451 

391 

458 

398 

465 

405 

471 

411 

478 

498 

505 

511 

518 

525 

531 

538 

544 

564 

571 

578 

584 

591 

598 

604 

611 

631 

637 

644 

65! 

657 

664 

671 

677 

697 

704 

710 

717 

723 

730 

737 

743 

763 

770 

776 

783 

790 

796 

803 

809 

829 

836 

842 

849 

856 

862 

869 

875 

895 

902 

908 

915 

921 

928 

935 

941 

961 

968 

974 

981 

987 

994 

*000 

*007 

027 

033 

040 

046 

053 

060 

066 

073 

092 

099 

105 

112 

119 

125 

132 

138 

158 

164 

171 

178 

184 

191 

197 

204 

223 

230 

236 

243 

249 

256 

263 

269 

289 

295 

302 

308 

315 

32! 

328 

334 

354 

360 

367 

373 

380 

387 

393 


419 

426 

432 

439 

445 

452 

458 

484 

491 

497 

504 

510 

517 

523 

530 

549 

556 

562 

569 

575 

582 

588 

595 

614 

620 

627 

633 

640 

646 

653 

659 

679 

685 

692 

698 

705 

711 

718 

724 

743 

750 

756 

763 

769 

776 

782 

789 

808 

814 

821 

827 

834 

840 

847 

853 

872 

879 

885 

892 

898 

905 

911 

918 

937 

943 

950 

956 

963 

969 

975 

982 

*001 

*008 

*014 

*020 

*027 

*033 

*040 

*046 

065 

072 

078 

085 

091 

097 

104 

110 

129 

136 

142 

149 

155 

161 

168 

174 

193 

200 

206 

213 

219 

225 

232 

238 

257 

264 

270 

276 

283 

289 

296 

302 

321 

aaV 

327 

334 

340 

347 

353 

359 

366 

385 

39! 

. -a *W 

398 

404 

410 

417 

423 

429 

448 

455 

461 

467 

474 

480 

487 

493 

512 

518 

525 

531 

537 

544 

550 

556 

575 

582 

588 

594 

601 

607 

613 

620 

639 

645 

■1 A A 

651 

658 

664 

670 

677 

683 

702 

765 

708 

771 

715 

778 

721 

784 

WUM 

734 

797 

740 

803 

746 

809 

828 

835 

841 

847 

853 

860 

866 

872 

891 

897 

904 

910 

916 

923 

929 

935’ 

954 

960 

967 

973 

979 

985 

992 

998 

017 

023 

029 

036 

1^4 

048 

055 

061 

080 

A M 

086 

092 

098 

tfol 

111 

117 

123 

142 

148 

155 

161 

167 

173 

180 

186 

205 

211 

217 

223 

230 

236 

242 

248 

267 

273 

280 

286 

292 

296 

305 

311 

330 

A* 

336 

342 

348 

354 

361 

367 

373 

392 

i 

398 

404 

410 

417 

423 

429 

435 

454 

460 

466 

473 

479 

485 

491 

497 

516 

522 

528 

535 

541 

547 

553 

559 


Prop. Parts 


351 

418 

485 

551 

617 

684 

750 

816 

682 

948 

*014 

079 

145 

210 

276 

341 

406 

471 

536 

601 

666 

730 

795 

860 

924 

988 

•052 

117 

181 

245 

308 

372 

436 

499 

563 

626 

689 

753 

816 

879 

942 

*004 

067 

130 

192 

255 

317 

379 

442 

504 

566 
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TABLE I 


700-750 


n . 


L. o 

z 

2 

3 

4 

5 

MU 

MU 

8 

84 510 

516 


528 

535 

541 

547 

553 

559 

572 

578 


590 

597 

603 

609 

615 

621 

634 

640 

646 

652 

658 

665 

671 

677 

683 

696 

702 

708 

714 

720 

726 

733 

739 

745 

757 

763 

770 

776 

782 

788 

794 

800 

807 

819 

825 

831 

837 

844 

850 

856 

862 

868 

880 

887 

893 

899 

905 

911 

917 

924 

930 

942 

948 

954 

960 

967 

973 

979 

985 

991 

85 003 

009 

016 

022 

028 

034 

040 

046 

052 

065 

071 

077 

083 

089 

095 ‘ 

101 

107 

114 

126 

132 

138 

144 

150 

156 

163 

169 

175 

187 

193 

199 

205 

211 

217 

224 

230 

236 

248 

254 

260 

266 

272 

278 

285 

291 

297 

309 

315 

321 

327 

333 

339 

345 

352 

358 

370 

376 

382 

388 

394 


406 

412 

418 

431 

437 

443 

449 

455 

461 

467 

473 

479 

491 

497 

503 

509 

516 

522 

528 

534 

540 

552 

558 

564 

570 

576 

582 

588 

594 

600 

612 

618 

625 

631 

637 

643 

649 

655 

661 

673 

679 

685 

691 

697 

703 

709 

715 

721 

733 

739 

745 

751 

757 

763 

769 

775 

781 

794 

800 

806 

812 

818 

824 

830 

836 

842 

854 

860 

866 

872 

878 

884 

890 

896 

902 

914 

920 

926 

932 

938 

944 

950 

956 

962 

974 

980 

986 

992 

998 


*010 

*016 

*022 

86 034 

040 

046 

052 

058 

064 

070 

076 

082 

094 

100 

106 

112 

118 

124 

130 

136 

141 

153 

159 

165 

171 

177 

183 

189 

195 

201 

213 

219 

225 

231 

237 

243 

249 

255 

261 

273 

279 

285 

291 

297 

303 

308 

314 

320 

332 

338 

344 

350 

356 

362 

368 

374 

380 

392 

398 

404 

410 


421 

427 

433 

439 

451 

457 

463 

469 

Ea 

481 

487 

493 

499 

510 

516 

522 

528 

534 

540 

546 

552 

558 

570 

576 

581 

587 

593 

599 

605 

611 

617 

629 

635 

641 

646 

652 

658 

664 

670 

676 

688 

694 

700 

705 

711 

717 

723 

729 

735 

747 

753 

759 

764 

770 

776 

782 

788 

794 

806 

812 

817 

823 

829 

835 

841 

847 

853 

864 

870 

876 

882 

888 

894 

900 

906 

911 

923 

929 

935 

941 

947 

953 

958 

964 

970 

982 

988 

994 

999 

♦005 


*017 

*023 

*029 

87 040 

046 

052 

058 

064 


075 

081 

087 

099 

105 

111 

116 

122 

128 

134 

140 

146 

157 

163 

169 

175 

181 

186 

192 

198 

204 

216 

221 

227 

233 

239 

245 

251 

256 

262 

274 

280 

286 

291 

297 

303 

309 

313 

320 

332 

338 

344 

349 

355 

361 

367 

373 

379 

390 

396 

402 

408 

413 

419 

425 

431 

437 

448 

454 

460 

466 

471 

477 

483 

489 

495 

506 

512 

518 

523 

529 

535 

541 

547 

ESI 


Hi 


3 J 

4 1 

5 

6 

KB 

Hi 


700 


566 

625 

689 

751 

813 

874 

936 

997 

058 

120 

181 

242 

303 

364 

425 

485 

546 

606 

667 

727 

788 

848 

908 

968 

*028 

088 

147 

207 

267 
326 

386 

445 

504 

564 

623 

682 

741 

800 

859 

917 

976 

*035 

093 

151 

210 

268 
326 
384 
442 
500 

558 


K , 


JU 












TABLE I 


750-8 



Prop. Parts 


87 506 
564 
622 
679 
737 

795 

852 

910 

967 

88 024 

08 ! 

138 

195 

252 

309 

366 

423 

480 

536 

593 

649 

705 

762 

818 

874 

930 

986 

89 042 
098 
154 


818 

875 

933 

990 

047 

104 

161 

218 

275 

332 


372 

429 

485 

542 

598 

655 

711 

767 

824 

880 


780 

78 ] 

782 

783 

784 

786 

786 

787 

788 

789 


941 947 

997 *003 
053 059 
109 115 
165 170 


672 

728 

784 

840 

897 

953 

*009 

064 

120 

176 


829 

887 

944 

*001 

058 

116 

173 

230 

287 

343 

400 

457 

513 

570 

627 

683 

739 

795 

852 

908 

964 

*020 

076 

131 

187 


547 

604 

662 

720 

777 

835 

892 

950 

♦007 

064 


552 

610 

668 

726 

783 

84 ! 

898 

955 

*013 


406 

463 

519 

576 

632 

689 

745 

801 

857 

913 

969 

*025 

081 

137 

193 


412 

468 

525 

581 

638 

694 

750 

807 

863 

919 

975 

*031 

087 

143 

198 


846 

904 

961 

,*018 

076 

133 

190 

247 

304 

360 

417 



981 

*037 

092 

148 

204 


763 
818 
873 
927 
982 
90 037 
091 
146 
200 
255 

309 


774 

829 

883 

938 

993 

048 

102 

157 

211 

266 

320 


779 

834 

889 

944 

998 

053 

108 

162 

217 

271 

325 


509 
564 
620 
675 
730 735 

785 790 
840 845 
894 
949 
*004 1*009 


531 

586 

642 

697 

752 

807 

862 

916 

971 

*026 


5 

1 | 0.5 

2 
3 
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TABLE I 


800-850 
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860 

861 

862 

-863 

864 


92 942 
993 

93 044 
095 
146 

197 

247 

298 

349 

399 

450 

500 

551 

601 

651 


952 957 

*003 *008 
054 059 

105 110 

156 161 


202 

252 

303 

354 

404 

455 

505 

556 

606 

656 


962 

*013 

064 

115 

166 

217 

268 

318 

369 

420 


967 

*018 

069 

120 

171 


973 

*024 

075 

125 

176 

227 

278 

328 

379 

430 


978 

*029 

080 

131 

181 

232 

283 

334 

384 

435 


983 

*034 

085 

136 

186 

237 

288 

339 

389 



870 

871 

872 

873 

874 

876 

876 

877 

878 

879 


952 
94 002 
052 
101 
151 



886 

887 

888 

889 

890 

891 

892 

893 

894 


694 

743 

792 

841 

890 

939 
y 988 
95 036 
085 
134 


236 

285 

335 

384 

433 

483 

532 

581 

630 

680 


240 

290 

340 

389 

438 


997 

047 

096 

146 

196 

245 

295 

345 

394 

443 





















TABLE I 



900 

901 

902 

903 

904 

905 

906 

907 

908 

909 

910 

911 

912 

913 

914 

915 

916 

917 

918 

919 

920 

921 

922 

923 

924 

925 

926 

927 

928 

929 

930 

931 

932 

933 

934 

935 

936 

937 

938 

939 

940 

941 

942 

943 

944 

945 

946 

947 

948 

949 


95 424 

472 
521 
569 
617 

665 

713 

761 

809 

856 

904 

952 

999 

96 047 
093 

142 

190 

237 

284 

332 

379 

426 

473 
520 
567 

614 

661 

708 

755 

802 

848 

895 

942 

988 

97 035 

081 

128 

174 

220 

267 

313 

359 

405 

451 

497 

543 

589 

635 

681 

727 

772 


429 

477 

525 

574 

622 

670 

718 

766 

813 

861 

909 

957 



147 

194 

242 

289 

336 

384 

431 

478 

525 

572 

619 

666 

713 

759 

806 

853 

900 

946 

993 

039 

086 

132 

179 

225 

271 

317 

364 

410 

456 

502 

548 

594 

640 

685 

731 

777 


434 

482 
530 
578 
626 

674 

722 

770 

818 

866 

914 

961 

*009 

057 

104 

152 

199 

246 

294 

341 

388 

435 

483 
530 
577 

624 

670 

717 

764 

811 

858 

904 

951 

997 

044 

090 

137 

183 

230 

276 

322 

368 

414 

460 

506 

552 

598 

644 

690 

736 

782 


439 
487 
535 
583 
631 

679 

727 

775 

823 

871 

918 

966 

*014 

061 

109 

156 

204 

251 

298 

346 

393 

440 
487 
534 
581 

628 

675 

722 

769 

816 

862 

909 

956 

*002 

049 

095 

142 

188 

234 

280 

327 

373 

419 

465 

511 

557 

603 

649 

695 

740 


444 
492 
540 
588 
636 

684 

732 

780 

828 

875 

923 

971 

*019 

066 

114 

161 

209 

256 

303 

350 

398 

445 
492 
539 
586 

633 

680 

727 

774 

820 

867 

914 

960 

*007 

053 

100 

146 

192 

239 

285 

331 

377 

424 

470 

516 

562 

607 

653 

699 

745 


448 

497 

545 

593 

641 

689 

737 

785 

832 

880 

928 

976 

*023 

071 

118 

166 

213 

261 

308 

355 

402 

450 

497 

544 

591 

638 

685 

731 

778 

825 

872 

918 

965 

♦Oil 

058 

104 

151 

197 

243 

290 

336 

382 

428 

474 

520 

566 

612 

658 

704 

749 

795 


453 

501 

550 

598 

646 

694 

742 

789 

837 

885 

933 

980 

*028 

076 

123 


407 

454 

501 

548 

595 

642 

689 

736 

783 

830 

876 

923 

970 

*016 

063 

109 

155 

202 

248 

294 

340 

387 

433 

479 

525 

571 

617 

663 

708 

754 


458 
506 
554 
602 
650 

698 

746 

794 

842 

890 

938 

985 

*033 

080 

128 

175 

223 

270 

317 

365 

412 

459 
506 
553 
600 

647 

694 

741 

788 

834 

881 

928 

974 

*021 

067 


114 
160 
206 
253 
299 

345 

391 

437 

483 

529 

575 

621 

667 

713 

759 


463 
511 
559 
607 
655 

703 

751 

799 

847 

895 

942 

990 

*038 

085 

133 

180 

227 

275 

322 

369 

417 

464 
511 
558 
605 

652 

699 

745 

792 

839 

886 

932 

979 

*025 

072 


468 

516 

564 

612 

660 

708 

756 

804 

852 

899 

947 

995 

*042 

090 

137 

185 

232 

280 

327 

374 

421 

468 

515 

562 

609 

656 

703 

750 

797 

844 

890 

937 

984 

*030 

077 

123 

169 

216 

262 

308 

354 

400 

447 

493 

539 

585 

630 

676 

722 

768 

813 


5 

1 I 0.5 


8 4.0 

9 4.5 


4 

1 I 0.4 


7 2.8 

8 3.2 


Prop. Parts 
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TABLE I 


950-1000 


Prop. Parts 
























































































































































































































































































































TABLE II 

logarithms of trigonometric functions 









































































































































































































































































































table n 


179 



0 

60 

120 

180 

240 


300 

360 

420 

480 

540 


600 

660 

720 

780 

840 


900 

960 

1020 

1080 

1140 


1200 

1260 

1320 

1380 

1440 


1500 

1560 

1620 

1680 

1740 


1800 

1860 

1920 

1980 

2040 


2100 

2160 

2220 

2280 

2340 



2700 

2760 

2820 

2880 

2940 



3300 

3360 

3420 

3480 

3540 







l sin log S l esc 


Inf. neg. 
6.46373 
76476 
94085 
7.06579 


30882 5.31 443 
36682 5.31443 
41797 5.31 443 


46373 5.31 443 
50512 5.31443 
54291 5.31 443 
57767 5.31 443 







7.63982 

667S4 

69417 

71900 

74248 


7.76475 
78594 
80615 
82545 
84393 


7.86166 

87870 

89509 

91088 

92612 


7.94084 

95508 

968S7 

98223 

99520 


8.00779 

02002 

03192 

04350 

05478 


8.06578 

07650 

08696 

09718 

10717 


8.11693 

12647 

13581 

14495 

15391 


8.16268 
17128 
17971 
18798 
19610 


8.20407 

21189 

21958 

22713 

23456 


5.31443 
5.31 443 
5.31 443 
5.31443 


5.31 443 12.235! 
5.31443 2141 

5.31 443 
5.31 443 
5.31443 


5.31 443112.138: 
5.31443 
5.31 443 
5.31443 
5.31443 


5.31 443 12.059: 
5.31443 044! 

5.31 443 0311 

5.31443 017’ 
5.31443 0041 


5.31443 
5.31 443 
5.31443 
5.31443 
5.31443 


5.31443 11.934S 

5.31444 923f 

5.31444 913C 

5.31444 902£ 

5.31 444 892£ 


5.31444 

5.31444 

5.31444 

5.31444 

5.31444 


5.31 444111.8373 

5.31444 - 

5.31444 
5.31444 
5.31444 


5.31444|11.7959 

5.31444 

5.31445 
5.31 445) § 1 

5.31445 7654 


l tan 

log T 

. Inf. neg. 
7 6.46373 

4 76476 

5 94085 
1 7.0657S 

5.31 443 
5.31443 
5.31443 
5.31442 

0 7.16270 

2 24188 

8 30882 

8 36682 

3 41797 

5 31 442 
5.31 442 
5.31 442 
5.31442 
5.31442 

7 7.46373 

8 50512 

9 54291 

3 57767 

5 609S6 

5.31442 
5.31442 
5.31 442 
5.31442 
5.31442 

8 7.63982 5.31442 
6 66785 5.31442 
3 69418 5.31442 
0 71900 5.31 442 
2 74248 5.31 442 

5 7.76476 5.31442 

6 7S595 5.31442 

5 80615 5.31442 

5 82546 5.3.1442 

7 84394 5.31442 

4 7.86167 
0 87871 

1 89510 

2 91089 

8 92613 

5.31442 
5.31 442 
5.31442 
5.31442 
5.31441 

r > 7.940S6 

2 95510 
96S89 

7 98225 

3 99522 

5.31441 

5.31441 

5.31441 

5.31441 

5.31441 

1 8.007S1 

8 02004 

03194 

04353 

2 05481 

5.31 441 
5.31 441 
5.31 441 
5.31 441 
5.31 441 

8.06581 

07653 

1 08700 

2 09722 

1 10720 

5.31441 ] 

5.31440 

5.31440 

5.31440 

5.31440 

' 8.11696 
12651 
» 13585 

14500 
15395 

5.31 440 j 
5.31 440 
5.31440 
5.31440 
5.31440 

8.16273 

17133 

17976 

18804 

19616 

5.31439 1 

5.31439 

5.31439 

5.31439 

5.31439 

8.20413 

21195 

21964 

22720 

23462 

5.314391 

5.31439 

5.31439 

5.31438 

5.31438 


l cot 


l see 


23524 

05915 


75812 

69118 

63318 

58203 


00000 

00000 

00000 

00000 


10.00000 

00000 

00000 

00000 

00000 


10.00000 

00000 

00000 

00000 

00000 


.36018 10.00000 
33215 00000 
30582 00001 
28100 00001 
25752 00001 


.23524 10.00001 
21405 00001 
19385 00001 
17454 00001 
15606 00001 


. 13833 10 
12129 
10490 
08911 
07387 


05914 10 

04490 

03111 

01775 

00478 


99219 10 

97996 

96806 

95647 

94519 


93419 10. 

92347 

91300 

90278 

89280 


.00001 

00001 

00001 

00001 

00002 


00002 

00002 

00002 

00002 

00002 


00002 

00002 

00003 

00003 

00003 


00003 

00003 

00003 

00003 

00004 


l cos 


10.00000 60 
00000 59 
00000 58 
00000 57 
00000 56 


10.00000 

00000 

00000 

00000 

00000 


10.00000 50 
00000 49 
00000 48 
00000 47 
00000 46 

10.00000 ~45 
00000 44 
9.99999 43 
99999 42 
99999 41 


9 99999 
99999 
99999 
99999 37 
99999 36 


9.99999 35 
99999) 34 
33 
32 



83727 
82867 
82024 
81196 
8038 


10.00004 

00004 

00004 

00004 

00004 


10.00005 

00005 

00005 

00005 

00005 


10.00006 

00006 

00006 

00006 

00006 



9.99997 20 
99997 19 
99997 18 
99997 
99996 


9.99996 15 
99996 14 
99996 13 
99996 12 
99996 11 


9.99995 10 
99995 9 

99995 8 

99995 
99995 


9.99994 
99994 
99994 
99994 
99994 



89 
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TABLE II 


178 


n 

/ 

/ sin 

log S 

l CSC 

l tan 

log T 

l cot 

l sec 

l cos 

1 

3600 

3660 

3720 

3780 

3840 

0 

1 

2 

3 

4 

8.24186 

24903 

25609 

26304 

26988 

5.31 445 
5.31445 
5.31445 
5.31445 
5.31445 

11.75814 

75097 

74391 

73696 

73012 

8.24192 

24910 

25616 

26312 

26996 

5 31 438 
5.31438 
5.31438 
5.31438 
5.31437 

11.75808 
75090 
74384 
73688 
73004 

10.00007 

00007 

00007 

00007 

00008 


60 

59 

58 

57 

56 

3900 

3960 

4020 

4080 

4140 


8.27661 

28324 

28977 

29621 

30255 

5.31445 

5.31445 

5.31445 

5.31445 

5.31445 

11.72339 

71676 

71023 

70379 

69745 

8.27669 
28332 
28986 
29629 
30263 

5.31437 

5.31437 

5.31437 

5.31437 

5.31437 

11.72331 

71668 

71014 

70371 

69737 

10.00008 

00008 

00008 

00008 

00009 


55 

54 

53 

52 

51 

4200 

4260 

4320 

4380 

4440 

10 

11 

12 

13 

14 

8.30879 

31495 

32103 

32702 

33292 

5.31446 
5.31 446 
5.31446 
5.31446 
5.31446 

11.69121 

68505 

67897 

67298 

66708 

8.30888 
31505 
32112 
32711 
33302 

5.31437 

5.31436 

5.31436 

5.31436 

5.31436 

11.69112 

68495 

67888 

67289 

66698 

10.00009 

00009 

00010 

00010 

00010 

9.99991 

99991 

99990 

99990 

99990 

50 

49 

48 

47 

46 

4500 

4560 

4620 

4680 

4740 

15 

16 

17 

18 
19 

8.33875 

34450 

35018 

35578 

36131 

5.31 446 
5.31446 
5.31446 
5.31446 
5.31446 

11.66125 

65550 

64982 

64422 

63869 

8.33886 
34461 
35029 
35590 
36143 

5.31436 
5.31435 
5.31435 
5.31 435 
5.31435 

11.66114 

65539 

64971 

64410 

63857 

10.00010 

00011 

00011 

00011 

00011 

■ iWiIiVi Y 

45 

44 

43 

42 

41 

4800 

4860 

4920 

4980 

5040 

20 

21 

22 

23 

24 

8.36678 

37217 

37750 

38276 

38796 

5.31446 

5.31447 
5.31447 
5.31447 
5.31447 

11.63322 

62783 

62250 

61724 

61204 

8.36689 
37229 
37762 
38289 
38809 

5.31435 

5.31434 

5.31434 

5.31434 

5.31434 

11.63311 

62771 

62238 

61711 

61191 

10.00012 

00012 

00012 

00013 

00013 


40 

39 

38 

37 

36 

5100 

5160 

5220 

5280 

5340 

25 

26 

27 

28 
29 

8.39310 

39818 

40320 

40816 

41307 

5.31447 

5.31447 

5.31447 

5.31447 

5.31447 

11.60690 

60182 

59680 

59184 

58693 

8.39323 

39832 

40334 

40830 

41321 

5.31434 

5.31433 

5.31433 

5.31433 

5.31433 

11.60677 

60168 

59666 

59170 

58679 

10.00013 

00014 

00014 

00014 

00015 

9.99987 
99986 
99986 
99986 
99985 

30 
34 
33 
32 

31 

5400 

5460 

5520 

5580 

5640 

30 

31 

32 

33 

34 

8.41792 

42272 

42746 

43216 

43680 

5.31447 

5.31448 
5.31448 
5.31448 
5.31448 

11.58208 
57 7 28 
57254 
56784 
56320 

8.41807 

42287 

42762 

43232 

43696 

5.31433 

5.31432 

5.31432 

5.31432 

5.31432 

11.58193 

57713 

57238 

56768 

56304 

10.00015 

00015 

00016 

00016 

00016 

9.99985 
99985 
99984 
99984 
99984 


5700 

5760 

5820 

5880 

5940 

35 

36 

37 

38 

39 

8.44139 

44594 

45044 

45489 

45930 

5.31 448 
5.31448 
5.31448 

5.31448 

5.31449 

11.55861 

55406 

54956 

54511 

54070 

8.44156 

44611 

45061 

45507 

45948 

5.31431 

5.31431 

5.31431 

5.31431 

5.31431 

11.55844 

55389 

54939 

54493 

54052 

10.00017 

00017 

00017 

00018 

00018 

9.99983 
99983 
99983 
99982 
99982 

60 

24 

23 

22 

21 

20 

19 

18 

17 

16 

6000 

6060 

6120 

6180 

6240 

40 

41 

42 

43 

44 

8.46366 

46799 

47226 

47650 

48069 

5.31 449 
5.31 449 
5.31449 
5.31 449 
5.31449 

11.53634 
53201 
52774 
52350 
51931 

8.46385 

46817 

47245 

47669 

48089 

5.31430 

5.31430 

5.31430 

5.31430 

5.31429 

11.53615 

53183 

52755 

52331 

51911 

10.00018 

00019 

00019 

00019 

00020 

9.99982 
99981 
99981 
99981 
99980 

/\ aaaOA 

6300 

6360 

6420 

6480 

45 

46 

47 

48 

49 

8.48485 

48896 

49304 

49708 

50108 

5.31449 

5.31449 

5.31450 
5.31 450 
5.31 450 

11.51515 

51104 

50696 

50292 

49892 

8.48505 

48917 

49325 

49729 

50130 

5.31429 

5.31429 

5.31428 

5.31428 

5.31428 

11.51495 

51083 

50675 

50271 

49870 

10.00020 

00021 

00021 

00021 

00022 


1 

u 

50 

51 

52 

53 

54 

8.50504 

50897 

51287 

51673 

52055 

5.31450 
5.31450 
5.31450 
5.31450 
5 31450 

11.49496 
49103 
48713 
48327 
47945 

8.50527 

50920 

51310 

51696 

52079 

5.31428 

5.31427 

5.31427 

5.31427 

5.31427 

11.49473 
49080 
48690 
48304 
47921 

10.00022 

00023 

00023 

00023 

00024 

i a nnno4 


1 

6900 

6960 

7020 

7080 

7140 

55 

56 

57 

58 

59 

8.52434 
52810 
53183 
63652 
53919 

5.31 451 
5.31451 
5.31 451 
5.31451 
5.31 451 

11.47566 

47190 

46817 

46448 

46081 

8.52459 
52835 
53208 
53578 
53945 

5.31426 
5.31426 
5.31426 
5.31 425 
5.31425 

11.47541 

47165 

46792 

46422 

46055 

a cnoo 

10.00024 

00025 

00025 

00026 

00026 

00026 




54282 

5.31 451 

45718 

HMrT 

b .31 425 

l tan 

l CSC 



l cos 

l sec 

l cot 

M 
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TABLE II 


177 ° 




7320 

7380 

7440 


7600 

7560 

7620 

7680 

7740 


7800 

7860 

7920 

7980 

8040 


8100 

8160 

8220 

8280 

8340 


8400 

8460 

8520 

8580 

8640 


8700 

8760 

8820 

8880 

8940 


9000 

9060 

9120 

9180 

9240 


9300 

9360 

9420 

9480 

9540 


9600 

9660 

9720 

9780 

9840 


9900 

9960 

10020 

10080 

10140 


10200 

10260 

10320 

10380 

10440 


10500 

10560 

10620 

10680 

10740 



8.54282 

54642 

54999 

55354 

55705 


5 8.56054 

6 | 56400 
56743 
57084 
57421 


8.57757 

58089 

58419 

58747 

59072 


8.59395 
59715 
60033 
60349 
60662 


8.60973 

61282 

61589 

61894 

62196 


8.62497 

62795 

63091 

63385 

63678 


25 8 

26 

27 

28 
29 


8 


5.31451 11.45718 8 

5.31451 45358 

5 31452 45001 

5.31452 44646 

5.31452 44295 


5.31 452 11.43946 
5.31452 

5.31452 

5.31453 
5.31453 


5.31453 11.42243 8 
5.31453 41911 

5.31453 41581 

5.31453 41253 

5.31454 40928 


5.31454 11.40605 8 
5.31454 40285 

5.31454 39967 

5.31454 39651 

5.31454 39338 


5.3145511.39027 
5.31455 38718 
5.31455 38411 
5.31455 38106 
5.31455 37804 


.43946 8 
43600 
43257 
42916 
42579 


.54308 

54669 

55027 

55382 

55734 


.56083 

56429 

56773 

57114 

57452 


5.3142511 
5.31425 
5.31424 
5.31424 
5.31424 


5.31423 

5.31423 

5.31423 

5.31422 

5.31422 


45692 

45331 

44973 

4461 

44266 



35 8 

36 



.63968 

64256 

64543 

64827 

65110 


65391 

65670 

65947 

66223 

66497 


66769 

67039 

67308 

67575 

67841 


5.3145511 
5.31 456 
5.31456 
5.31456 
5.31 456 


5.3145611 

5.31456 

5.31457 
5.31457 
5.31457 


11.37503 8.62535 
37205 62834 

36909 63131 

36615 63426 

36322 63718 


11.36032 8.64009 
35744 64298 

35457 C4585 

35173 64870 

_ 34890 65154 

5.31 45711.34609 8.65435 

5.31457 34330 65715 

5.31458 34053 65993 

5.31458 33777 66269 

5.31 458 33503 66543 


8.57788 5.31 422111 
58121 5.31421 
58451 5.31421 
58779 5.31421 
59105 5.314211 


8.59428 5.3142011 
59749 5.31420 
60068 5.31420 
60384 5.31419 
60698 5.31419 


5.3141811 
61319 5.31418 
61626 5.31418 
61931 5.31417 
62234 5.31417 



10.00026 

00027 

00027 

00028 

0002S 


10.00029 

00029 

00030 

00030 

00031 


.42212 10 
41879 
41549 
41221 
4089' 




8.69400 
69654 
69907 
70159 
70409 






5.3145811.33231 8 

5.31458 32961 

5.31459 32692 

5.31459 32425 

J5J1459 32159 

5.3145911.31896 8 

5.31459 31633 

5.31460 31373 

5.31460 31114 

5.31 460 30856 

5.31460 11.30600*T 

5.31460 30346 

6.31461 30093 

5.31461 29841 

5.31461 29591 

6.31461 11.29342 8! 

5.31461 29095 

5.31 462 28849 

6.31462 28605 

5.31 462 28362 


28120 



.66816 

67087 

67356 

67624 

67890 


.68154 

68417 

68678 

68938 

69196 


. 69453 
69708 
69962 
70214 
70465 


70714 

70962 

71208 

71453 

71697 


71940 


5.3141711 
5.31416 
5.31416 
5.31416 
5.31415 


5.3141511 
5.31415 
5.31414 
5.31414 
5.31413 


5.31413 

5.31413 

5.31412 

5.31412 

5.31412 


5.31411 11. 
5.31411 
5.31410 
5.31410 
5.31410 


5.3140911. 
5.31409 
5.31 408 
5.31408 
5.31408 


5.31407 
5.31407 
5.31406 
5.31 406 
6.31405 


5.31405 
5.31405 
5.31404 
5.31 404 
6.31403 




.4057210 
40251 
39932 
39616 
39302 


.38991 10 

38681 

38374 

38069 

37766 


.37465 10. 

37166 

36869 

36574 

36282 


.00031 

00032 

00032 

00033 

00033 


.00033 

00034 

00034 

00035 

00036 


00036 , 
00037 * 
00037 0 
00038 \ 
00038 ° 

00039 : 
00039 ° 
00040 \ 
00040 ° 
00041 l 


.35991 10 

35702 

35415 

35130 

34846 



33184 10 

32913 

32644 

32376 

32110 


31846 10 

31583 

31322 

31062 

30804 


10 . 




1.00041 
00042 „ 
00042 ° 
00043 1 
00044 


.00044 

00045 

00045 

00046 

00046 


.00047 , 
00048 } 
00048 0 
00049 
00049 


.00050 

00051 

00051 

00052 

00052 


.00053 

00054 

00054 

00055 

00056 


.00056 

00057 

00058 

00058 

00059 



9.99974 
99973 69 
99973 58 
99972 57 
99972 56 


9.99971 55 
99971 54 
99970 53 
99970 52 
99969 51 


9.99969 50 
9996S 49 
99968 48 
99967 47 
99967 46 


9.99967 

99966 

99966 

99965 

99964 


9.99964 

99963 

99963 

99962 

99962 


9.99961 35 
99961 34 
99960 33 
99960 32 
99959 31 


9.99959 
99958 
99958 
99957 
99956 


9.99956 
99955 
99955 
99954 
99954 


9.99953 20 
99952 19 
99952 18 
99951 17 
99951 16 


9.99950 
99949 
99949 
99948 
99948 


9.99947 10 
99946 9 

99946 8 

99945 
99944 


9.99944 

99943 

99942 

99942 

99941 







































































TABLE II 


176 


/ sin 


0 71880 

1 72120 

2 359 

3 597 

4 834 





/ tan 

8. 1 r 

71940 o 4i 

72181 

420 

659 

896 


74226 

454 

680 

906 

75130 


353 

575 

795 

76015 

234 


451 

667 

883 

77097 

310 


522 
733 
943 
78152 
9| 360 


78568 

774 

979 

79183 

386 


588 
36| 789 

990 

38 80189 

39 388 


, 585 

41 782 

42| 978 

81173 
44| 367 


560 

752 

944 

82134 

324 

513 

701 

888 

83075 

261 


446 

630 

813 

996 

84177 

84358 


8 . 

I cos 



28120 

27880 

641 

403 

166 


26931 

697 

465 

233 

003 


25774 

546 

320 

094 

24870 


647 

425 

205 

23985 

766 


549 

333 

117 

22903 

690 


600 

811 

78022 

232 

441 


78649 
855 
021 79061 
20817 266 

614 470 


412 673 

211 875 

010 80076 
19811 277 

612 476 


674 

872 

81068 

264 

459 


653 

846 

82038 

230 

420 


610 
J 99 
1)87 
83175 
361 


547 

732 

916 

84100 

282 


84464 



l cot 

11 . 

28060 

27819 

580 

341 

104 


26868 

634 

400 

168 

25937 


708 

479 

252 

026 

24801 


577 

355 

133 

23913 

694 


475 

258 

042 

22827 

613 


400 

189 

21978 

768 

559 


21351 

145 

20939 

734 

530 


327 

125 

19924 

723 

524 


326 

128 

18932 

736 

541 


347 

154 

17962 

770 

580 


0| 0 
4 
8 
12 
15 


487 

299 

112 

1C925 

739 


554 

370 

187 

004 

15823 


15642 


11 . 

/ see 



8 


15536 



077 

078 

079 

0S0 

080 


00081 

082 

083 

083 

084 

085 

086 

087 

087 

0S8 


091 

092 


102 : 

103 1 

104 

105 


00106 


10 . 

I esc I r 


o 


86 ° 



























































































































































































TABLE II 



m 


20813 


0 0 0 0 0 

4 4 4 4 4 

8 8 7 7 7 

11 11 II 11 11 

15 15 15 15 14 

19 19 19 18 ~18 

23 22 22 22 22 

26 26 26 26 25 

30 30 30 29 29 

34 34 33 33 33 


3 


0 0 
3 3 

6 6 
10 10 
13 13 


0 
3 
6 

I 9 
3 13 


3 3 

6 6 
9 9 

12 12 


70 
75 74 
78 77 
82 81 
85 _84 

88 
91 
95 
98 
102 


20 

23 

27 

30 


33 33 
36 30 
40 39 
43 43 
40 46 


10 16 10 
19 19 19 

23 22 22 
26 26 25 
29 29 28 


47 
50 
54 
57 
60 

64 63 

67 66 
69 
72 
76 


227| 226| 223| 220| 2171215 


62 61 
65 64 
68 67 


112 
115 
118 
122 
125 

12S 

131 
134 
138 
141 

144 
147 
150 

154 154 

155 157 


161 


E 

69 

r 3 

72 


SSS Sa^suamsamm «« 




























































































































































































































































































































JL AUL/D JLX 


l sin 
8 . 


84358 
539 
718 
8971 
85075 


252 

429 

005 

780 

955 



84464 
646 182 

826 S 

85006 180 
185 


171 

005 

11839 

674 

510 


251 654 

26| 817 

980 
, 89142 
29| 304 


89464 

625 

784 

943 

90102 


260 

417 

574 

730 

885 


91040 

195 

349 

502 

655 


807 

959 

92110 

261 

411 


561 

710 

859 

93007 

154 


301 

448 

594 

740 

885 


94030 



10858 

696 


10536 



270 

115 


08960 

805 

651 

498 

345 


193 

041 

07890 

739 

589 


439 

290 

141 

06993 

846 


699 

552 

406 

260 

115 


05970 


11 . 

I sec 


243 

417 

591 

763 

935 


87106 

277 

447 

616 

785 


953 

88120 

287 

453 

618 


783 

948 

89111 

274 

437 


89598 

760 

920 

90080 

240 


399 

557 

715 

872 

91029 


185 

340 

495 

650 

803 


957 

92110 

262 

414 

565 


716 

866 

93016 

165 

313 


462 

609 

756 

903 

94049 

94195 

8 . 

I cot 


l cot 

11 . 


15536 

354 

174 

14994 

815 


637 

460 

283 

107 

13931 


757 

583 

409 

237 

065 


12894 

723 

553 

384 

215 


047 

11880 

713 

547 

382 


217 

052 

10889 

726 

563 



601 

443 

285 

128 

08971 



586 

435 


284 

134 

06984 

835 

687 


538 

391 

244 

097 

05951 


58 


l sec 

10 . 


00106 

107 

108 
109; 
109 

no! 

in 

112 

113 

114 

115j 
116 

117 

118 

119 

120 
121 
121 
122 

123 

124 

125 

126 
127 
12S 

129 

130 

131 

132 

133 

00134 

135 

136 

137 

138 

139 

140 

141 

142 

143 

144 

145 

146 

147 
14S 

149 

150 

152 

153 

154 


155 

156 

157 

158 

159 


160 

161 

162 

163 

164 


66 



99894 
893 
892 
891loi 
891|56 


890 
889 54 
888 53 
887 
886 51 


885 

884 

883 

882 

881 


880 45 
879 44 
879 43 
878 42 
877 41 


876 40 
875 39 
874 
873 
872 


871 35 
870 34 
869 33 
868 32 
867 31 


99866 

865 

864 

863 

862 


861 
860 24 
859 23 
858 22 
857 21 


856 

855 

854 

853 

852 


851 

850 

848 

847 

846 


845 

844 

843 

842 

841 


840 

839 

838 

837 

836 


Proportional Parts 
18211811179 17711761175 174 


0 0 0 0 0 0 

1 3 3 3 3 

2 6 G 0 G 

3 9 9 9 9 

4 12 12 12 12 

5 15 15 15 

6 18 18 IS 

21 21 21 
24 24 24 
27 27 27 


3 
G 

9] 9 


12 12 12 12 12 



91 

94 

97 

100 

103 


35 10G 

36 109 

37 112 

38 115 

39 118 


40 121 

41 124 

42 127 

43 130 

44 133 


45 137 

46 140 

47 143 

48 14G 

49 149 


50 152 

51 155 

52 158 

53 161 

54 1G4 


55 1G7 

56 170 

57 173 

58 176 

59 179 


182 


90 90 
94 92 
97 95 
100 98 
103 101 


106 104 
109 107 
112 110 
115 113 
118 11G 


121 119 
124 122 
127 125 
130 128 
133 131 


13G 134 
139 137 
142 140 
145 143 
14S 14G 


151 149 
154 152 
157 155 
160 158 
163 161 


164 

167 

170 

173 

176 


73 

/ / 76 
80 79 
83 82 
SG 85 


&S SS 

91 91 
94 94 
97 97 
100 100 


103 103 
106 106 
109 109 
112 111 
115 114 


73 [ 72 
76 








14S 147 
150 150 
153 153 
156 155 
159 158 


162 161 
165 16-1 
16S 167 
171 170 
174 173 




94 


85 




































































































































































































TABLE II 



173!172|171|169|1C7|IC6|1Go 1G3 



0| o 
3 

6 G 
9 9 

12 11 



0 | 0 0 | 0 

3 3 




8 8 8 8 

11 11 11 11 11 

5 14 14 14 14 14 14 14 

6 17 17 17 17 17 17 1G 1G 

20 20 20 20 19 19 19 19 

23 23 23 23 22 22 22 22 

20 2G 2G 25 25 25 25 24 






20 29 
32 32 
35 3-1 
37 37 
40 40 


43 
4G 
49 
52 
551 54 





28 28 2S 
31 31 
34 33 
37 3G 
39 39 

42 42 
45 45 44 
4S 47 47 
51 50 50 
54 53 53 


28 27 
30 30 
33 33 
30 35 
38 38 


41 41 
44 43 
47 4G 
50 49 
52 52 


Proportional Parts 

1G2|1G0 159 158] 15711551153 152 151 150 149 147 1461145 

0 0 o| o| 0 0 0 0 0 0 0 0 0 

3 3 3 2 2 2 2 

5 5 5 5 5 5 5 

8 81 88888777 

ll| 10] 10 10 10 10 10 10 10 10 

13 13 13 13 12 12 12 12 

10 15 15 15 15 15 15 15 

18 18 IS 18 18 17 17 17 

21 20 20 20 20 20 20 19 

23 23 23 23 22 22 22 22 

27 20 20 ~2G ~2G 26 25 25 ~~25 "”25 ~24 "~24 24 

30 29 29 29 29 2S 28 28 28 28 27 27 27 27 

32 32 32 32 31 31 31 30 30 30 30 29 29 29 

35 35 34 34 34 34 33 33 33 32 32 32 32 31 

38 37 37 37 37 30 30 35 35 35 35 34 34 34 


39 39 38 38 38 38 37 37 

42 41 41 41 40 40 40 39 

44 44 43 43 43 42 42 42 

47 46 46 46 45 45 45 44 


11 11 11 


13 13 13 

1G 16 10 

19 19 18 

21 21 21 
24 24 24 


40 40 40 
43 43 42 
40 45 45 
49 48 4S 




72 
75 75 
78 77 
81 80 
$4 83 


86 

89 

92 

95 

98 





45 130 

46 133 

47 136 

48 138 

49 141 





143 
146 
149 148 
152 151 
155 154 


5G 56 
59 5S 
62 61 
65 64 
6S 67 


76 75 
79 78 
82 81 

84 S4 
87 86 
90 89 
93 92 
96 95 


99 97 
101 100 
104 103 
107 106 
110 109 


113 111 
115 114 
118 117 
121 120 
124 122 


127 125 
130 128 
132 131 
135 134 
138 136 


141 139 
144 142 
146 145 
149 148 
152 150 


55 oo 54 
58 58 57 
G1 60 60 
64 63 62 
66 66 65 


69 69 68 
72 72 71 
75 74 73 
77 
80 


S3 82 82 
S6 85 84 
89 88 87 
91 91 90 
94 94 92 


96 95 
99 98 


51J 511 50| 50] 50j 49 48| 4S| 4$| 48 47| 47| 46 



5-1 53 
57 56 
59 59 
62 61 
65 64 


GS 67 66 
70 69 69 
73 72 
76 75| 74 
77 


80 

83 

85 

88 

91 



111 110 109 
113 113 111 
116 116 114 
119 118 117 
122 121 120 


124 124 122 
127 126 125 
130 129 128 
133 132 130 
136 135 133 


138 136 
140 139 
143 141 
146 144 
148 147 


53 52 52 51 51 50 50 50 49 49 

55 55 54 54 53 53 52 52 51 51 51 

58 5S 57 56 56 55 55 55 54 54 53 

61 60 59 59 5S 58 58 57 56 56 

63 63 62 61 61 60 60 60 59 581 58 


65 65 64 63 63 62 62 61 61 

08 67 66 66 65 65 65 64 63 63 

70 69 68 6S 68 67 66 66 65 

72 71 71 70 70 70 69 68 68 


75 74 73 73 72 


79 78 78 76 76 76 75 74 74 73 

82 81 80 79 79 78 78 77 76 75 

84 84 83 82 81 SI 80 79 78 78 

87 86 85 84 84 83 82 82 81 80 

_90 89 88_87 86 86 85 84 83 831 82 

93 93 92 92 90 89 89 88 88 87 86 85 

96 95 95 94 93 92 91 91 90 89 SS 88 

99 98 97 97 96 94 94 93 92 92 91 90| 89 

101 101 100 99 98 97 96 96 95 94 93 92 

104^03 103 102 101 99 99 98 98 97 96 95 


71 71 



107 
109 
113 112 
116 115 
119 117 


122 120 
124 123 
127 125 
130 128 
132 _131 

133 



136 
139 138 
141 140 
144 143 



65| 163 


160 


60 1691158 


103 102 101 
106 105 104 
108 107 106 
111 110 109 
114 112 111 


115 114 113 
117 117 116 
120 119 118 
122 122 121 
127 125 124 123| 122 


129 128 127 126 125 
132 130 129 128 128 
134 133 132 131 130 
139 137 135 134 133 132 
1411140 J38 J37 _136 135 

142 140 139 138 
145 143 142 141 
147 145 144 143 
160 148 147 146 
152 150 149 148 


55 153 1521151 


98 97 
100 100| 99 
103 102 
105 105 
108 107 


110 110 
113 112 
115 114 
118 117 
120 119 


122 122 
125 124 
127 127 
130 129 
132 131 


137 135 1341 133 
139 137 136 
142 140 139 
144 142 141 
147 145 144 


149 147 146 












































































































































































































































































































5 ° 


TABLE II 


174 ° 


/ sin 

8 . 

0 94030 

1 174 

2 317 

3 461 

4 603 


746 

887 

95029 

170 

310 


450 

589 

728 

867 

9C005 


143 

280 

417 

553 

689 


825 

960 

97095 

229 

363 


496 

629 

762 

894 

98026 


98157 

288 

419 

549 

679 


808 

937 

99066 

194 

322 


450 

577 

704 

830 

956 


00082 
207 
332 
48| 456 

49 581 


05970 

826 

683 

539 

397 


04971 

830 

690 


550 

411 

272 

133 

03995 


857 

720 

583 

447 

311 




318 
56| 440 

561 
682 
59j 803 


01923 


504 

371 

238 

106 

01974 


01843 

712 

581 

451 

321 


192 

063 

00934 

806 

678 


550 

423 

296 

170 

044 


99918 

793 

668 

544 

419 


296 

172 

049 

98926 

804 


682 

560 

439 

318 

197 


98077 


94195 

340 

485 
630 
773 

917 
95060 

202 

344 

486 

627 

767 

908 

96047 

187 

325 

464 

602 

739 

877 

97013 

150 

285 

421 

556 

691 

825 

959 

98092 

225 

98358 

490 

622 

753 

884 

99015 

145 

275 

405 

534 

662 

791 

919 

00046 

174 

301 

427 

553 

679 

805 

930 

01055 

179 

303 

427 

550 

673 

796 

918 
02040 

02162 


l see d l cos 

10. r 9. 

i i 


99834 



083 

04940 

798 

656 

514 


373 

233 

092 

03953 

813 


675 

536 

398 

261 

123 



579 

444 


309 

175 

041 

01908 

775 


01642 

510 

378 

247 

116 


00985 

855 

725 

595 

466 


338 

209 

081 


99954 

826 



321 

195 



697 

573 


450 

327 

204 

082 

97960 


97838 


10 . 

I t an 


177 

178 

179 

180 
181 


183 

184 

185 

186 
187 


188 

190 

191 

192 

193 


194 

196 

197 

198 

199 


00200 

202 

203 

204 

205 


207 

208 

209 

210 
212 


213 

214 

215 

217 , 

218 , 


219 i 

220 o 
222 ! 

223 i 

224 j 

225 

227 

228 i 

229 2 

231 i 

232 i 

233 2 

235 \ 

236 i 

237 2 

00239 


833 
832 
831 57 
830 56 


829 55 
828 54 
827 53 
825, 
824 51 


823 

822 

821 

820 

819 


817 
816 
815 
8H 
813|41 


812 
810 39 
809 38 
808 37 
807 36 

806 35 
804 34 
803 33 
802 32 
801 31 


99800 30 
798 29 
797 28 
796 27 
795 26 


793 25 
792 24 
791 23 
790 22 
788 21 


787 
786 19 
785 18 
783 17 
782 16 


781 

780 

778 

777 

776 


775 

773 

772 

771 

769 


768 
767 
765 
764, 
7631 1 


99761 


Q/i° 


Proportional Parts 
145 14411431142 | 14111401139 


o 0 0 0 0 0 



45 109 

46 111 

47 114 

48 11G 

49 118 


50 121 

51 123 

52 126 

53 128 

54 130 


55 133 

56 135 

57 138 

58 140 

59 143 


GO 145 


108 107 
110 110 
113 112 
115 114 
118 117 


120 119 
122 122 
125 124 
127 126 
130 129 


132 131 
134 133 
137 136 
139 138 
142 141 


144 143 


70 
73 
75 
78 78 
80 80 


83 82 
85 85 
88 87 
90 89 

92 92 


95 94 
97 96 
99 99 
102 101 
104 103 


106 100 
109 108 

111 no 

114 113 
116 115 


118 118 
121 120 
123 122 
125 125 
128 127 


130 129 
133 132 
135 134 
137 136 
140 139 


47 
49 49 
51 51 
54 53 
56 

58 
61 
63 63 
65 65 
68 


70 
72 72 
75 74 

77, 

79 


82 81 
84 83 
86 86 
89 
91 




















































































































































































































TABLE II 



138113711361135 134 1 


Proportional Parts 






0 0 0 

2 2 2 

5 5 5 


12 11 11 
14 14 14 

16 16 16 
18 18 18 
21 21 J20 

23 
25 
27 
29 
32 


34 
36 
39 
41 
3| 43 


0 0 






11 
14 13 

1G 16 

18 18 
20 20 


22 22 
25 25 
27 27 
29 29 
32 31 


34 
36 
38 

I 40 
3 42 





58 57 
60 59 
62 62 
64 64 
67 _66 

68 
71' 
73 
75 
78 



56 56 
58 58 
61 60 
63 63 
65 65 


68 67 
70 69 
72 71 
74 74 
76 76 




79 

82 

84 

86 

88 

91 

93 

95 

97 

100 ! 









1 

3 1 
5 1 
106 
r 


0 0 
2 2 
4 4 


11 ] 11 11 
13 13 

15 15 

17 17 

20 20 


22 

24 

26 

29 

31 


33 33 32 

35 35 35 

37 37 37 

40 39 39 

42 41 41 


0 [ 0 

2 



11 11 
13 13 

15 15 

17 17 

_19 _19 

22 21 
24 23 

26 26 
28 28 
30 3 


0| 0 
2 
4 
6 
8 


11 10 
13 13 

15 15 

17 17 

19 19 


21 21 
23 23 

25 25 
2$ 27 

30 29 



0| 0 

2 


50 

52 


55 54 
57 56 

59 58 

01 61 
63 63 


65 

67 

69 

72 

74 


32 32 32 32 

34 34 34 34 

37 36 36 36 
39 38 38 38 

41 41 40 40 


43 43 42 42 

45 45 44 44 
47 47 47 46 

49 49 49 48 

52 51 51 50 


10 
12 
15 
17 
_19 

21 21 
23 23 

25 25 

27 
29 


31 
33 
35 
38 
40 39 




87 87 
90 89 

92 91 

94 93 

96 95 

98 



54 53 
56 55 

55 58 
60 
62 


64 64 

67 66 

69 68 

71 
73 


75 

77 

80 

82 

84 


86 85 

SS 87 
90 90 

92 92 
95 94 


96 95 
98 97 

100 99 
3 102 102 
5 105 104 


53 52 

55 55 

57 57 
59 59 

61 61 


64 63 

66 65 
68 67 

70 69 

72 71 




35 134 133 132 




16 16 10 
18 IS 18 

20 20 20 
23 22 22 

25 24 24 

27 26 2G 

29 28 2S 


31 30 30 

33 33 32 

35 35 34 
37 37 36 

39 39 38 


41 41 40 

43 43 42 

45 45 44 

47 47 46 

49 49 48 


51 51 50 

53 53 52 

55 55 54 

57 57 56 
59 59 58 


60 

63 

65 

67 

69 


72 71 71 

74 73 73 
75 

77 77 
79 79 


81 81 
83 83 

85 85 
87 87 
89 89 


0 

0 

2 

0 

4 

0 

6 

0 

8 

0 

ID 

0 

12 

0 

14 

0 

16 

0 

18 

0 

20 

0 

22 

0 

24 

0 

26 

0 

28 

0 

30 

0 

32 

1 

34 

1 

36 

1 

38 

1 

40 

1 

42 

1 

44 

1 

46 

1 





50 1 
52 1 
54 1 
56 1 
58 


60 
621 1 
64 
66 
681 1 







2 102 101 
5 104 103 
10G 105 
10S 107 
110 109 



80 
82 
84| 1 
86 
88 | 1 


90 2 
92 2 
94 2 
96 2 
98 2 


2 

2 

2 

2 

2 





1291 128| 127| 126] 125| 124| 123| 1221 1211 120| 2 



47 








































































































































































































































































































TABLE II 


173 ° 


l sin d l esc 
9. 1' 10. 


520 

639 

757 

874 

992 


6 


7 

15 


828 

940 

05052 

164 

275 


, 05386 
3l| 497 

607 
717 
827 


937 

06046 

155 

264 

372 


481 

589 

696 

804 

911 


07018 
46| 124 

231 

48 337 

49 442 


548 

653 

758 

863 

968 


08072 
56| 176 

280 
58| 383 

486 


n 

■ 


480 

361 

243 

126 

008 


96891 

774 

658 

542 

426 


310 

195 

080 

95966 

851 


738 

624 

510 

397 

285 


172 

060 

94948 

836 

725 


94614 

503 

393 

283 

173 


063 

93954 

845 

736 

628 


519 

411 

304 

196 

089 


92982 

876 

769 

663 

558 


452 

347 

242 

137 

032 


9192 

824 

720 

617 

514 



l sec 

10 . 

97838 00239] 99761 

717 240! 760 

596 241 ]* 759 

475 243,, 757 

355 244 756 



528 

643 

758 

S73 

987 


05101 

214 

328 

441 

553 


05666 

778 

890 

06002 

113 


224 

335 

445 

556 

666 


775 

885 

994 

07103 

211 


320 

42S 

536 

643 

751 


858 

964 

08071 

177 

283 


389 

495 

600 

705 

810 


08914 


127 

013 


94899 

786 

672 

559 

447 


94334 

222 

110 

93998 

8S7 



264 


266 , 
267 1 

269 , 

270 1 
272 


444 

334 


225 

115 

006 

92897 

789 


68 
572 
464 
357 
249 


142 

036 

91929 

823 

717 


611 

505 

400 

295 

190 


91086 


310 

311 

313 

314 
316 


317 

319 

320 

322 

323 


00325 


755 
753 
752 
751 
749151 


748 50 
747 49 
745 
744 
742 

741 
740 
738 
737 
736 


734 
733|3 
731 
730 
728 


727 
726 
724 
723 
721131 


99720 

718 

717 

716 

714 


713 25 
711 24 
710 23 
708 
707 21 


705 

704 

702 

701 

699 


698 

696 

695 

693 

692 


690 

689 

687 

686 

684 


683 
681 
680 
678, 
677| 1 


99675 





Proportional 

121 I 120 I 119 I 


0 I 0 

9 

AS 

4 
6 
8 


Parts 

118 | 117 


10 I 10 


12 12 
14 14 

16 16 
18 18 


12 12 
14 14 


10 

20 

11 

22 

12 

24 

13 

20 

14 

28 

15 

30 

16 

32 

17 

34 

18 

36 

19 

38 

20 

40 

21 

42 

22 

44 

23 

46 

24 

48 

25 

50 

26 

52 

27 

54 

28 

56 

29 

58 




81 

83 

85 

87 

89 


80 79 

81 





84 83 

86 85 

85 87 


91 90 89 

93 92 91 

95 94 93 

97 96 95 

99 9S _ 

101 " 100 99 

103 102 101 

105 104 103 

107 106 105 

109 108 107_ 

ITT 110 109 

113 112 111 

115 114 113 

117 116 115 

119 118 117 

121 120 119 

m"l20| 119 

Proportional 


79 78 

81 80 
83 82 

85 S4 
87 86 


S9 8S 
90 90 

92 92 

94 94 

96 96 


98 98 

100 99 

102 101 
104 103 

106 105_ 

lo8~ 107 
110 109 

112 111 
114 113 

116 115 

118 _117- 

118 117 
Parts 


96 ° 


83 ° 



























































































































































TABLE II 


114 113 

0 0 


Proportional 


110 

109 

108 

0 

0 

0 

2 

4 


2 

4 

6 

5 

5 


106 I 105 | 104 


0 

0 

0 

2 

2 

2 

4 

4 

3 

5 

5 

6 




49 

























































































































































































7 ° TABLE II 172 ° 


l sin 
9. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

91 


10 

11 

121 

131 

14 


15 

16 

17 

18 
19 


>0 

21 

22 

23 

24 


25 

26 

27 

28 
29 


ISO 

31 

32 

33 

34 


08589 

692 

795 

897 

999 


09101 

202 

304 

405 

506 


(1 

r 


606 

707 

807 

907 

10006 


106 

205 

304 

402 

501 


l CSC 

10 . 


599 

697 

795 

893 

990 


11087 

184 

281 

377 

474 


11570 

666 

761 

857 

952 


12047 

142 

236 

331 

425 


519 

612 

706 

799 

892 


135 

36 

37 

38 
391 

40 

41 

42 

43 

44 

45 

46 

47 
148 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

GOl 14356 


985 

13078 

171 

263 

355 


447 

539 

630 

722 

813 


904 

994 

14085 

175 

266 


103 

103 

102 

102 

102 

101 

102 

101 

101 

100 

101 

100 

100 

99 

100 

99 

99 

98 

99 
98 

98 

98 

95 
97 
97 

97 

97 

90 

97 

90 

96 

95 

96 
95 
95 

95 

94 

95 
94 
94 

93 

94 
93 
93 
93 

93 

93 

92 

92 

92 

92 

91 

92 
91 
91 

90 

91 

90 

91 
90 



91411 

308 

205 

103 

001 


90899 

798 

696 

595 

494 


394 

293 

193 

093 

89994 


894 

795 

696 

598 

499 


401 

303 

205 

107 

010 


88913 

816 

71G 

623 

526 


88430 

334 

239 


l tan 
9. 


08914 

09019 

123 

227 

330 


d 

r 


434 

537 

640 

742 

845 


947 

10049 

150 

252 

353 


454 

555 

656 

756 

856 


105 

104 

104 

103 

104 

103 

103 

102 

103 

102 

102 

101 

102 

101 

101 

101 

101 


956 

11056 

155 

254 

353 


452 

551 

649 

747 

845 


11943 

12040 

138 


143 

235 

048 

332 

87953 

428 

858 

525 

764 

621 

669 

717 

575 

813 

481 

909 

388 

13004 

294 

099 

201 

194 

108 

289 

015 

384 

86922 

478 

829 

573 

737 

667 

645 

761 

553 

854 

461 

948 

370 

14041 

278 

134 

187 

227 

096 

320 

006 

412 

85915 

504 

825 

597 

734 

688 

85644 

14780 

10. 

9. 

1 sec 

1 cot 


l cot 

10. 

91086 

90981 

877 

773 

670 

566 

463 

360 

258 

155 

053 

89951 

850 

748 

647 

546 

445 

344 

244 

144 

044 

88944 

845 

746 

647 

548 

449 

351 

253 

155 

88057 

87960 

862 

765 

668 

572 
475 
! 379 

! 283 

! 187 

091 
! 86996 

* 901 

* 806 

’ 711 

616 
522 
; 427 

333 
239 

146 

052 

85959 

866 

773 

680 
588 
496 
* 403 

312 

85220 


l sec 

10 . 


10 . 

I tan 


00325 

326 

328 

330 

331 


333 

334 

336 

337 
339 


341 

342 

344 

345 
347 


349 

350 

352 

353 
355 


357 

358 
360 

362 

363 


365 

367 

368 

370 

371 


00373 

375 

376 
378 
380 


382 

3S3 

385 

387 

3S8 


390 

392 

393 
395 
397 


399 

400 
402 

404 

405 


d 

r 

1 

2 
2 
1 
2 

1 

2 

1 

2 

2 

1 

2 

1 

2 

2 

1 

2 

1 

2 

o 

** 

1 

2 

2 

1 

2 

2 

1 

2 

1 

2 

2 

1 

2 

2 

2 

1 

2 

2 

1 

2 

2 

1 

2 

2 

2 

1 


407 

409 

411 

412 
414 


416 

418 

419 
421 
423 


00425 



/ COS 

9. 


99675 

(it) 

674 

59 

672 

5S 

670 

57 

669 

56 

667 

55 

666 

54 

664 

53 

663 

52 

661 

51 

659 

50 

658 

49 

656 

IS 

655 

47 

653 

40 

651 

45 

650 

11 

648 

13 

647 

42 

645 

41 

643 

40 

642 

39 

640 

3S 

638 

37 

637 

36 

635 

35 

633 

34 

632 

33 

630 

32 

629 

31 

99627 

30 

625 

29 

624 

2S 

622 

27 

620 

20 

618 

25 

617 

24 

615 

23 

613 

22 

612 

21 

610 

20 

608 

19 

607 

IS 

605 

17 

603 

10 

601 

15 

600 

14 

598 

13 

596 

12 

595 

11 

593 

10 

591 

q 

589 

8 

588 

•— 

l 

586 

0 

584 

5 

582 


581 

3 

579 

577 

2 

99575 

0 

9. 

1 sin 

/ 



// 

Proportional Parts I 


105 

104 

103 

102 

0 

0 

0 

0 

0 

1 

2 

2 

2 

2 

2 

4 

3 

3 

3 

3 

5 

5 

5 

5 

4 

7 

7 

i 

7 

5 

9 

9 

9 

9 

6 

10 

10 

10 

10 

7 

12 

12 

12 

12 

8 

14 

14 

14 

14 

9 

1G 

16 

15 

15 

10 

18 

17 

17 

17 

11 

19 

19 

19 

19 

12 

21 

21 

21 

20 1 

13 

23 

23 

22 

22 

14 

24 

24 

24 

24 

1 15 

20 

26 

26 

25 

16 

28 

28 

27 

27 

17 

30 

29 

29 

29 1 

18 

32 

31 

31 

31 

19 

33 

33 

33 

32 

20 

35 

35 

34 

34 

21 

37 

36 

36 

36 

22 

3S 

38 

38 

37 ' 

23 

40 

40 

39 

39 

24 

42 

42 

41 

41 

25 

44 

43 

43 

43 

26 

40 

45 

45 

44 

27 

47 

47 

46 

46 

28 

49 

49 

48 

48 

29 

51 

50 

50 

49 

30 

52 

52 

52 

51 

31 

54 

54 

53 

53 

32 

56 

55 

55 

54 

33 

58 

o/ 

57 

56 

34 

GO 

59 

58 

5$ 1 

35 

61 

61 

60 

59 

36 

63 

62 

62 

61 

37 

G5 

64 

64 

63 ; 

38 

6G 

66 

65 

65 

39 

68 

68 

G7 

66 

40 

70 

69 

69 

68 

41 

72 

71 

70 

70 

42 

74 

73 

72 

71 

43 

75 

75 

74 

73 

44 

/ / 

76 

76 

75 

1 45 

79 

78 

77 

77 

46 

so 

80 

79 

78 

47 

82 

81 

81 

80 

48 

84 

83 

82 

82 

49 

86 

85 

84 

83 

50 

88 

87 

86 

85 

51 

89 

88 

88 

87 

52 

91 

90 

89 

88 

53 

93 

92 

91 

90 

54 

94 

94 

! 93 

92 

55 

96 

95 

94 

93 

56 

98 

97 

96 

95 

57 

100 

99 

98 

97 

68 

102 

101 

100 

99 

59 

103 

102 

101 

100 

60 

105 

104 

103 

102 


105 

104 

103 

102 


^^^^^ro£ortiona^Part^^J 


97 ° 


60 



TABLE II 



fit 





















































































































































































TABLE II 


171 


14356 

as- 

624 s 

714 90 

- - 89 

803 88 

891 s 

980 89 
15069 ?? 

_L5Z S 

245 88 
333 RR 

421 88 
508 !! 
596 ~ 

15 683 ' 

16 770 ?! 

17 857j°: 

18 944 °! 

19 16030 " 

- OO 

116 R7 

203 * 
289 “ 
374 ~ 

igg g 

545 sc 

631 

716 ~ 

801 S 

_8s«£ 

16970 .. 
17055 * 

32 139 r; 

223 £ 
307 “ 

6 | 474 * 

38| 641 “ 

724 83 

- Lzl 83 

807 33 
890 ? 

973 S 

18055 2 

—l 37 ^ 

220 82 
302 w 

383 8 ; 
465 82 

628 

709 R1 
790 R 
871 8 

19033 „ 
113 ” 

193 S 
273 Z 
__ 333 80 
19433 


376 

286 



4 


317 

230 

143 

056 

83970 


884 

797 

711 

626 

540 



777 

693 


609 

526 

442 

359 

276 



129 

048 


80967 

887 

807 

727 

647 


80567 




c w _ _ 

15054 9 

-I 45 9 

236 91 

327 91 

417 9i 

508 lo 

688 89 

777 89 

A r ~ 90 
80 ' KQ 

950 S 

16046 ^ 
224 89 

312 s 

401 S 

489 88 

577 88 
665 88 

753 S 

841 S 

928 * 

17010 87 
103 87 
190 R7 

277 87 

qAq 86 
- 363 87 

17450 86 
536 “ 

622 88 

708 “ 

-ZHiS 

880 85 

965 2 
18051 ~ 

136 rs 
221 

-— 85 

300 RS 
391 M 
475 U 
500 M 

728 84 
812 M 
890 £ 
979 U 

19063 2 

146 83 
229 « 

312 £ 
395 £ 
-ilsS 

561 82 
643 Z 
725 £ 
807 R2 

_J 8 ?“ 

19971 


764 

673 

583 

492 

402 


312 

223 

133 

044 

83954 


865 

776 

688 

599 

511 


423 

335 

247 

159 

072 


82984 

897 

810 

723 

637 


82550 

464 

378 

292 

206 


12 

035 

81949 

864 

779 



440 

356 



021 

80937 




r 


i 



489 

491 

493 

495 

497 


499 

501 

503 

505 

506 


508 

510 

512 

514 

516 


518 

520 

522 

524 

526 


528 

530 

532 

534 

536 


00538 


99575 
574 
572 
570 57 
568 56 


566 55 
565 54 
563 
561 52 
559 51 


557 

556 

554 

552 

550 


548 45 
546 44 
545 43 
543 42 
541 41 


539 
537 
535 
533|37 
532 36 


530|3o 
528 
526 
524 
522|31 


99520 

518 

517 

515 

513 


511 

509 

507 

505 

503 


501 

499 

497 

495 

494 


492 

490 

488 

486 

484 


482 

480 

478 

476 

474 


472 
470, 
4681 3 
466, 
4641 1 


99462 













































QR° 





















































































































TABLE II 



63 
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TABLE II 


170° 


l sin 

9. 


19433 


l CSC 

1 tan 

10. 

9. 


l cot 

10 . 


513,!° 
592 ^ 

672 S 

830 79 

909 * 

988 TO 
20067 '' 

us:® 

to 



17C 

091 

012 

79933 

855 


378 

459 

540 

621 

701 



613 
691 

768 77 

845 :: 
922 77 


/ /1 

698 

620 

542 

465 


387 

309 

232 

155 

078 


001 

78924 

847 

771 

694 


182 
261 
341 
420 
499i_ 


382 

458 

534 

610 

685 


21761 
836 
912 
987 
34122062 


79 

™ 79 
65 ^ 79 

7361! 

814 TO 
893 78 

971 


422 
343 
264 
186 

78-i 97 
971 029 

220491° 77951 


127 1® 873 

205l® 795 
2831® 717 


l sec d 

10. l' 

)0538 0 
540 2 
542 ; 
544 2 
546 * 

548 

550 : 

552 o 

554 2 
556 2 

558 
560 2 
562 2 
564 I 
566 ; 

568 

571 2 
573 2 

575 2 

57 ( 

~~579 ^ 
58i; 
583 2 
585 “ 
587 ; 

589 
591 2 
593 ; 
596 l 
598 : 



22361 

438 

516 

593 

670 


747 

824 


361 


435 


509 


583 


657 


805 


901 -« 

977l! 023 
23054' 7 76946 

130 
206 „ 

283 
359 
435' 6 


77639 00600 
562 602 

484 604 

407 606 

330 608 


253 

176 

099 

023 


870 

794 

717 

641 

565 


878 


122 

048 


9521! 048 

23025 It 76975 
098902 
171 „ 829 

244 73 

n i « to 


317 

390 

462 

535 


607 



510 

586 

661 

737 

812 


887 

962 

24037 

112 

186 


261 

335 

410 

484 

558 


70033 


602 
604 
606 
608 

610 
612 
615 
617 
619 

621 
623 
625 
628 
630 

632 
634 
636 
638 
641 

643 
645 
647 
649 
652 

654 
656 
658 
660 
663 

75368100665 


337 1 


99 


80' 

Mr 


ll ? 



55 

56 

57 

58 

59 


GO 82 


59 

60 
62 

63 

64 


66 65 

67 66 

6SG7 
69 
7l| 70 


1 1 
1 1 
1 1 
1 1 
1 1 


1 

1 

1 

1 

1 


21 1 


2 1 
2 1 


2 1 
2 1 


2 
2 
2 , 

2 2 
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TABLE II 


l tan d l cot 
9. r 10. 


169° 


76033 
72 75961 
71 890 

181 71 819 

253 72 747 









873 

940 

27007 


74972 

902 

832 

763 

693 


624 

555 

486 

417 

348 


279 

210 

142 

073 

005 


73937 

869 

801 

733 

665 


597 

530 

462 

395 

328 


261 

194 

127 

060 

72993 


24632 
706 
779 
853 74 
926 73 

74 

73 
73 
73 
292 73 

365 73 
437 72 

510 73 
582 72 
655 73 

72 

72 
72 
72 
6015 72 

086 71 
158 72 
22971 
301 72 
372 71 

443 71 
514 71 
585 71 
655 70 
726 71 
71 





496 
566 70 
635 69 

704 69 

773 69 
842 69 

91109 
980 09 
28049 69 

11768 

69 

68 
69 
391 68 
459 68 

527 68 
595 68 
662 67 
730 68 
798 68 


9. 

I cot 


00665 
667 
669 
147 672 

074 674 


676 

678 

681 

683 

685 


687 

690 

692 

694 

696 


781 

708 


635 

563 

490 

418 

345 



557 

486 

415 

345 

274 



710 

712 

715 

717 

719 


722 

724 

726 

729 

731 


00733 

736 

738 

740 

743 


745 

748 

750 

752 

755 


757 

759 

762 

764 

767 


769 

771 

774 

776 

779 


781 

783 

786 

788 

791 


793 

796 

798 

800 

803 


7113500805 


10 . 10 . 

I tan l esc 


852 

782 

712 

643 

573 


504 

434 

365 

296 

227 



814 

746 

677 

609 

541 


473 

405 

338 

270 

202 


l cos 
V 9. 

99335 60 
2 333 59 

2 331 

3 328 

2 326 

2 324|55 

2 322 

3 319 

2 317 52 

2 315 51 

2 313 50 

3 310 49 

2 308 

2 306 

2 304 

3 301 

2 299 

2 297 

3 294 

2 292141 

2 290 
2 288 

3 285 

2 283 
2 281 

3 278 

2 276 

2 274 

3 271 

2 269 

2 99267 

3 264 

2 262 
2 260 
3 257|26 

2 255 

3 252 

2 250 

2 248 

3 245 

2 243 

2 241 

3 238 

2 236 

3 233 

2 231 

2 229 

3 226 
2 224 
3 221 

2 219 

2 217 

3 214 

2 212 

3 209 

2 


99195 


l sin 


74173 


0 0 



Proportional Parts 

72 H 69 1 68 l 67 l 66 l 65 
0 0 0 
1 1 1 


I 31 2 


9 

10 

11 


10 12 12 

11 14 13 

12 15 15 

13 16 16 

14 17 17 


15 19 18 

16 20 19 

17 21 21 

18 22 22 
_19 J23_23 

20 25 "24 

21 26 26 

22 27 27 

23 28 28 

24 30 29 


25 31 30 

26 32 32 

27 33 33 

28 35 34 

29 36 35 




8 
9 

10 10 


11 11 11 11 
12 12 12 12 

14 13 13 13 

15 15 14 14 

16 16 15 15 


23 22 22 


24 24 23 

25 25 25 
26 26 

28 27 27 

29 28 2S 




23] 23 
24 



35 43 43 

36 44 44 

37 46 45 

38 47 46 

39 48 47 


49 49 
51 50 
62 51 
53 52 
44_64 54 

45 55 55 

46 57 56 

47 58 57 

48 59 58 

49 60 60 


50| 62 61 

63 62 

64 G3 
.65 04 

54]67 66 


68 67 

69 68 
69 

71 

72 


74 73 


4173 


im 


47 47 
49 48 

60 49 

61 60 
52 51 


53 53 

54 54 

56 55 

57 56 
59| 58^7 

59 58 

60 59 
62 61 
63 62 
64_63 

65 64 

66 65 

67 

68 


w. 


62 
63 

65 

66 
_67 

69|_68 

68 


43 

44 

46 

47 

48 


60 49 49 

61 51 50 
52 62 51 
64 53 52 
55 54 53 


55 54 

56 55 

57 56 

58 57 
58 


6 l| 61 60 
62 61 

64 63 62 

65 64 63 
65 64 

67| 66 65 


0 

0 

0 

0 

0 


0 | 0 
0 
0 
0 

1 | 0 


0 

1 
1 

1 I 1 


22 22 22 
23 23 23 

25 24 24 

26 25 25 

27 26 26 

28 27 27 

29 29 28 

30 30 29 

31 31 30 

32 32 31 


34 33 32 

35 34 34 

36 35 35 

37 36 36 
3S 37 37 


1 


2 

2 I 1 
2 I 1 


1 

1 

1 


2 1 
2 1 
2 1 
2 1 
2 


2 
2 
2 
2 

2 I 2 


3 
3 
3 

3. 

3 2 


111 *] 
















































































































































































































































































11 ° 


TABLE II 


168 ° 


28060 
125 65 
190 63 
25464 
319 65 
384 65 

448 64 
51264 
577 65 
641 64 

705 64 
769 64 
833 64 
896 63 
960 64 

29024 04 

087 63 
150 63 
21464 
277 63 

340 63 
403 63 
466 63 
529 63 
591 62 

654 63 
716 62 
779 63 
841 62 
903 62 
onncc 53 


L esc L tan d l cot 

10. 9. r 10. 

71940 28865 71135 

875 933 68 067 

810 29000 67 000 

746 067 67 70933 

681 134 67 866 


616 

552 

488 

423 

359 


295 

231 

167 

104 

040 


70976 

913 

850 

786 

723 


660 

597 

534 

471 

409 


346 

284 

221 

159 

097 


70034 

69972 

910 

849 

787 


725 

664 

602 

541 

479 




113 

053 

68992 

932 

871 


811 

750 

690 

630 

570 


510 

451 

391 

331 

272 


68212 


195 

261 

326 

391 

457 


522 

587 

652 

717 

782 


799 

732 

665 

598 

532 


465 

399 

332 

266 

200 


134 

068 

002 

69936 

870 


805 

739 

674 

609 

543 


478 

413 

348 

283 

218 


4 


168 ” 832 

233 65 767 

297 64 703 

361« 639 

425 04 575 


489 511 

552 63 448 

616 64 384 

679 63 321 

743 M 257 


806 194 

870 64 130 

933 63 067 

996 63 004 

32059 63 67941 

122 03 878 

185 63 815 

248 63 752 

311 63 689 

373 62 627 

— 436 s3 564 

498 62 602 

561 63 439 

623 62 3 77 

685 62 315 

32747 62 67253 


9. d 10. 

I cot l' l tan 


l sec 

10 . 

5 

8 3 
2 


818 3 
820 2 
823 3 
825 2 
828 3 

830 2 
833 3 
835 2 
838 3 
840 2 

843 3 
845 2 
848 3 
850 2 
853 3 

855 2 
858 3 
860 2 
863 3 
865 2 

868 3 
870 2 
873 3 
876 3 
878 2 

00881 3 
883 2 
886 3 
888 2 
891 3 

894 3 
896 2 
899 3 
901 2 

904 3 
3 


l cos 

9. 


99195 
192 
190 
187 
185|56 


182 55 
180 54 
177 53 
175 52 
172 51 


170 
167|49 
165 
162 
160|46 


157 
155 
152 43 
150 42 
147 41 


145 
142 
140 
137, 
135|36 


132, 
130|34 
127 

122|31 


99119 
117 
114|28 
H 2 
10926 



920 ° 
922 2 
925 3 
928 3 
930 2 

933 3 
936 3 
938 2 
941 3 
944 3 

946 2 
949 3 
952 3 
954 2 
957 3 

00960 3 


10 . 

I C6C 



067, 
064| 9 
062 
059 
056 


054 
051 
048 
046, 
043 1 




11 11 
12 12 

13 13 

14 14 

15 15 


16 16 
17 17 
IS 18 

20 19 

21 20 



0 0 0 
1 1 1 
2 2 

3 3 

4 5 


5 6 6 5| 5 6 

6 7 7 7| 6 6 

8 


10 11 11 
11 12 12 

12 14 13 

13 15 15 

14 16 16 

15 17 17 

16 18 18 

17 19 19 

18 20 20 
19 22 21 


23 22 

24 23 

25 25 

26 26 
27 27 

25 28 28 

26 29 29 

27 31 30 

28 32 31 

29 _33 J32 

30 34 34 

31 35 35 

32 36 36 

33 37 37 

34 39_38 

35 40 39 

36 41 40 

37 42 41 

38 43 42 

39 44 44 


40 45 45 

41 46 46 

42 48 47 

43 49 48 

44 50 49 


45 51 50 

46 52 51 

47 53 52 

48 54 54 

49 56 55 


57 56 

51 58 57 

52 59 58 

53 60 59 

54 61 60 


62 61 
63 63 

65 64 

66 65 
J>7 _66 

60|j>8 67 
68 


2 


,000 

1111 


5| 5 5 5 5 

6 6 6 6 



10 10 10 10 
11 11 11 11 
12 12 12 12 

13 13 13 13 

14 14 14 14 


15 15 

17 16 

18 17 

19 18 

20 19 


21 20 20 20 
22 21 21 21 

23 22 22 22 

24 23 23 23 

25 24 24 24 



27 

28 

29 

30 

31 


32 32 

34 33 

35 34 

36 35 

37 36 


38 37 

39 38 

40 39 

41 41 

42 42 


43 43 

44 44 
46 45 

/I 47 46 
48 48 47 


49 49 48 
51 50 49 
51 50 

53 52 51 

54 53 52 

54 53 

55 54 

56 55 

57 57 
59| 58 J>8 

60 59 

61 60 
62 61 
63 62 
j>4 j>3 

65 _64 

64 


26 25 

27 26 

28 27 

29 29 28 

30 30 29 


31 30 

32 32 

33 33 

34 34 

35 35 


25 

26 
27| 27 

28 
29 




41 41 

42 42 

43 43 
45] 44 44 
4d 45 45 


47 47 46 

48 47 

49 48 

50 49 
5l| 51 50 


52 51 

53 52 

54 53 

55 54 

56 55 


58] 57 56 

58 57 

59 58 

60 59 

61 60 


62 61 


35 34 

35 

36 
38| 37 

38 


39 
4ll 40 


1 

1 1 
1 1 
1 1 
1 1 


1 

1 1 
1 1 
1 1 
1 1 


1 1 
1 1 
1 1 
1 1 
1 1 


2 1 

2 1 
2 1 
2 1 
2 1 


2 

2 

2 

2 

2 


2 1 
2 1 
2 1 
2 1 
2 1 



101 


78° 
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TABLE II 


167 


d l CSC 

l' 10. 


31788 


0S4 

143 

202 

261 

319 


l tan d 
9. r 

32747 „ 
810« 
872®: 
933 

995 G2 


034 

67975 


91C 33057 
857 119 

798 180 

739 242 

G81 303 




/ sec 

10 . 


67253 00960 
190 962 

128 965 

0G7 968 

005 970 


66943 

881 

820 

758 

697 


452 

391 


973 

976 

978 

981 

984 


987 

989 

992 

995 

998 


20 960 

21|33018 
075 
133 
190 



33534 
591 
, 647 

33 704 

34 761 


974 
34034 
095 
867 155 

810 215 


276 

336 

396 

456 

516 


66466 34576 
409 635 

353 695 

296 755 

239 814 


01000 
003 
208 006 
147 009 

087 011 


014 



845 

785 


724 

664 

604 

544 

484 


65424 

365 

305 

245 

186 


l cos 

B 

9. 

m 

99040 


038 

59 

035 

58 

032 

57 

030 

56 

027 

55 

024 


022 

53 

019 

52 

016 

51 

013 

50 

Oil 

49 

008 

m 

005 

47 

002 

46 



972 

969 

967 

964 

961 



35209 64791 36336 63664 01128 98872 

d 10. 9. d “10. "IoT d 9 

l cot i' l tan l esc r Is 

102° 7- 


77° 

v 
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TABLE II 


166° 


l CSC 

10 . 


64791 

737 

682 

627 

573 


752 

806 

860 

914 

968 




075 

129 

182 

236 


289 
342 
395 
449 

_^_ 2 53 

555., 
608?, 
660 "? 
713?" 

766 53 

30136819 .' 
871 ", 
924 f 

, 976 52 

34|37028 ?3 

081 50 
133 °- 2 

185 52 
237 52 
_?!?£ 

341 52 
393"; 

445 50 
497 52 

549?f 

600 52 

652 “ 

703 ?I 

755 ?, 

806 ?? 
-52 

858 A, 

5l| 909" 

960" 
38011 " 

_ 982 51 

113 51 

164 5 

215 5 
266" 

_^L 7 m 

38368 



l sec d | l cos 

10. l' 9. 




363?! 
419"° 


476 

532 

588 

644 

700 


711 

658 

605 

551 

498 


445 756 

392 812 

340 868 ?? 

287 924 ?“ 

234 980 ?" 

63181 38035 
129 091 ™ 

076 147"? 

024 202 ?? 

62972 257 ?" 

919 313!. 

867 368"" 

815 423"" 

763 479 „ 

711 534 Z 

659 589.. 

607 644 ?? 

555 699"" 

503 754 ?" 

451 808 ?; 

400 863 rr 

348 918?? 

297 972 ?: 

245 39027 ?? 
194 082"? 


142 
091 
040 
61989, 

938 353 


376 

319 

262 

205 

148 

091 

034 


i 

0 

3 


807 

750 

694 

637 

581 


524 

468 

412 

356 

300 


244 

188 

132 

076 

020 


858 

55 

855; 

54 

852 

53 

849 

52 

846 

51 


172 

175 

178 

181 

184 


187 

190 

193 

196 

199 


202 

205 

208 

211 

214 


9. 

I cos 


54 

55 
54 
54 

887 407|^ 

836 461 ' 

785 515 

734 569 

683 623 


61632 39677 


9. 

I cot 


61965 01217 
909 220 

853 223 

798 226 

743 229 


687 232 

632 235 

577 238 

521 241 

466 244 


411 247 

356 250 

301 254 

246 257 

192 260 


137 263 

082 266 
028 269 

60973 272 

918 275 


864 278 

810 281 
755 285 

701 288 

647 291 


593 294 

539 297 

485 300 

431 303 

377 306 


60323 01310 


753 

750 

746 

743 

740 


737 

734 

731 

728 

725 




722, 
719| 9 
715 
712 ( 
709 6 


706 
703 
700 
697, 
694 1 


98690 


9. 

I sin 


1 


58 


0 0 

1 1 

2 


9 

6 | G 


t 
8 
_9 

10 10 10 
11 11 10 
12 12 11 

13 13 12 

14 14 13 


15 14 

16 15 

17 1G 

18 17 

19 18 


20 19 

21 20 
22 21 

23 22 

24 23 


25 24 

26 25 

27 26 

28 27 

29 28 


30 

31 

32 

33 

34 


35 34 

36 35 

37 36 

38 37 

39 38 


40 39 

41 40 

42 41 

43 42 

44 43 


45 44 

46 44 

47 45 

48 46 

49 47 


48 


0 0 
1 



33 32 

34 33 

35 34 

35 35 

36 36 


37 

38 

39 
4l| 40 
42 41 



55 

56 

57 

58 

59 


GO 58 


48 47 

48 48 

49 49 

49 

50 


51 

52 

53 

54 

55 


571 56 


36 35 

37 36 

38 37 

39 38 

40 39 


40 


45 44 

46 45 

47 46 
4S 47 
49 48 


501 50 49 

50 49 

51 50 

52 61 
54| 53 62 


36 3 

37 3 

3S| 37 3 


38 

39 3 

40 3 

41 3 

42 3 


42 3 

43 3 

44 3 

45 4 

46 4 


48 47 

49 48 
49 48 

49 
ol| 50 


52 


2 

2 

2 

2 

2 


2 1 
2 1 
2 1 
2 1 
2 1 


103 


76° 

H 
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TABLE II 


l cot l sec 

10. 10. |i' 


60323 01310 
269 313 

215 316 

162 319 

108 322 


325 

329 

332 

335 

338 


341 

344 

348 

351 

354 



165 


l cos 

9. 



675 55 
671 54 
668 53 
665 52 
662 51 


659 50 
656 49 
652 48 
6491 
646146 



633 

630 


627140 

623 
620 
617 
614 


CIO 

607 

604 

601 

597 


561 

55S 

555 

551 

548 


Proportional Parts 
" 54 I 53 1521 511 50 149 I 48 147 


0 0 0 O 0 0 0 

111111 
2 2 2 2 2 2 

3 3 3 3 3 2 

4 4 4 3 3 3 


4 


5 

61 5 






20 
21 
22 
23 
24122 



4 4 4 4 4 4 

5 5 5 5 5 5 

6 6 G G 6 5 

7 7 7 7 6 G 

8 8 " ' ~ 


999888S8 
0 10 10 9 9 9 9 9 

1 11 10 10 10 10 10 9 

2 11 11 11 -- “ 

3 12 12 12 


13 

14 

14 

15 

16 

17 17 

18 18 1 

19 19 

20 20 
21 20 





12 12 

13 13 

14 14 

15 15 

16 16 


17 16 

18 17 

18 IS 

19 19 

20 20 


21 20 
22 21 
22 22 

23 23 

24 24 


25 

26 

27 26 
2S 27 

28 28 



45 40 40 

46 41 41 

47 42 42 

48 43 42 

49 44 43 

50 45 44 




12 12 

13 13 

14 13 

14 14 

15 15 


6 116 

16 
17 
IS 
19 


20 20 
21 20 
22 21 
22 22 

23 23 

24 24 

25 24 

26 25 
26 26 

27 27 

28 

29 

30 

30 

31 



42 41 
42 42 


36 35 

37 36 

38 37 

38 38 

39 38 




57195|01506r 198494 


10 . 

I esc |i'[ l sin 


CO 1 54 f 53 


6 45 

7 46 
48 47 

48 47 

49 48 


50 49 I 48 



4! 3 


0 0 
0 0 
0 0 
0 0 
0 0 


0 0 
0 0 
0 0 
1 0 
1 0 


0 

1 1 
1 1 
1 1 



1 
1 

11 1 


1 1 
1 1 







75 
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TABLE II 


164° 


l sin 
9. 

0 41300 

1 347 

2 394 

3 441 

4 488 


461 

507 

553 

599 

644 


m 

n 


53|.. 


98 ;i5 


367 

412 

457 

502 

546 


591 

635 

680 

724 

769 


55 813 

56 857 

57 901 

58 946 

59 990 


44034 


105 


l sec 

10 . 


465 

418 

372 

325 

278 


232 

185 

139 

092 

046 


m 

■ I 


768 

722 

676 

630 

584 


806 

855 

905 

954 


053 

102 

151 

201 

250 


57195 

144 

094 

043 

56993 


943 

892 

842 

792 

742 


692 

642 

592 

542 

492 


442 

393 

343 

293 

244 


265 

219 

174 

128 


857 

812 

767 

722 

677 


633 

588 

543 

498 

454 


409 

365 

320 

276 

231 


544 

592 

641 

690 

738 


787 

836 

884 

933 

9S1 


947 

898 

849 

799 

750 


55701 

652 

603 

554 

505 

456 

408 

359 

310 

262 


213 

164 

116 

067 

019 



271 48 

367 f 8 
463 2 


45750 


729 

681 

633 

585 

537 


489 

441 

394 

346 

298 


574 

578 

581 

585 

588 


591 

595 

598 

602 

605 


01609 

612 

616 

619 

623 


627 

630 

634 

637 

641 


644 

648 

651 

655 

658 


662 

666 

669 

673 

676 


680 

683 

687 

691 

694 


698 

701 

705 

709 

712 


01716 


l cos 

9. 


98494 

491 

48S 

484 

481 


474 
471 53 
467 52 
464 51 


46050 
457 
453 
450 
447 


443 45 
440 44 
436 43 
433 42 
429 41 


426 
422139 
419 
415 37 
412 36 


409 

405 

402 

39S 

395 


98391 

388 

384 

3S1 

377 


373 
370 24 
366 23 
363 22 
359 21 


356 2 
352 1 
349 1 
345 1 
342 1 


338 15 
334 14 
331 13 
327 12 
324 11 


320 

317 

313 

309 

306 


302 

299 

295 

291 

288 


5 4 

6 5 


8 < 
9 8 

10 8 

11 9 



2 

2 

2 

2 

3 

3 


15 

16 

17 

18 
19 


20 
21 
22 
23 I 2 


25 21 

26 22 

27 23 

28 24 

29 25 


30 26 

31 2G 

32 27 

33 28 

34 29 


35 30 

36 31 

37 31 

38 32 

39 33 


21 
22 21 
22 22 

23 23 

24 24 



26 25 

27 26 

28 27 
28 28 


29 29 

30 29 

31 30 

32 31 

33 32 


33 33 

34 33 

35 34 

36 35 

37 36 


45 38 

46 39 

47 40 

48 41 

49 42 

50 42 

51 43 

52 44 

53 45 

54 46 


55 47 

56 48 

57 48 

58 49 

59 50 


GO 51 



5 


46 45 

46 

47 

47 

48 


49 


12 

12 

13 

13 

14 

13 

14 

14 

15 

15 

16 

16 

17 

16 

18 

17 

1S 

18 

19 

19 

Kil 

20 

21 

20 

22 

21 

22 

22 

23 

23 

24 

24 

25 

24 

26 

25 

26 

26 

27 

27 

28 

27 

29 

28 

30 

29 

30 

30 

31 

31 

32 

31 

33 

32 

34 

33 

34 

34 

35 

34 

36 

35 

37 

36 

38 

37 

38 

3S 

39 

38 

40 

39 

41 

40 

42 

41 

42 

E^l 

43 

42 

44 

43 

45 

44 

46 

45 

46 

45 

47 

46 

48 

47 

48 

rogo 

47 

rtio: 


5 

5 

6 

4 

o 

6 

7 

7 

8 

8 

8 

8 

9 

9 

10 

10 

11 

10 




9 18 

19 

20 

21 

21 


23 22 22 

24 23 23 

25 24 23 

25 25 24 

26 26 25 


27 26 26 

28 27 26 

28 28 27 

29 2S 28 

30 29 29 


31 30 29 

31 31 30 

32 32 31 

33 32 32 

34 33 32 

34 34 33 

35 34 34 

36 35 34 

37 36 35 

38 37 36 


38 38 | 37 

39 38 

40 39 3S 

41 40 39 

41 40 40 




0 0 
0 0 
0 0 
1 0 
1 0 


1 0 
1 1 

1 1 
1 1 



1 

1 1 
1 1 
1 
1 


2 1 
2 1 
2 1 
2 1 
2 1 

2 2 
2 2 
2 2 
2 2 
2 2 


2 2 
2 2 
2 2 
3 2 
3 2 


3 2 
3 2 
3 2 
3 2 
3 2 


3 2 
3 2 
3 2 
3 2 
3 2 


3 2 
3 3 

3 3 

4 3 
4 3 


74° 
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TABLE II 


163° 



l sin 
9. 


44034 155966 45750 


078 « 

122 s 
100 4 ‘ 

2L°43 

253 

297 H 

341 44 

385 « 
428 £ 
472 44 

516 3 

559 \l 
602 „ 

840 r 3 

689 44 

733 s 

776 
819 ” 

882 3 
905 43 


922 

878 

834 

790 

747 

703 

659 

615 


797 

845 

892 

940 




311 

267 

224 

181 

138 


095 

052 

008 

54965 

923 


547 

589 

632 

674 

716 


758 

801 

843 

885 

927 


, 969 
6|46011 
053 
095 
49 136 


031 

53989 

947 

905 


601 

_Ji 8 « 

694 4 _ 
74 1 4 ' 
788 " 
835;; 
881 

928 47 

975 4 ? 

47021 ™ 

068 4 ? 

114 46 
—_ 46 

47160 
207 
253 
299 
346 


392 

438 

484 

530 

576 


622 

668 

714 

760 

806 


852 

897 

943 

989 


108 

060 


013 

53965 

918 

870 

823 


776 

729 

681 

634 

587 


540 

493 

440 

399 

352 


l sec 

10 . 


01716 

719 

723 

727 

730 


734 

738 

741 

745 

749 


752 

756 

760 

763 

767 



932 

8S6 


52840101826 


793 

747 

701 

654 


608 

562 

516 

470 

424 


378 

332 

286 

240 

194 


148 

103 

057 

Oil 


830 

834 

838 

841 


864|48035 ™|51965 

080 

126 4 < 

171 45 

217 46 

262 « 

45 


46594 


9. 


902 

906 

910 

913 

917 


920 

874 

829 

783 

738 


693 
647 
602 
557 
511 

534GG ^8534 ™|51466|01940 

10 . 9 . 


266 55 
262 54 
259 53 
255 52 
251 51 

50 


229 

226 

222 

218 

215 



211 
207|39 
204 
200 37 
196 36 


192 



98060 



481 47 


0 0 

1 1 
2 
2 
3 


5 4 4 

6 5 5 

6 5 

6 6 





Proportional Parts 
46.45 I 44 | 43 I 42 | 41 


0 0 0 0 0 0 

11111 
2 2 1 1 1 | 1 

2 2 2 2 2 

3 3 3 3 3 


, 4 

5 4 4 4 
O I 5 5 o 


10 8 8 

11 9 9 

12 10 9 

13 10 10 

14 11 11 


15 12 12 

16 13 13 

17 14 13 

18 14 14 

19 15 15 


20 16 16 

21 17 16 

22 18 17 

23 IS IS 

24 19 19 

25 20 "2cT 

26 21 20 
27 22 21 
2S 22 22 
29 23 23 


24 24 

25 24 

26 25 
26 26 

27 27 

35 28 27 

36 29 28 

37 30 29 

38 30 30 

39 31 31 


40 32 31 

41 33 32 

42 34 33 

43 34 34 

44 35 34 


45 36 35 

46 37 36 

47 3S 37 

48 38 38 

49 39 38 


50 40 

51 41 

52 42 41 

53 42 42 

54 43 42 

55 44 43 

56 45 44 

57 46 45 

58 46 45 

59 47 46 


60 48 



8 8 
8 8 


12 11 
12 12 

13 13 

14 14 

15 14 


15 15 

16 16 

17 16 

18 17 
18 18 


19 19 

20 20 

21 20 
21 21 

22 22 


23 22 

24 23 

25 24 

25 25 

26 26 


27 26 

28 27 
28 28 

29 28 

30 29 


31 30 

31 31 

32 32 

33 32 

34 33 


34 34 

35 34 

36 35 

37 36 

38 37 

38 

39 

40 

41 

41 14 


42 41 

43 42 

44 43 

44 44 

45 44 


6 45 


11 11 
12 11 
12 12 

13 13 

14 14 


15 14 

15 15 
10 16 

17 1C 

18 17 


18 

19 

20 
21 

21 


22 22 
23 22 

23 23 

24 24 

25 24 


26 25 
26 26 

27 27 
2S 27 
29 28 


29 29 

30 29 

31 30 

32 31 

32 32^ 

33 32 

34 33 

34 34 

35 34 

36 35 


37 36 

37 37 

38 37 

39 38 

40 39 


8 8 
8 8 
9 9 


mm 


10 10 
11 11 
12 12 
13 12 
13 13 


14 14 

15 14 

15 15 

16 16 
17 16 


IS 17 

18 IS 

19 IS 

20 19 

20 20 


21 20 
22 21 
22 22 

23 23 

24 23 


24 24 

25 25 

26 25 

27 26 
27 27 


28 27 

29 2S 

29 29 

30 29 

31 30 


32 31 

32 31 

33 32 

34 33 

34 33 

35 34 

36 35 

36 36 

37 36 

38 37 


i cos i'| sec 1 1 cot 



39 3S 38 

40 39 38 

42 41 40 39 

43 42 41 40 

43 42 41 40 


43 42 41 


4 I 3 


0 0 
0 0 
0 0 
0 0 
0 0 


0 0 
0 0 
0 0 
1 0 
1 0 


1 0 
1 1 
1 1 
1 






3 2 
3 2 
3 2 
3 2 
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TABLE II 


162 


, / sin d l esc / tan idl / cot I l sec dl / cos 

9. r 10. 9. 

0 4651)41.-153406 48534 _ 51466101940 198060 
1 




10147005 

11 
12 

13 

14 


200 

159 

118 

077 

036 


52995 


47S14 


589 

548 

SOS 

467 

427 


387 

346 

306 

266 

226 


52186 




213 

252 

292 

332 

371 


411 

450 

490 

529 

568 



803 

842 

881 

920 

959 


51986 

092 

946 

136 

906 

ISO 

867 

223 

827 

267 


589 529 

550 572 


510 616 

471 659 


432| 703 


393 


48998 


353 

314 

275 

236 


197 

158 

119 

080 

041 


51002 51178 


9. 

I cot 


m 

ij 

[ij 




979; 
983 * 
9S7 , 
991 4 
995 4 


570 

526 

481 

437 

393 


348 

304 

260 

216 

172 


908 

864 

820 

777 

733 



118 

122 

126 

130 

134 


139 

143 

147 

151 

155 


159 

163 

167 

171 

175 


48822102179 


471 

428 

384 

341 

297 


254 

211 

167 

124 

081 


021 50 
017 49 
013 48 
009 47 
005 46 

45 

44 
43 


982 

978 

974 

970 

966 



33 
950 32 
946 31 


42 30 

38 29 
34 2S 
30 


922 
918 
914 
910. 
906|21 


902 

898 

894 

890 

8S6 


882 

878 

874 

870 

866 


861 


857 9 
853 S 
849 7 
845 6 


841 

837 

833 

829 

S25 


97821 



72 

62 


10 
IT 

11 

12 

13 

14 

14 

I 15 

0 i 16 


10 

10 

11 

10 

11 

11 

12 

12 

13 

12 

13 

13 

14 

14 

15 

14 

15 

15 

1G 

16 

17 

16 

17 

17 

IS 

IS 

19 

18 

19 

19 


23 1 99 

23 

24 





26 25 
26 26 

27 27 

28 27 

29 28 

29 29 

30 29 

31 30 

32 31 



24 24 23 

25 25 24 

26 25 25 

27 26 25 
27 27 26 


28 27 

29 28 

29 29 

30 29 

31 30 





34 

35 34 

36 35 


36 

37 

37 

38 

39 


32 

32 31 

33 32 

34 33 
34 33 



35 34 

36 35 

36 36 

37 36 

38 37 


3 32 


33 32 

34 33 

35 34 

35 34 

36 35 





44 43 42 

44 43 42 


45 44 43 




2 | 1 
2 I 1 












107 ° 































































































































































TABLE II 


161 ° 


l sin d l esc l tan d l cot 
9. V 10. 9. r 10. 


0148998 
9037 


l cos 

r 9. 

7 97821 |G0 

; 817 

* 812 

7 808 57 

, 804 50 

. 800 55 


779 
775 
771 
767 
703 

759 45 
754 44 
750 43 
740 42 
742 41 

40 




43 
01 0 


10 . 9 . 

I sec l cot 


46303103433 


10 . 

I tan 


97567 


l sin 


Proportional Parts 
42 I 41 I 39 I 38 I 37 I 36 


0 | 0 | 0 0 0 0 

1 1 1 

111 

2 2 2 | 2 



10 
11 
12 

13 1 
14 10 


15 11 

10 11 

17 12 

18 13 

19 14 


20 14 

21 15 

22 1G 

23 1C 

24 17 


25 18 
20 19 

27 19 

28 20 
29 21 


30 22 

31 22 

32 23 

33 24 

34 24 


7 

8 

8 8 
9 9 

10 10 

10 10 10 
11 11 10 
12 12 11 
13 12 12 

13 13 12 

14 tj " 

15 14 14 

15 15 14 

16 16 15 

17 1G 16 

IS 1716 


8 8 
9 8 




40 29 

41 29 

42 30 

43 31 

44 32 


45 32 

46 33 

47 34 

48 34 

49 35 

50 30 

51 37 

52 37 

53 38 

54 39 



21 20 20 
22 21 20 
22 22 21 

23 23 21 

24 23 22 


24 24 23 

25 25 23 
2G 25 24 
27 26 25 
27 27 25 


2S 27 2G 
29 28 27 

29 29 27 

30 29 28 

31 30 29 


31 29 

31 30 

32 31 

33 31 
33 32 


34 32 

35 33 

36 34 

36 34 

37 35 

3S 36 

38 36 

39 37 
38 
3S 


13 12 12 

13 13 13 

14 14 13 

15 14 14 
15 15 14 


16 15 15 

16 16 16 

17 17 16 

18 17 17 
18 18 17 


19 18 

20 19 
20 20 

21 20 
22 21 

22 22 21 
23 22 22 

23 23 22 

24 23 23 

25 24 23 


25 25 24 

26 25 25 

27 26 25 

27 27 26 

28 27 26 




34 33 

35 34 

35 34 

36 35 
36 35 


37 36 


5 4 

0 0 
0 0 
0 0 
0 0 
0_ _0 

0 0 
0 0 
0 

1 1 
1 1 

1 1 
1 1 
1 

1 1 
1 1 

1 1 
1 1 
1 1 









o 
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TABLE II 


160° 


/ sin d l esc 
9. l' 10. I 9. 


51204 „ 
301 zL 
338 % 

374 s 

-JUjl 

447 
484 ” 
520 
557 3; 
593 3J 

10 629 

11 coo 3 ; 

12 702 3 " 

13 738^6 

14 774 36 


48736 53697 
699 738 

662 779 

626 820 
589 861 


/cot / sec d 

10. 10. l' 

_ 


02433 
437 
442 
446 
139l 450 


/ COS 

9. 




553 902 

516 943 

480 9S4 

443 54025 
407 065 


098 

057 

016 

45975 

935 


991 

52027 

063 

099 

135 


171 

207 

242 

278 

314 


52350 

385 

421 

456 

492 


527 

563 

598 

634 

669 


705 

740 

775 

811 

846 


371 

334 

298 

262 

226 


189 

153 

117 

081 

045 


009 

47973 

937 

901 

865 



512 

552 

593 

633 

673 


714 

754 

794 

835 

875 


47650 54915 
615 955 

579 995 

544 55035 
508 075 


45 881 

46 916 

47 951 

48 986 

49 53021 


056 

092 

126 

161 

196 



231 

266 

301 

336 

370 


53405 


473 

437 

402 

366 

331 


295 

260 

225 

189 

154 


119 

084 

049 

014 

46979 


944 

908 

874 

839 

804 


115 

155 

195 

235 

275 


315 

355 

395 

434 

474 


691 

650 

610 

569 

529 


488 

448 

407 

367 

327 


286 

246 

206 

165 

125 


477 

481 

485 

490 

494 


499 

503 

508 

512 

516 


521 

525 

530 

534 

539 


543 

547 

552 

556 

561 



45085 02565 
045 570 

005 574 

44965 579 

925 583 


514 

554 

593 

633 

673 


885 

845 

805 

765 

725 


685 

645 

605 

566 

526 


486 

446 

407 

367 

327 


712 

752 

791 

831 

870 



769 910 
734 949 
699 989 
664 5G028 
630 067 


46595 50107 


10 . 9 . 

I SCO / cot 


090 

Z 051 

f n Oil 
Z 43972 
933 


43893 


588 

592 

597 

601 

606 


610 

615 

619 

624 

628 


633 

637 

642 

647 

651 


656 

660 

665 

669 

674 


678 

683 

688 

692 

697 


02701 


501 

497 

492 

488 

484 


479 

475 

470 

466 

461 


457 

453 

448 

444 

439 


97435 

430 

426 

421 

417 


412 

40S 

403 

399 

394 


390 
385 19 
381 18 
376 17 
372 16 


367 

363 

358 

353 

349 


344 

340 

335 

331 

326 


322 
317 
312 
308, 
303 1 


07299 


41 

40 

0 

0 

1 

1 

1 

1 

2 

2 

3 

3 



2 

2 

2 

2 

3 

3 



1 0 
1 1 


1 1 
1 1 


1 

1 I 1 


15 10 

16 11 

17 12 

18 l 

19 13 


1 1 
1 1 



25 17 

26 18 

27 18 

28 19 

29 20 



1 1 
1 1 



35 24 

36 25 

37 25 

38 2G 

39 27 _ 

40 27 

41 28 

42 29 

43 29 

44 30 


45 31 

46 31 

47 32 

48 33 

49 33 


50 34 

51 35 

52 36 

53 36 

54 37 


20 20 

21 20 
21 21 

22 21 
23 22 


23 23 

24 23 

25 24 

25 25 

26 25 


27 26 
27 27 

2S 27 
29 2S 
29 29 


30 29 

31 30 

31 31 

32 31 

33 32 


33 32 

34 33 

35 34 

35 34 

36 35 


18 18 

19 19 

20 19 

20 20 

21 20 


22 21 
22 22 
23 22 

23 23 

24 23 


18 17 
18 18 

19 18 

19 19 

20 19 


20 20 
21 20 
22 21 
22 22 
23 22 






25 24 

25 25 

26 25 

27 26 
27 26 


28 27 
28 28 

29 28 

30 29 
30 29 


23 23 

24 23 

24 24 

25 24 

26 25 



55 38 

56 38 

57 39 
5S 40 

59 40 


60 41 



31 30 

31 31 

32 31 

33 32 
33 32 


34 33 

35 34 

35 34 

36 35 

36 35 


26 26 
27 26 

27 27 

28 27 

29 28 


29 28 

30 29 

30 29 

31 30 

32 31 


32 31 

33 32 

33 32 

34 33 

34 33 





40 I 39 I 37 36 



109 


70 ° 


WWWWW WWWWW 
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TABLE II 


159° 




41582 02985 |97015 

10 . 10 . 


40 

0 0 
1 1 

2 1 




Proportional Parts 
39 38 37 35 34 33 

0 0 0 0 0 ~0 

111111 
11111 

2 2 2 2 2 

3 2 2 2 2 


3 3 

4 4 

5 4 

5 5 


51 4 






15 10 
1G 11 

17 11 

18 12 
19 13 


81 8 
9 


10 10 
10 10 10 
11 11 10 
12 11 11 
12 12 12 


6 G 

G G 


8 8 


8 | 8 
9 




25 17 16 
2G 17 17 

27 18 IS 

28 19 18 

29 19 19 


13 12 12 

13 13 12 

14 14 13 

15 14 13 

15 15 14 

16 15 
16 16 

17 17 

18 17 
18 18 

18 
19 

. 20 

21 20 

22 21 




40 27 26 

41 27 27 

42 28 27 

43 29 28 

44 29 29 


30 29 

31 30 

31 31 

32 31 

33 32 


50 33 32 

51 34 33 

52 35 34 

53 35 34 

54 36 35 


37 

37 

38 

39 
39 



11 11 
12 12 
12 12 

13 13 

14 13 


14 14 

15 14 

15 15 

16 15 
16 16 

17 16 

18 17 
18 18 

19 18 
19 19 


20 
20 
21 
22 I 21 
22 21 


25 25 23 

26 25 24 

27 26 24 

27 27 25 

28 27 26 


28 28 26 

29 28 27 

30 29 27 

30 30 28 

31 30 29 




l cos |i'| l sec 1 1 cot I' l taa1 1 esc |i'| l sin 



28 

28 

29 

29 

30 


30 

31 

31 

32 
32 


35 34 33 
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TABLE II 


158° 


55433 

1 466 f 

2 499|„ 

3 532" 

4 564 


761 

793 

826 

858 

891 


923 

956 

988 

56021 

053 


247 

279 

311 

343 

375 


56408 

440 

472 

504 

536 


568 

599 

631 

663 

695 


727 

759 

790 

822 

854 


45 886 

46 917 

47 949 
980 

49157012 


044 

075 

107 

138 

169 


201 
232 
264 
295 
59l 326 


57358 


111 


915 

882 

850 

818 

785 


753 

721 

689 

657 

625 


43592 59540 
560 577 ,, 

528 614,, 

496 651 

464 688 


725 

762 

799 

835 

872 


273 909 
241 946 
210 983 
178 60019 
146 056 


093 

130 

166 

203 

240 


276 

313 

349 

386 

422 


799 

768 

736 

705 

674 


42642 60641 


10. 9. 

I sec l cot 



207 

212 

217 

222 

228 


233 

238 

243 

248 

253 



39359103283 


50 32 

51 32 

52 33 

53 34 

54 34 


55 35 

56 35 

57 36 

58 37 

59 37 


60 38 


38 


31 30 

31 31 

32 31 

33 32 
33 32 


34 33 

35 34 

35 34 

36 35 

36 35 


37 36 




21 

21 

22 

21 

22 

22 

23 

22 

23 

23 

24 

23 

25 

24 

25 

24 

26 

25 

26 

25 

27 

26 

27 

26 

28 

27 

28 

27 

29 

28 

29 

28 

30 

29 

30 

29 

31 

30 

31 

n A 

30 




68 ° 

bU 
























































































































































































































22 ° 


TABLE II 


157 
















































































































































































































23° 


TABLE II 


156 


37215 

180 

145 

110 

074 


030 

004 

36909 

934 

899 



387, 
381 56 



678 

684 

689 

695 

700 


657 

692 

726 

761 

796 


516 

481 

447 

412 

377 


343 

308 

274 

239 

204 


349 

343 

338 

333 

327 


322 

316 

311 

305 

300 


294 

289 

284 

278 

273 


39930 63830 
901 865 


872 899 

843 934 


29 

215 29 

36 244 ~ 

37 273 ^ 
302 f; 

39|__33lg 


814 968 




359 


41 388 


42 417 


35997 

963 

928 

894 

860 


96240 
234 2 
229 28 
223 2 
218 2 
25 
24 


43 446 


44 474 



503 


532 

561 

589 

618 


646 

675 


704 f 8 

' 61 28 


551 789 


50 818 


57 846 


875 


903 


517 

552 

586 

620 

654 

688 

722 

756 

790 

824 


654 

619 

585 

551 

517 


483 

448 

414 

380 

346 


129. 
123| 9 
118 
112 
107 



60931 39069 64858 

9. d 10. 9. 

I cos i' l sec l cot 


35142 


10 . 

l'| l tan 


® 084 2 

079 1 

039271 96073 



113 


66 ° 


24 

25 

25 
, 26 
44 20 




55 33 

56 34 

57 34 

58 35 

59 35 


60 I 30 


3 


20 

26 

27 

27 

28 


29 2S 25 

30 29 20 

30 29 26 

31 30 20 

32 _31_ _27_ 

32~ 31 28 

33 32 28 

33 32 28 

34 33 29 

34 33 30 

34 3 


24 23 

25 24 


25 24 

20 25 


26 25 


27 20 

27 26 


28 27 

28 27 


29 | 28 


29 







to to to to to 
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TABLE II 


155 


/ sin d l esc l tan 
9. l' 10. 9. 


60931 

960 

988 

61016 

045 


5 073 

6 101 


l cot l sec d / cos 

l'l 10. 10. v 9. 


114 



65° 

6P 
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TABLE II 




l sin 


G2595L, 
1 022 „ 
049 27 
076 7 
703 



805 

892 

918 

945 

972 


159 

186 

213 

239 

200 

292 

319 

345 

372 


63398 

425 

451 

478 

504 


531 

557 

583 

010 

036 


002 

089 

715 

741 

767 


794 

820 

840 

872 

898 


807 

841 

814 

787 

701 


734 

708 

681 

655 

028 



G0|G4184 
9. 

I cos 




270 

243 

210 

189 

102 


106L 
229'” 
202 ;;; 

295 " 

-* 2 . 33 ■ 
300 33 
393 " 
420 " 

458 '33 

524 
550 33 
589 " 
022 " 

-^33 

087 3 o 

719 ?3 
752 33 

785 " 
817 

67850 32 
882 " 
915" 
522 947" 

490 980" 

469 G8012 
443 044" 

417 077" 

390 109 it 

364 142" 

174 3 , 
200 " 
239" 
271 1: 
303" 

-33 

330 
308 " 
400 " 
432 " 

_i“32 
4 'J7 

529" 
561" 
593 " 
020 " 

058 i 
090 " 
722 

754 32 
35810168818 


9. 

I cot 


154 


/ cos 

9. 


9572S 

722 

710 

710 

704 

098 

092 

680 

680 

074 


542 

509 


32150 

118 

085 

053 

020 


31988 

956 

923 

891 

858 



503 



374 



421 

427 

433 

439 

445 


04451 

457 

403 

409 

475 


481 

487 

493 

500 

500 


512 

518 

524 

530 

536 

542 

548 

554 

560 

560 


573 

579 

585 

591 

597 


603 

609 

610 
022 
02S 


04034 


44 

43 

42 

41 


9 40 

3 39 
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TABLE II 


153° 


Bias 


0164184 
210 
23G 
262 
288 


l CSC 

H 10. 


64953 
978 
65003 
029 
0 


65705 


, 8, d 

l COS 1' 


116 


94C|„ 


l sec 

10 . 

H634 

640 

646 

652, 

659 


95366 

ED 

360 

59 

354 

58 

34 S 

57 

341 

5G 


32 

138 3 „ 

no l; 

2q9 

234 
266 ; 

298... 


393 

425 


457 

48S 

520 

552 

5S4 


894 


683 

690 


G9774 
805 
837 
, 868 
946 900 


932 

963 

995 

70026 

058 


815 


04821 

827 

833 

S40 

846 


852 
859, 
8651 6 
871 
878 


560 
592 32 
623 31 
654 31 
685 3 J 

70717 32 | 29283 |05012 

10 . 

I CSC 


273 

267 

261 

254 

24S 

24 
23 
22 
223 
21 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

1 

2 

1 

2 

2 

9 

+* 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

3 

2 

3 

2 

3 

2 

3 

2 

3 

3 

3 

3 

3 

3 

3 

3 


63 
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TABLE II 


152 


34295 

271 

246 

221 

196 


828 

853 

878 

902 

927 




197 

221 

246 

270 

295 


24 

319 24 
343 "4 
368 4 

392 

416 24 


G6441 

465 

489 

513 

537 


562 

586 

610 

634 

658 


682 

706 

731 

755 

779 


803 

827 

851 

875 

899 


922 

946 

970 

994 

67018 


042 

066 

090 

113 

137 


681 

657 

632 

608 

584 


33559 

535 

511 

487 

463 


438 

414 

390 

366 

342 


339 

370 

401 

431 

462 

493 

524 

555 

586 

617 


383 


077 

083 

089 

096 

102 


109 

115 

122 

129 

135 


142 

148 

155 

161 

168 

174 

181 

187 

194 

201 


28352 05207 
321 214 

291 220 

260 227 

229 233 


802 

833 

863 

894 

925 


318 955 
294 986 
269 72017 
245 048 
221 078 



078 

054 

030 

006 

32982 


109 

140 

170 

201 

231 


262 

293 

323 

354 

384 


198 

167 

137 

106 

075 


045 

014 

27983 

952 

922 


240 

247 

253 

260 

266 


273 

280 

286 

293 

300 



GO 67161 



956 

949 

943 

936 

930 



891 

8S5 

878 

871 

865 


32839 

72567 

10. 

1 sec 

9. 

1 cot 


340 

346 

353 

360 

366 


373 

380 

386 

393 

400 


27433105107| |94593 


117 


62 ° 

72 



25 13 

26 14 


27 14 

28 15 


29 15 



35 19 

36 19 

37 20 

38 20 

39 21 


40 21 

41 22 


42 22 

43 23 


44 23 


45 24 

46 25 

47 25 

48 26 

49 26 








50 27 

51 27 


52 28 

53 28 


54 29 




55 29 

56 30 

57 30 

58 31 

59 31 


28 28 

29 28 


29 28 

30 29 


60 I 32 


32 


30 30 


3 


12 12 12 
13 12 12 

13 13 12 

14 13 13 

14 14 13 


15 14 13 

15 14 14 

15 15 14 

16 15 15 

16 16 15 


17 16 15 

17 16 16 

18 17 16 

18 17 16 

18 18 17 


17 

18 
18 
18 
19 


21 20 19 

21 20 20 

22 21 20 
22 21 20 
22 22 21 

23 " 22 21 
23 22 21 
24 23 22 

24 23 22 

25 24 23 








CO CO CO CO 












































































































































































































TABLE II 


15i J 


/ sin d l esc 

9. v 10. 


I cot l see 

10 . 10 . 


27433 05407 
402 413 

372 420 

341 427 

311 433 



94593 GO 
587 5( 
580 
573 
567 


560 

553 

546 

540 

533 


526 
51949 
513 
506 
499 


492 
485 
479 
472 42 
465 41 


458 
451 
445 
438 
431 |3G 


424 

417 

410 

404 

397 


94390 
383 
376 
369 
362|26 


355 
349 
342 
335 
328|21 


321 

314 

307 

300 

293 


286 
279 
273 
266 12 
259 11 


252 

245 

238 

231 

224 


217 
210 
203| 3 
196 
189| 1 


94182 


9; 

l sin 




25 13 

26 13 

27 14 

28 14 



29 15 


30 1G 

31 16 

32 17 

33 17 

34 18 

35 18 

36 19 

37 19 

38 20 

39 20 


40 21 

41 21 

42 22 

43 22 

44 23 


45 23 

46 24 

47 24 

48 25 

49 25 


50 26 

51 26 

52 27 

53 27 

54 28 


55 28 

56 29 

57 29 

58 30 

59 30 


18 18 

19 18 

20 19 


20 19 

20 20 

21 20 
22 21 
22 21 



25 24 

26 25 

26 25 
26 26 

27 26 


28 27 
28 27 
28 28 

29 28 

30 29 


18 18 
19 18 

19 18 

20 19 


20 19 

20 20 

21 20 

21 20 
22 21 


22 21 
22 21 
23 22 

23 22 

24 23 
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TABLE II 


150 


901 

03 

05 


69234 

256 

279 

301 

323 


345 

308 

390 

412 

434 


501 

523 

545 


677 

699 

721 

743 

765 


55 787 

56 809 

57 831 

58 853 

59 875 


69897 



l CSC 

10 . 

31443 

420 

397 

375 

352 

329 

306 

2S4 

261 

238 


216 

193 

171 

148 

125 


0 

8 

5 


035 

013 



10 . 

25025 05818 
595 825 

565 832 

839 
846 


476 

446 

417 

387 

357 


327 

298 

268 

238 

209 


853 

860 

867 

874 

881 


888 

895 

902 


HE 

3 

53 


998 : J 002 
75028^24972 


878 

856 

833 

811 

788 


30766I75264L 
744 
721 
699 
677 


655 

632 

610 

588 

566 


544 

521 

499 

477 

455 


433 

411 

389 

367 

345 


323 

301 

279 

257 

235 


213 

191 

169 

147 

125 

30103 


10 . 

I sec 


411 

441 

470 

500 

529 


705 

735 

764 

793 

822 

852 

881 

910 

939 

969 


883 

854 

824 

795 

765 


24736106030 
037 
045 
052 
059 


442 

412 

383 

353 

324 


295 

265 

236 

207 

178 



138 

145 

153 

160 

167 


174 

181 

189 

196 

203 


147 55 
140 54 
133 53 
126 52 
119 51 


112 
105 
098 
090 
_0S3 

076 45 
069 44 
062 43 
055 42 
048 41 


041 
034 
027 
020 
012|36 


35 

34 

33 

32 

31 


93970 

963 

955 

948 

941 


934 
927 
920 
912 
905 

898 2 
891 1 
884 1 
876 1 
869 1 


862 

855 

847 

840 

833 


826 

819 

811 

804 

797 


998" 002 211 

76027 _ 23973 218 


056" 944 

086 914 

115-4 885 

76144" 23856|06247 


944 225 

914 232 

885 240 



93753 


9. 

I sin 













10 

10 

8 

10 

10 

8 

11 

11 

8 

12 

11 

9 

12 

12 

9 

12 

12 

10 

13 

13 

10 

14 

13 

10 

14 

14 

11 

14 

14 

11 

15 

14 

12 

1G 

15 

12 

16 

15 

12 

1G 

16 

13 

17 

1G 

13 

18 

17 

13 

18 

17 

14 

IS 

18 

14 

19 

18 

15 

20 

19 

15 

20 

19 

15 

20 

20 

1G 

21 

20 

16 

22 

21 

1G 

22 

21 

17 

22 

22 

17 

23 

22 

18 

24 

23 

18 

24 

23 

18 

24 

24 

19 

25 

24 

19 

2G 

25 

20 

26 

25 

20 

26 

26 

20 

27 

26 

21 

28 

27 

21 

28 

27 

21 

2S 

28 

22 

29 

28 

22 

30 

29 

23 

30 

29 

23 




119 


60 ° 

74 
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TABLE II 


149° 



l CSC 

I'l 10. 


3 


037 

010 


5170000,., 
6 028;, 
050 “ 
072;* 
003 ;* 
115 ,” 
137;" 

13° 

202;; 

224 " 
245 « 
207;* 
288;* 

332 
353^ 
375 *; 
. 396 2 * 
24|_418 f 

439 22 

26 461 f 

27 482;: 
5° 4 f. 

525 :: 

70547 ‘ 
568 
590 f 

611 22 
633 


l tan d l cot 
9. V 10. 


701441 

173 g 
202 
231? 

-J« 5 b 

290 
310 




761 
782 
803 
824 
846 

——— 21 

867 21 
888 * 

909*: 

931 22 

,952*; 

. 973 „ 

5l| 994* 

71015 : 

036 7* 
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TABLE II 


148 


071184 

1 205:, 

2 220 ", 

3 247c! 

4 268*;, 

289 2 i 
310 
331 2 
352; 

10 393 

11 414, 

12 435 2 

13 456 2 
14_477g 

15 498" 

10 519 ? 

17 539 

IS 500 2 

19 581 ; 

20 002 

21 022 ;, 

22 043; 

23 GG4; 

24 _685 H 

25 705 ,, 

26 720; 

27 747 

28 767 ?. 

29 _78S 2 j 

71809" 
829 
850 21 
870? 

911 2i 

932 21 

952 20 

973; 

094 
— 20 

’2014 
034 20 
055 ;J 
075? 

_096S 
H6 
137 ? Q 

98 21 

—i— 20 

218 20 

51 238 2 , 

52 259 

53 279 ? 

54 299 

320 20 
34° 20 
360 ? 
381 

59 401 ? 

60 72421 


9. 

I cos 


28810 

795 

774 

753 

732 

711 

690 

669 

648 

627 

007 

580 

505 

544 

523 

502 

481 

461 

440 

419 


357 
336 
315 

295 
274 
253 
233 
212 

28191 78732 
171 700 

150 789 

130 817 

109 845 


089 

068 

048 

027 

006 


874 
9021 
930 
959 
987 


27980 79015 
966 043 

945 072 

925 100 

904 12S 

884 156 

863 185 

843 213 

823 241 

802 269 

782 297 

762 326 

741 354 

721 382 

701 410 

680 438 

660 460 

640 495 

619 523 

599 551 

27579 79579 


9. 

I cot 


865 


837 

808 

780 

751 

723 


694 

666 

637 

609 

581 


552 

524 

495 

467 

438 


410 

382 

353 

325 

296 


21268 

240 

211 

183 

155 


126 

098 

070 

041 

013 


20985 07001 
957 009 

928 017 

900 024 

872 032 


844 

815 

787 

759 

731 


703 

674 

646 

618 

590 


502 

534 

505 

477 

449 


20421 



040 

048 

056 

064 

071 


079 

087 

095 

103 

111 


119 

126 

134 

142 

150 

07158 


121 


58° 

79 
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TABLE II 


147 



l CSC 

10 . 


20 
20 

461” 
482™ 

5 52 ^0 

6 542 f 

7 562 ™ 

8 582 ™ 

9 602™ 

10 622' 
H 643™ 

12 663 ™ 

13 683 ™ 
14^0_3™ 

72 3,o 

743 ™ 
763 ™ 

783 20 
803 ,™ 

823 ^ 
843 20 
863 
883 

25 922 

26 942 20 

27 962 ™ 

28 982 ™ 

29 73002 

73022 
. 041 19 
32| 061 
081 

101 


121 

140 20 
160™ 

180 ” 

200 “ 

219 

239™ 

259™ 

278^ 

298™ 
-20 

318 .0 
337 19 

357™ 

377 ™ 

396 i 9 



418 

398 


378 

357 

337 

317 

297 


277 

257 

237 

217 

197 



117 

098 



939 

919 

899 




781 

761 

741 

722 

702 


682 

663 

643 

623 

604 


584 

565 

545 

526 

506 


487 

467 

448 

428 

409 


l tan 
9. 


79579 
607 

635 28 
663™ 

_ 00 i 28 

7i9 
747 ™ 
776 
804 ™ 
_83_2™ 

860 

SS 8 ™ 

9ic r| 

944™ 

972 M 
—_ 28 

80000 

028™ 

056™ 

084™ 

112 28 
— ~ 28 

140 28 
108™ 

223™ 

251™ 

279 28 
307 28 

335™ 
363™ 
391™ 
80419; 
447™ 
474 “ 7 
502™ 

_530^ 

558 

586™ 

6U™ 

642™ 

609 27 
——28 

697 28 
72 5™ 

753 ™ 

781™ 

_808S 

836 

864™ 

892™ 

919 S 

947 " 
———1 28 

975 28 
81003 ™ 

030 27 

058™ 

_086 ™ 

113 28 
141 ™ 

I 6 9 ™ 

196 S 

81252 


9. 

I cot 


l cot / see d l cos 

10. 10. r 9. 

07158 . 92S42 
166 8 834 

174 8 826 

337 182 8 818 

309 190 8 810 

281 197 

253 205 

224 213 

196 221 

168 229 



084 253 

056 261 

02S 269 

000 277 

19972 285 

944 293 

916 301 

888 309 

800 317 

832 325 

805 333 

777 341 

749 349 

721 357 

693 365 

665 373 

637 381 

609 389 

19581 07397 
553 405 

520 413 

498 421 

470 429 

442 437 

414 445 

386 454 

358 462 

331 470 

303 478 

275 486 

247 494 

219 502 

192 510 

164 518 

136 
108 
081 
053 




763 50 
755 49 
747 
739 
731 



683 
675 
66 7 
659 
651 


35 

34 

33 

32 

31 


92603, 
595|29 
587 
579 
571 



478 

486 

494 

502 

510 


518 

527 

535 

543 

551 



18748107641 


10 . 

I tan 



9 482 

s 473 
r 465 
ft 457 
r 449 

8 441 

8 433 , 

0 425| 8 

r 416 

« 408 
r 400 
8 392 

« 384 
8 376 

8 367 l 1 

92359 


9. 

I sin 


122 












0 

0 

0 

0 

0 

0 

u 

1 

0 

n 

1 

0 

1 

1 

1 





5 5 

5 5 
G C 

6 






15 7 

16 8 

17 8 


20 10 
21 10 
22 11 

23 11 

24 12 


25 12 12 

26 13 12 

27 13 13 

28 14 13 

29 14 14 


30 14 14 

31 15 14 

32 15 15 

33 16 15 

34 10 1C 


35 17 16 

36 17 17 

37 18 17 

38 18 18 

39 19 18 


40 19 19 

41 20 19 

42 20 20 

43 21 20 

44 21 21 


45 22 21 

46 22 21 

47 23 22 

48 23 22 

49 24 23 

50 24 23 

51 25 24 

52 25 24 

53 26 25 

54 26 25 


55 27 26 

56 27 26 

57 28 27 

58 28 27 

59 29 28 


60 29 28 









14 10 

14 11 

14 11 

15 12 
15 12 


1G 12 

16 13 

17 13 

17 13 

18 14 


18 14 

18 14 

19 15 

19 15 

20 15 


20 16 

21 16 
21 16 
22 17 

22 17 


22 IS 

23 18 

23 18 

24 19 
24 19 


25 19 

25 20 

26 20 
26 20 
27 21 


27 


S 

8 


8 8 
9 8 

9 9 


10 10 
10 10 
11 10 
11 10 
11 11 


12 11 

12 11 
12 12 
13 12 
13 12 


13 13 

14 13 
14 13 

14 14 

15 14 


15 14 

15 15 

16 15 
16 15 
16 16 


17 16 

17 16 

17 16 
IS 17 

18 17 


18 17 

19 18 
19 18 

19 18 

20 19 







0 0 
0 0 
0 0 
0 0 
0 


1 1 

1 1 

1 

1 

I 

1 


1 

1 

2 

2 

2 


2 2 


























57 ° 
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TABLE II 


re 


CSC 

1 °. 

26389 

370 

350 

331 

311 


292 

273 

253 

234 

215 


284 

303 

322 

341 

300 


379 

398 

417 

436 

455 


474 

493 

512 

531 

549 


568 

587 

606 

625 

644 


662 

681 

700 

719 

737 


74756 


22 


003 

25983 

964 

945 

926 

907 

887 

868 

849 

830 

25811 

792 

773 

754 

735 


716 

697 

678 

659 

640 


621 

602 

583 

564 

545 

526 

507 

488 

469 

451 


432 

413 

394 

375 

356 


338 

319 

300 

281 

263 


l tan d 
9._ V 

81252 
279 ^ 
307 ;® 
335;® 

390; 

418;® 
445 ;' 
473 f 

L*9?£ 

5281 
556 “ 
583 

611 2? 
J338-; 

666 ' 
693 ” 

721 27 
748 f 

jm:* 

803 
831 ;® 
858 ” 
886 ,;! 
9i3r' 


/ cot 

10 . 

18748 

721 

693 

665 

638 

610 

582 

555 

527 

500 

472 

444 

417 

389 

362 

334 

307 

279 

252 

224 

197 

169 

142 

114 

087 


l see 

10 . 


8 

707 

715 

723 

731 

740 

748 

756 



146° 


/ cos 

9. 


92359 
351 
343 
335 
326 

318 
310 54 
302 53 
293 52 
285 51 

277 50 
269 49 
260 48 
252 47 
244 46 

235 la 
227 44 
219 43 
211 42 
202 41 


839 


864 

873 




25244 82899 


10. 9. 

I'l l see l cot 




626 

653 

681 

708 

735 

762 

790 

817 

844 

871 


08143 


10 . 

I esc l 


0G9 25 
060 24 
052 23 
044 22 
_035 21 

027 
018 
010 
002 
91993 

985 15 
976 14 
968 13 
959 12 
951 11 


942 10 
934 9 
925 8 
917, 
90S| 6 


900 
891 
883 
874, 
866 1 


91857 0 


9. 

I sin 





123 


56° 

78 
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TABLE II 


145° 


l sin 
9. 


74756 

775 

794 

812 

831 


850 

868 

887 

906 

924 


10 943 

11 961 

12 980 

13 999 

14 75017 


036 

054 

073 

091 

110 


128 

147 

165 

184 

202 


221 

239 

258 

276 

294 


30175313 
331 
350 
368 
386 


35 405 

36 423 

37 441 

38 459 
478 



82899 


206 953 

188 980, 

169 83008 !, 

150 035 * 

132 062 ‘ 

113 089 1, 

094 117! 

076 144 f 


l esc l tan d l cot l sec <1 l cos 

l'| 10. 9. r 10. 10. V 9. 

_ 17101 08143 . 91S5’ 

” 074 151 l 84< 

047 160 { 84( 

020 168 ® 835 

16992 177 ; 82< 

965 185 I 

938 194 l 

911 202 “ 

883 211 ' 

856 219 ® 

829 228 „ 

802 237 jj 

775 245 ® 

748 254 l 

720 202 ! 


964 

946 

927 

909 

890 



171 

198 

225 

252 

280 


307 

334 

361 

388 

415 


442 

470 

497 


578 
605 1 
632 
G59i_ 



6S6 


24687 83713 
669 740 

650 768 

632 795 

614 822 


595 849„ 

577 876 V. 

559 903 ” 

541 930 !! 

522 957 g 

504 984 

486 84011 Z 
467 038 ” 

449 065 Z 

431 092 ZL 


558 

530 

503 

476 

449 


422 

395 

368 

341 

314 


357 

366 

375 

383 

392 


16287 0S401 
260 409 

232 418 

205 427 

178 435 




1 75859 

2 

9. 

d 

v i 


9. 

I cot li' 


151 444 

124 453 

097 462 

070 470 

043 479 


016 

15989 

962 

935 

908 


881 531 
854 540 
827 549 
800 558 
773 567 


746 

720 

693 

666 

639 


612 

585 

558 

531 

504 


15477108664 


10 . 10 . 

I tan l esc 


91S57 60 
849 59 
840 58 
832 57 
823 56 


815 55 
806 54 
798 53 
789 52 
781 51 


772 
763 
755 
746 47 
738 46 


729 

720 

712 

703 

695 


686 

677 

669 

660 

651 


643 35 
634 34 
625 33 
617 
608|31 


91599 

591 

582 

573 

565 


556 

547 

538 

530 

521 


512 

504 

495 

486 

477 


469 

460 

451 

442 

433 


425 

416 


124 


381 
372 
363 
354 
3451 1 


91336| 0 


9. 

I sin 


55° 

79 



13 

12 

13 

12 

13 

13 

14 

13 

14 

13 

14 

14 

15 

14 

15 

14 

15 

14 

16 

15 


















































































































































































































































35 


TABLE II 


144 


l sin 
9. Ii 



24141 

123 

105 

087 

069 


051 

033 

015 

23997 

979 



889 


218 

236 

253 

271 

289 


307 

324 

342 

360 

378 


76395 

31 413 

32 431 

33 448 

34 466 


484 

501 

519 

537 

554 


572 

590 

607 

625 

642 


660 

677 

695 

712 

730 


747 

765 

782 

800 

817 


835 

852 

870 

887 

904 


76922 


9. 

I cos 


125 ° 


782 

764 

747 

729 

711 


693 

676 

658 

640 

622 


23605 85327 
587 354 

569 380 

552 407 

534 434 



516 460 
499 487 
481 514 
463 540 
446 567 


428 594 
410 620 
393 647 
375 674 
358 700 


340 

323 

305 

288 

270 


253 

235 

218 

200 

183 


165 

148 

130 

113 

096 


23078 


d 10. 9. <1 

l' I sec l cot l' 


727 
754 
780 
807 

860 7 
887 ;' 
913 27 
94° 

993 

86020;" 
046 ;; 
073 ;; 

^20 

86126 


l sec d 

10 . r 


477 08664, ' 
450 672 *i 

424 6S1 9 

397 690 

370 699 

343 708! \ 

316 717, 9 

289 726 ' 

262 734 * 

236 743 9 


209 

182 

155 

128 

101 

075 

048 

021 

14994 

967 


941 

914 

887 

860 

834 


807 

780 

753 

727 

700 

14673 

646 

620 

593 

566 


540 977 
513 986 
486 995 
460 09004 
433 013 


022 

031 

040 

049 

058 


067 

076 

085 

094 

104 


113 

122 

131 

140 

149 


l cos 

9. 


91336 
32,s 
319 
310io/ 
301156 
292 
283 
274 
266 
257|51 


8S6 

895 

904 

913 

922 


15840 

149|39 
141 
132 
123 


114 

105 

096 

087 

078 


III] 



326 

300 


273 

246 

220 

193 

166 


140 

113 

087 

060 

033 


007 158 

13980 168 

954 177 

927 186 

900 195 


13S74 09204 


„ 023 

o 014 

005 
9 90996 
9 987 

978 
969 
960 
9 951 

»_942 

n 933 
9 924 

9 915 

9 906 

19 896 


„ 887 

878 9 
869 8 

9 860 7 
»_851 C 

n 842 

10 832 

, 9 823 

l 814 . 

I 805 1 1 
90796 


54° 

so 










































































































































































































36 ° 


TABLE II 


143 ° 


l cot l sec 

10 . 10 . 


77009 
020 
043 
001 
078 


095 

112 

130 

147 

164 


181 

199 

216 

233 

250 


268 

285 

302 

319 

336 


23078 86120 
7 061 153 

Z 043 179 

' 026 206 


009| 232 


22991 

974 

957 

939 

922 


9 



819 

801 

784 

767 

750 


732 

715 

698 

681 

664 


647 

630 

613 

595 

578 


392 

418 26 

440 

471 26 

498 27 
— 26 

524 
551 
577 
603 
630 


656 

6S3 

709 

736 

762 


7S9 

815 

842 

868 

894 


77439 

1 456 

2 473 
490 
507 


22561 8C921 
544 947 

527 974 

510 87000 
493 027 



09204 O 907y6 
213 9 787 

223 19 777 

794 232 : 70S 


768| 241 


250 

259 

269 


608 

582 

555 

529 

502 

476 

449 

423 

397, 

370 



7 
7 

mt 


278 
287 9 

290 !0 
306 19 

315 9 

324 9 

333 9 


9 

36i 9 
370 0 
380 


389 

398 

408 

417 

426 


435 

445 

454 

463 

473 


094S2 

491 

501 

510 

520 


529 

538 

548 

557 

566 


576 
585 9 
595 
604 
614 


623 
632 
642 n 
651 9 
661 


670 

680 

689 

699 

708 


718" 282 

727 9 273 

737 19 263 

746 9 254 

_ 756 19 244 1 

22054|8771in|l2289| 09765 90235 0 


759 


750 

741 

731 

722 

713 


704 
694 
685 
670 
667|46 




611 

602 

592 

583 

574 


565 35 
555 34 
546 33 
537 32 
527 31 


90518 30 
509 29 
499 28 
490 27 
480 26 


471 

462 

452 

443 

434 


424 

415 

405 

396 

386 



9. d 10. 10. 

I cot i' l tan l esc 


126° 


HI 


53° 













































































































































































































































37 


TABLE II 


142° 


l sin d l esc 

9. V 10. 

0 77946 „ 22054 
1 963 i 037 

980 i 020 

997 ‘ 003 

78013 1.21987 


030 

047 

0G3 

0S0 

097 


887 

870 

853 

837 

820 

803 

787 

770 

754 

737 




527 

543 

5G0 

57G 

592 


G09 

G25 

642 

658 

G74 


G91 

707 

723 

739 

756 


772 

788 

805 

821 

837 


853 

869 

886 

902 

918 


00178934 


9. 

I cos 


638 

621 

605 

588 

572 


21555 

539 

522 

506 

490 


473 

457 

440 

424 

408 


391 

375 

358 

342 

326 



261 

244 





127 


Idr 20 

446 

472 20 
_ 20 

88498 or 
524 f r 
550 
577 2 ' 
6Q3 ;!? 
629 26 
655 f 0 

681 t b r 

7 °7 26 
_733 2 !? 

759 27 

7S6 ” 

812 26 
838 2 ‘ 

_864g 

890 

916 26 

942 26 
968 H 

89020 or 
046 f 

°73 go 

099 ll 

151 20 

177 26 
203 ll 
229 f Ci 
255 ;!? 


21066189281 




199 

209 

219 

229 

239 


10980 248 

954 258 " 

927 268 J 

875 288 J 

298 _ 702 

307 ® 693 

317 J 683 

327 o 673 i 
337 !; 663| 1 

10719110347 89653 


10 . 10 . 

I tan l esc |r 




27 

26 

0 

0 

0 

0 

1 

1 

1 

1 

2 

2 

2 

3 

2 

3 


Proportional Parts 



52 ° 























































































































































































38 ° 


TABLE II 


141 ° 













































































































































































































































































39 ° 


TABLE II 


140 ° 


l sin 
9. 

79887 

903 

918 

934 

950 


965 

981 

996 

80012 

027 


l tan a 
9. v 

90837„. 

opo 2 b 

o<>3 
8S9 

914 c 

_«i o ;g 

035 966 

019 9921 ;' 

001 91018 



19988 

973 


043 


120 

136, 

151 

166 

182 

197 

213 

228 

244 

259 

274 

290 

305 

320 

336 

80351 
366 
382 
397 
412 


731 

746 

762 

777 

792 


G0|80807 


428 

443 

458 

473 

489 

1 U 

15 

15 

15 

1G 

15 

572 

557 

542 

527 

511 

504 


496 

519 

10 

481 

534 

1 o 

466 

550 

10 

450 

565 

lo 

15 

435 

580 


420 

595 

lo 

i r 


610 

1 o 


625 

lo 

375 

641 

10 

15 

359 

656 


344 

671 

1 o 

329 

686 

lo 

314 

701 

lo 

1 1". 


710 

lo 

IS 

284 


868 

893 

919 

945 

971 


125 

150 

176 

202 

227 


253 

279 

304 

330 

356 


19193192381 


Eft 

—3 p 

B 

drnB 


■alwB? 


844 

834 

824 

813 

803 


11259 
270 
280 
312| 291 

287 301 


88741 

730 

720 

709 

699 






10 . 

I sec 


9. 

I cot 


07619 


10 . 

l'| / tan 


469 

479 

490 

501 

511 


522 

532 

543 

553 

564 


11575 


10 . 

Z esc 


129 


88425 


50° 

84 









14 

9 

8 

15 

9 

9 

15 

10 

9 

15 

10 

9 

16 

16 

10 

10 

m 

17 

11 

10 

17 

11 

10 

18 

11 

10 

18 

11 

11 

18 

12 

11 

19 

12 

11 

19 

12 

12 

20 

13 

12 

20 

13 

12 

20 

13 

12 

21 

13 

12 

21 

14 

13 

22 

14 

13 

22 

14 

13 

22 

14 

14 

23 

15 

14 

23 

15 

14 

24 

15 

14 

24 

15 

14 

25 

16 

15 

25 

10 

15 


























































































































































































TABLE II 


139 ° 


l sin 
9. r 


l esc l tan 

10. 9. 


/ sec 

10 . 


I cos 
r 9. 




5| 882 
897 J 
912 
927 

957 15 

972 : 
987 f 
81002 ? 

_°L 7 5 

032 15 

047 15 
0G1 
076 
091 

106 
121 
136 
151 
166 

180 
195 
21 
225 
240 


284 

299 

314 


328 

343 

358 

372 

387 




92381 OR 07619 11575 
407 “ 593 585 

433 ?! 567 596 



458 
133| 484 


510 

535 

561 

587 

612 


542 606 

516 617 




843 

868 


894 20 
920 2 ; 

945 26 
971 25 

_99_6 
93022 
°4s: 
073 25 
099 26 
124 


93150 

175 

201 

227 

252 


901 

876 



380 



681 

692 

702 

713 

724 


734 

745 

756 

766 

777 


7S8 

799 

809 

820 

831 


842 

852 

863 

874 

885 


11895 

906 

917 

928 

939 


949 

960 

971 

982 

993 


11 404 

? 394 57 

“ 383 56 

,o 37255 

, 362 54 

351 53 

" 340 52 

„ 330 51 

„ 319 50 


i_H26 

ii 260 

255 

1 244 

, 234 

223 


10_Li 

., 88105 30 
094 29 
083 
072 

J 061 | 2 C 



533 

559 

584 

610 

636 


661 

687 

712 

738 

763 


047 

058 

069 

080 

091 

102 



18306 


130 ° 


145 

156 


i67 
178 
189 
135 200 

109] 211 jj 

8777 

10. I 10. d 9. 

I tan 1 1 esc r l sin 


Proportional Parts 
25 I 15 I 14 I 11 



49 



13 

13 

13 

14 

14 

10 

10 

10 

11 

11 

9 

9 

10 

10 

10 

14 

11 

10 





























































































































































































































TABLE II 


138 ° 


l sin 
9. 


738 
752 

767 
781 
796 
810 
825 

839 
854 
868 
882 
897 

911 
926 
940 
955 
969 

983 
998 
82012 
026 
041 

055 
069 
084 
098 
112 

82126 

31 141 

32 155 
169 

34|_ 1 S4 

198 
212 
226 
240 
255 

269 
283 
297 
311 
326 

340 
354 
368 
382 
396 

410 
424 
439 
453 
467 

481 
495 
509 
523 
59| 537 

82551 


18306 

291 

277 

262 

248 


233 

219 

204 

190 

175 



089 

074 

060 

045 

031 


017 

002 

17988 

974 

959 


17874 

859 

845 

831 

816 


802 

788 

774 

760 

_745 

731 

717 

703 

689 

674 



590 

576 

561 

547 

533 



06084 

058 

033 

007 

05982 



701 

676 

650 

625 

599 


574 

548 

523 

497 

472 



808 

834 

859 

884 

910 


387 

399 

410 

42li 

432 

443 

454 

465 

476 

487 


499 

510 

521 

532 

543 


05319 12554 
294 566 

268 577 

243 588 

217 599 



192 

166 

141 

116 

090 


610 

622 

633 

644 

655 


17449 


062 2 
088, 

113. 


190 25 

215,. 

240 20 
266 20 

201 

—_ 20 

317 25 
342 20 

368 20 

393 

_JH8 2 6 

95444 




oo 
54 
701 53 
690 52 
679 51 



613 
601 
590 43 
579 42 
568 41 


557|40 
546 
535 
524 
513 



87446 
434 
423 
412 27 
401 26 




04556 



48 ° 


131 ° 















































































































































































































































































































































































43 ° 


TABLE II 


136 ° 


t sin | d i l esc \ l tan d t cot { sec | d [ / cos 

9. l' 10. 10. M 9. 

0183378.116G22 
1 


440 
459 
473 "I 
48G 
500 


513 . .! 
527 
540 
554 
507 


400 



83781 

795 

808 

821 

834 


45 

40 

47184000 ^115994 
20 

49| 033 


954 

941 

928 

915 

902 


112 
5G| 125 

138 
151 
59| 164 


84177 




15823 


10 . 

I sec 


705 .1 235 


812 



LJ 18 


188141 


848 ; 

800 tl 


884 

890 

908 

920 

932 


14004' 85990 



124 

130 


185 

197 

209 

221 

234 


246 
258 
270 
282 
542| 294 


01510 14307 


9. d 10. 10. 

I cot l' l tan l esc I V 


870 

864 

851 

839 

827 

815 

803 

791 

779 

766 



85093 


9. 

I sin 


133 ° 


46 ° 

88 









































10 

10 

11 

10 

11 

10 

11 

10 

11 

11 

12 

11 

12 

11 

12 

11 

12 

11 

13 

12 

13 

12 

13 

12 

13 

12 

14 

13 

14 

13 

14 

13 
































































































































































































44 ° 


TABLE II 


135 ° 



l CSC 

10 . 


BDldElD 


15823 98484 01516 14307 

810 509,? 491 319 

797 534;® 466 331 

784 560 “ 440 343 

771 585,? 415 355 

2o 


758 

745 

731 

718 

705 


347 

360 



390 368 

25 365 380 

26 339 392 

25 314 404 

25 289 417 

737 26 263 429 

762 25 238 441 

787 25 213 453 

812 25 188 466 

83826 162 478 


627 863 137 490 

M 615 88825 H 2 503 

602 913 25 087 515 

589 939 26 061 527 

57 6 964 25 036 540 


563 989 

J, 550 99015 26 
, 537 040 25 



630 

643 

656 

669 

682 


498 116 

485 141 25 

472 166 25 

460 191 

447 217 26 

15434 99242 25 00758 
421 267 25 733 

408 293 26 707 

395 31825 682 

382 343 25 657 

25 


13 370 

3 357 

3 344 

331 

5 318] 469 


„ 306 

? 293 

J 280 

« 267 570 

255 596 


, 242 621 

, 229 646 

216 672 

, 204 697 

t 191 722 


747 

773 

798 

823 

848 


ia 115 874 

3 102 899 

,o 089 924 

3 077 949 

_ _064 975 

84949] 15051|00000 





552 

564 

577 


Jr 524 065 26 935 589 
„ 511 09 0 25 910 601 


614 

626 

639 

651 

663 


632 738 

26 606 750 

26 581 763 

25 556 775 

531 788 


800 

813 

825 

838 

850 


379 863 

354 875 

328 888 

303 900 

278 913 


253 926 

227 938 

202 951 

177 963 

152 976 


126 988 
101 15001 
076 014 
051 026 
025 039 


0000015051 



l cos 
9. 


85693 
081 
669 
657 57 
645 56 


632 

620 

608 

596 

583 


571 

559 

547 

534 

522 


510 

497 

485 

473 

460 


448 
436|39 
423 


1 

! 



85324 
312 
299 
287 27 
274 26 


262 

250 

237 

225 

212 


200 

187 

175 

162 

150 


137 

125 

112 

100 

087 


£ 

'i 




84949 

s 

9. 

1 sin 










































































































































































































































































































































































































TABLE III 

NATURAL TRIGONOMETRIC FUNCTIONS 


Of angles for each minute from 0° to 90°, correct 
to five significant figures 



0 ° 


TABLE III 


1 ° 


! f 

sin 

tan 

cot 

cos | 

0 

00000 

.00000 

oo 

1.0000 

60 

1 

029 

029 

3437.7 

000 

59 

2 

058 

058 

1718.9 

000 

58 

3 

087 

087 

1145.9 

000 

57 

4 

116 

116 

859.44 

000 

56 

5 

.00145 

.00145 

687.53 

1.0000 

55 

6 

175 

173 

572.96 

000 

54 

7 

204 

204 

491.11 

000 

S3 

8 

233 

233 

429.72 

000 

52 

9 

262 

262 

381.97 

000 

51 

10 

00291 

.00291 

343.77 

1.0000 

60 

11 

320 

320 

312.52 

.99999 

49 

12 

349 

349 

286.48 

999 

48 

13 

378 

378 

264.44 

999 

47 

14 

407 

407 

245.55 

999 

46 

16 

00436 

.00436 

229.18 

.99999 

46 

16 

465 

465 

214.86 

999 

44 

17 

493 

495 

202.22 

999 

43 

18 

524 

524 

190.98 

999 

42 

19 

553 

553 

180.93 

998 

41 

20 

.00582 

.00582 

171.89 

.99998 

40 

21 

611 

611 

163.70 

998 

39 

22 

640 

640 

156.26 

998 

38 

23 

669 

669 

149.47 

998 

37 

24 

698 

698 

143.24 

998 

36 

25 

00727 

.00727 

137.51 

.99997 

36 

26 

756 

756 

132.22 

997 

34 

27 

785 

785 

127.32 

997 

33 

28 

814 

815 

122.77 

997 

32 

29 

844 

844 

118.54 

996 

31 

30 

.00873 

.00873 

114.59 

.99996 

30 

31 

902 

902 

110.89 

996 

29 

32 

931 

931 

107.43 

996 

28 

i 33 

960 

960 

104.17 

995 

27 

34 

.00989 

.00989 

101.11 

995 

26 

36 

01018 

.01018 

98.218 

.99993 

25 

36 

047 

047 

95.489 

993 

24 

37 

076 

076 

92.908 

994 

23 

38 

105 

105 

90.463 

994 

22 

39 

134 

135 

88.144 

994 

21 

40 

.01164 

.01164 

85.940 

.99993 

20 

! 41 

193 

193 

83.844 

993 

19 

42 

222 

222 

81.847 

993 

18 

43 

251 

251 

79.943 

992 

17 

44 

280 

280 

78.126 

992 

16 

46 

.01309 

.01309 

76.390 

.99991 

16 

46 

338 

338 

74.729 

991 

14 

47 

367 

367 

73.139 

991 

13 

48 

396 

396 

71.615 
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23 

146 

793 

.2030 

284 

37 

24 

175 

823 

.1976 

278 

36 

25 

.23203 

.23854 

4.1922 

.97271 

36 

26 

231 

885 

.1868 

264 

34 

27 

260 

916 

.1814 

257 

33 

28 

288 

946 

.1760 

251 

32 

29 

316 

.23977 

.1706 

244 

31 

30 

.23345 

.24008 

4.1653 

.97237 

30 

31 

373 

039 

.1600 

230 

29 

32 

401 

069 

.1547 

223 

28 

33 

429 

100 

.1493 

217 

27 

34 

458 

131 

.1441 

210 

26 

35 

.23486 

.24162 

4.1388 

.97203 

26 

36 

514 

193 

.1335 

196 

24 

37 

542 

223 

.1282 

189 

23 

38 

571 

254 

.1230 

182 

22 

39 

599 

285 

.1178 

176 

21 

40 

.23627 

.24316 

4.1126 

.97169 

20 

41 

656 

347 

.1074 

162 

19 

42 

684 

377 

.1022 

155 

18 

43 

712 

408 

.0970 

148 

17 

44 

740 

439 

.0918 

141 

16 

45 

.23769 

.24470 

4.0867 

97134 

16 

46 

797 

501 

.0815 

127 

14 

47 

825 

532 

.0764 

120 

13 

48 

853 

562 

.0713 

113 

12 

49 

882 

593 

.0662 

106 

II 

60 

.23910 

.24624 

4.0611 

.97100 

10 

51 

938 

655 

.0560 

093 

9 

52 

966 

686 

.0509 

086 

8 

53 

.23995 

717 

.0459 

079 

7 

54 

.24023 

747 

.0408 

072 

6 

66 

.24051 

.24778 

4.0358 

.97065 

5 

56 

079 

809 

.0308 

058 

4 

57 

108 

840 

.0257 

051 

3 

58 

136 

871 

.0207 

044 

2 

59 

164 

902 

.0158 

037 

1 

60 

.24192 

.24933 

4.0108 

.97030 

0 


COS 

cot 

tan 

sin 

# 


76 ° 


77 ° 


98 



14 ° TABLE in 15 ° 


n 

sin 

tan 

cot 

cos | 

I 

H 

sin 

tan 

cot 

cos 


mi 

.24192 

.24933 

4.0108 

.97030 

60 


0 

.25882 

.26795 

3.7321 

.96593 

60 

| 

220 

964 

.0058 

023 

59 


1 

910 

826 

.7277 

585 

59 

2 

249 

.24995 

4.0009 

015 

58 



938 

857 

.7234 

578 

58 

3 

277 

.25026 

3.9959 

008 

57 



966 

888 

.7191 

570 

57 

4 

305 

056 

.9910 

.97001 

56 

1 


.25994 

920 

.7148 

562 

56 

6 

.24333 

.25087 

3.9861 

.96994 

65 

1 


.26022 

.26951 

3.7105 

.96555 

Ej 

6 

362 

118 

.9812 

987 

54 

1 


050 

.26982 

.7062 

547 

54 

7 

390 

149 

.9763 

980 

53 

1 


079 

.27013 

.7019 

540 

53 

8 

418 

180 

.9/14 

973 

52 


8 

107 

044 

.6976 

532 

52 

u 

446 

211 

.9665 

966 

51 


m 

135 

076 

.6933 

524 

51 

n 

.24474 

.25242 

3.9617 

.96959 

60 


B1 

.26163 

.27107 

3.6891 

.96517 

E3 


503 

273 

.9568 

952 

49 


Ktfl 

191 

138 

.6848 

509 

49 

12 

531 

304 

.9520 

945 

48 


12 

219 

169 

.6806 

502 

48 

13 

559 

335 

.9471 

937 

47 


13 

247 

201 

.6764 

494 

47 

14 

587 

366 

.9423 

930 

46 


14 

275 

232 

.6722 

486 

46 

15 

.24615 

.25397 

3.9375 

.96923 

46 


15 

.26303 

.27263 

3.6680 

.96479 

46 

16 

644 

428 

.9327 

916 

44 


16 

331 

294 

.6638 

471 

44 

17 

(ill 

459 

.9279 

909 

43 


17 

359 

326 

.6596 

463 

43 

18 

700 

490 

.9232 

902 

42 


18 

387 

357 

.6554 

456 

42 

19 

728 

521 

.9184 

894 

41 


19 

415 

388 

.6512 

448 

41 

20 

.24756 

.25552 

3.9136 

.96887 

40 


20 

.26443 

.27419 

3.6470 

.96440 

40 

21 

784 

583 

.9089 

880 

39 


21 

471 

451 

.6429 

433 

39 

22 

813 

614 

.9042 

873 

38 


22 

500 

482 

.6387 

425 

38 

23 

841 

645 

.8995 

866 

37 


23 

528 

513 

.6346 

417 

37 

24 

869 

676 

.8947 

858 

36 


24 

556 

545 

.6305 

410 

36 

25 

.24897 

.25707 

3.8900 

.96851 

36 


25 

.26584 

.27576 

3.6264 

.96402 

35 

26 

925 

738 

.8854 

844 

34 


26 

612 

607 

.6222 

394 

34 

27 

954 

769 

.8807 

837 

33 


27 

640 

638 

.6181 

386 

33 

28 

.24982 

800 

.8760 

829 

32 


28 

668 

670 

.6140 

379 

32 

29 

.25010 

831 

.8714 

822 

31 


29 

696 

701 

.6100 

371 

31 

30 

.25038 

.25862 

3.8667 

.96815 

30 


30 

.26724 

.27732 

3.6059 

.96363 

30 

31 

066 

893 

.8621 

807 

29 


31 

752 

764 

.6018 

355 

29 

32 

094 

924 

.8575 

800 

28 


32 

780 

795 

.5978 

347 

28 

33 

122 

955 

.8528 

793 

27 


33 

808 

826 

.5937 

340 

27 

34 

151 

.25986 

.8482 

786 

26 


34 

836 

858 

.5897 

332 

26 

35 

.25179 

.26017 

3.8436 

.96778 

25 


35 

.26864 

.27889 

3.5856 

.96324 

n 

36 

207 

048 

.8391 

771 

24 


36 

892 

921 

.5816 

316 

24 

37 

235 

079 

.8345 

764 

23 


37 

920 

952 

.5776 

308 

23 

38 

263 

110 

.8299 

756 

22 


38 

948 

.27983 

.5736 

301 

22 

39 

291 

141 

.8254 

749 

21 


39 

.26976 

.28015 

.5696 

293 

21 

40 

.25320 

.26172 

3.8208 

.96742 

20 


40 

.27004 

.28046 

3.5656 

.96285 

20 

41 

348 

203 

.8163 

734 

19 


41 

032 

077 

.5616 

277 

19 

42 

376 

235 

.8118 

727 

18 


42 

060 

109 

.5576 

269 

18 

43 

404 

266 

.8073 

719 

17 


43 

088 

140 

.5536 

261 

17 


432 

297 

.8028 

712 

16 


44 

116 

172 

.5497 

253 

16 

45 

.25460 

.26328 

3.7983 

.96705 

16 


46 

.27144 

.28203 

3.5457 

.96246 

16 

46 

488 

359 

.7938 

697 

14 


46 

172 

234 

.5418 

238 

14 

47 

516 

390 

.7893 

690 

13 


47 

200 

266 

.5379 

230 

13 

48 

545 

421 

.7848 

682 

12 


48 

228 

297 

.5339 

222 

12 

49 

573 

452 

.7804 

675 

II 


49 

256 

329 

.5300 

214 

11 

K4J 

.25601 

.26483 

3.7760 

.96667 

10 


50 

.27284 

.28360 

3.5261 

.96206 

10 

31 

629 

515 

.7715 

660 

9 


51 

312 

391 

.5222 

196 

9 

52 

657 

546 

.7671 

653 

8 


52 

340 

423 

.5183 

190 

8 

53 

685 

577 

.7627 

645 



53 

368 

454 

.5144 

182 

7 

54 

713 

608 

.7583 

638 



54 

396 

486 

.5105 

174 

m 

55 

.25741 

.26639 

3.7539 

.96630 

IM 'l 


Ea 

.27424 

.28517 

3.5067 

.96166 

*1 

56 

769 

670 

.7495 

623 



56 

452 

549 

.5028 

158 

. 4 

57 

798 

701 

.7451 

615 



57 

480 

580 

.4989 

150 

3 

58 

826 

733 

.7408 

608 

2 


58 

508 

612 

.4951 

142 

2 

59 

854 

764 

.7364 

600 



59 

536 

643 

.4912 

134 

l 

60 

.25882 

.26795 





60 

.27564 

.28675 

3.4874 

.96126 

0 

i_ 

cos 

cot 

tan 

sin 




| COS 

cot 

tan 

sin 

/ 


75 ° 99 74 ° 

























TABLE III 



.27564 
592 
620 
648 
676 

.27704 
73! 

7 759 

8 787 
815 

10 .27843 

11 871 

12 899 

13 927 

14 955 

15 .27983 

16 .28011 

17 039 

18 067 

19 095 

.28123 
150 
178 
206 
234 

.28262 
290 
318 
346 
374 

.28402 
429 
457 
485 
513 

.28541 
569 
597 
625 
652 

.28680 
708 
736 
764 
792 

.28820 
847 
875 
903 
931 

.28959 
.28987 
.29015 
042 
070 

.29098 
126 
154 
182 
209 

.29237 


28675 

706 

738 

769 

801 

.28832 

864 

895 

927 

958 

.28990 

.29021 

053 

084 

116 

.29147 

179 

210 

242 

274 

.29305 

337 

368 

400 

432 

.29463 

495 

526 

558 

590 

.29621 

653 

685 

716 

748 

.29780 

811 

843 

875 

906 

.29938 

.29970 

.30001 

033 

065 

. 30097 
128 
160 
192 
224 

.30255 

287 

319 

351 

382 

.30414 

446 

478 

509 

541 

.30573 


3.4874 

.4836 

.4798 

.4760 

.4722 

3.4684 

.4646 

.4608 

.4570 

.4533 

5.4495 

.4458 

.4420 

.4383 

.4346 

3.4308 

.4271 

.4234 

.4197 

.4160 

3.4124 

'.4087 

.4050 

.4014 

.3977 

3.3941 

.3904 

.3868 

.3832 

.3796 

3.3759 

.3723 

.3687 

.3652 

.3616 

3.3580 

.3544 

.3509 

.3473 

.3438 

3.3402 

3367 

.3332 

.3297 

.3261 

3.3226 

.3191 

.3156 

.3122 

.3087 

3.3052 

.3017 

.2983 

.2948 

.2914 

3.2879 

.2845 

.2811 

.2777 

.2743 

3.2709 


96126 

118 

110 

102 

094 

96086 

078 

070 

062 

054 

.96046 

037 

029 

021 

013 

.96005 

.95997 

989 

981 

972 

.95964 

956 

i948 

940 

931 

.95923 

915 

907 

898 

890 

.95882 

874 

865 

857 

849 

.95841 

832 

824 

816 

807 

.95799 

791 

782 

774 

766 

.95757 

749 

740 

732 

724 

.95715 

707 

698 

690 

681 

.95673 

664 

656 

647 

639 

.95630 



.29237 
265 
293 
321 
348 

29376 
404 
432 
460 
487 

.29515 
543 
571 
599 
626 

.29654 
682 
710 
737 
765 

.29793 
821 
849 
876 
904 

.29932 
960 
.29987 
.30015 
043 

.30071 
098 
126 
154 
182 

.30209 
237 
265 
292 
320 

.30348 
376 
403 
431 
44 459 

46 .30486 

46 514 

47 542 

48 570 

49 597 

60 .30625 

51 653 

52 680 

53 708 

54 736 

.30763 

56 791 

57 819 

58 846 

59 874 
.30902 


30573 

605 

637 

669 

700 

30732 

764 

796 

828 

860 

30891 

923 

955 

30987 

31019 

31051 

083 

115 

147 

178 

.31210 

242 

274 

306 

338 

.31370 

402 

434 

466 

498 

.31530 

562 

594 

626 

658 

.31690 

722 

754 

786 

818 

.31850 

882 

914 

946 

.31978 

.32010 

042 

074 

106 

139 

.32171 

203 

235 

267 

299 

.32331 

363 

396 

428 

460 

.32492 


3.2709 

.2675 

.2641 

.2507 

.2573 

3.2539 

.2506 

.2472 

.2438 

.2405 

3.2371 

.2338 

.2305 

.2272 

.2238 

3.2205 

.2172 

.2139 

.2106 

.2073 

3.2041 

.2008 

.1975 

.1943 

.1910 

3.1878 

.1845 

.1813 

.1780 

.1748 

3.1716 

.1684 

.1652 

.1620 

.1588 

3.1556 

.1524 

.1492 

.1460 

.1429 

3.1397 

.1366 

.1334 

.1303 

.1271 

3.1240 

.1209 

.1178 

.1146 

.1115 

3.1084 

.1053 

.1022 

.0991 

.0961 

3.0930 

.0899 

.0868 

.0838 

.0807 

3.0777 


95630 
622 
613 
605 
596 

95588 
579 54 

571 53 

562 52 

554 51 

95545 60 
536 49 
528 48 
519 47 
511 46 

95502 46 
493 44 

485 43 
476 42 
467 41 

.95459 40 
450 39 

441 38 

433 37 

424 36 

.95415 36 
407 34 

398 

389 „ 

380 31 

.95372 30 
363 29 

354 28 

345 27 

337 26 

. 95328 25 
319 24 

310 23 

301 22 

293 21 

. 95284 20 
275 19 

260 18 
257 17 

248 16 

.95240 16 
231 “ 

222 
213 
204 

.95195 
186 
177 
168 
159 

.95150 
142 
133 
124 
115 

.95106 






















TABLE in 



.30902 

1 929 

2 957 

3 .30983 

4 .31012 

5 .31040 

6 068 

7 095 

8 123 

9 151 

.31178 
206 
233 
261 
14 289 

16 .31316 

16 344 

17 372 

18 399 

19 427 

20 .31454 

21 482 

22 510 

23 537 

24 565 

25 .31593 

26 620 

27 648 

28 675 

29 703 

30 .31730 

31 758 

32 786 

33 813 

34 841 

36 .31868 
** 896 

923 
951 

39 .31979 

40 .32006 

41 034 

42 061 

43 089 

44 116 

46 .32144 

46 171 

47 199 

48 227 

49 254 

60 .32282 

51 309 

52 337 

53 364 

54 392 

55 .32419 
447 
474 
502 
529 


SOT 

HU Li 

[j 


0777 

0746 

0716 

0686 

0655 


5 

3 

5 

3 


3.0473 

.0445 

.0415 

.0385 

.0356 

3.0326 

.0296 

.0267 

.0237 

.0208 

3.0178 

.0149 

.0120 

.0090 

.0061 

3.0032 

3.0003 





.34010 

043 

075 

.34108 

140 

173 

205 

238 

.34270 

303 

335 

368 

400 


3 

5 


.9347 

2.9319 

.9291 

.9263 

.9235 

.9208 

2.9130 



.32557 . 
584 
612 
639 
667 

.32694 
722 
749 
777 
804 

32832 
859 
887 
914 
942 

32969 
32997 
33024 
051 
079 

33135 
134 
161 
189 
216 

33244 
271 
298 
326 
353 

33381 
408 
436 
463 
490 

33518 
545 
573 
600 
627 

.33655 
682 
710 
737 
764 

.33792 
819 
846 
874 
901 

.33929 

51 956 

52 .33983 

53 .34011 

54 038 

66 .34065 

56 093 

57 120 

58 147 

59 175 

60 .34202 


2.9042 
.9015 
.8987 
.8960 
563 .8933 

34596 2.8905 
628 .8878 

661 .8851 

693 .8824 

726 .8797 


,34758 

791 

824 

856 

889 

. 34922 
954 

.34987 

. 35020 
052 

.35085 

118 

150 

183 

216 

.35248 

281 

314 

346 

379 

.35412 

445 

477 

510 

543 

.35576 

608 

641 

674 

I 707 


2.8770 

.8743 

.8716 

.8689 

.8662 

2.8636 

.8609 

.8582 

.8556 

.8529 

2.8502 

.8476 

.8449 

.8423 

.8397 

2.8370 

.8344 

.8318 

.8291 

.8265 

2.8239 

.8213 

.8187 

.8161 

.8135 

2.8109 

.8083 

.8057 

.8032 

.8006 


.35740 2.7980 
772 .7955 

805 .7929 

838 .7903 

871 .7878 


.35904 
937 

.35969 

.36002 
035 

.36068 
101 
134 
167 
199 

.36232 

265 

298 

331 

364 

.36397 


2.7852 

.7827 

.7801 

.7776 

.7751 

2.7725 

.7700 

.7675 

.7650 

.7625 

2.7600 

.7575 

.7550 

.7525 

.7500 

2.7475 


94552 
542 
533 
523 
514 

.94504 
495 
485 
476 
466 

.94457 
447 
438 
428 47 
418 46 

.94409 46 
399 44 
390 43 

380 42 

370 41 

.94361 40 

351 39 

342 38 

332 37 

322 " 

.94313 
303 
293 
284 
274 

.94264 30 
254 29 

245 28 
235 27 
225 26 

.94215 
206 
196 
186 

176 i \ 

.94167 20 
157 19 

147 18 

137 17 

127 16 

.94118 16 
108 14 

13 

088 12 
078 II 

,94068 10 
058 
049 
039 
029 

.94019 
.94009 
.93999 


cos 

cot 

tan 

sin 



70 ° 
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table III 



284 

311 

34339 

366 

393 

421 

448 

34475 

503 

530 

557 

584 

34612 


.36397 

430 

463 

496 

529 

.36562 

595 

628 

661 

694 

.36727 

760 

793 

826 

859 

.36892 
925 
958 

.36991 

.37024 

.37057 

090 

123 

157 

190 

.37223 

256 

289 

322 

355 

.37388 

422 

455 

488 

521 

.37554 

588 

621 

654 

687 

.37720 

754 

787 

820 

853 

37887 

920 

953 

37986 

38020 

38053 

086 

120 

153 

186 

38220 

253 

286 

320 

353 

38386 


2.7475 

.7450 

.7425 

.7400 

.7376 

2.7351 

.7326 

.7302 

.7277 

.7253 

2.7228 

.7204 

.7179 

.7155 

.7130 

2.7106 

.7082 

.7058 

.7034 

.7009 

2.6985 

.6961 

.6937 

.6913 

.6889 

2.6865 

.6841 

.6818 

.6794 

.6770 

2.6746 

.6723 

.6699 

.6675 

.6652 

2.6628 
.6605 
.6581 
.6558 
.6534 

2.6511 

.6488 

.6464 

.6441 

.6418 

2.6395 

.6371 

.6348 

.6325 

.6302 

2.6279 

.6256 

.6233 

.6210 

.6187 

2.6165 

.6142 

.6119 

.6096 

.6074 

2.6051 


.93969 
959 
949 
939 
929 

.93919 
909 
899 
889 
879 

.93869 
859 
849 
839 
829 

.93819 
809 
799 
789 
779 

.93769 
759 
748 
738 
728 

.93718 
708 
698 

688 n. 
677 31 

.93667 30 
657 29 

647 28 

637 27 

626 26 

.93616 26 
606 24 

596 23 

585 22 

575 21 

.93565 20 
555 19 

544 18 

534 17 

524 16 

93514 
503 
493 
483 
472 

93462 
452 
441 
431 
420 

93410 
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.84104 

15 

46 

122 

363 

.5537 

088 

14 

47 

146 

404 

.5527 

072 

13 

48 

171 

446 

.5517 

057 

12 

49 

195 

487 

.5507 

041 

11 

50 

.54220 

.64528 

1.5497 

.84025 

10 


244 

569 

.5487 

.84009 

9 

j i 

52 

269 

610 

.5477 

.83994 

8 

53 

293 

652 

.5468 

978 

7 

j j 

54 

317 

693 

.5458 

962 


55 

.54342 

.64734 

1.5448 

.83946 


uu 

366 

775 

.5438 

930 


JO 

57 

5ft 

391 

415 

817 

858 

.5428 

.5418 

915 

899 


JO 

59 

440 

899 

.5408 

883 


60 

.54464 

.64941 

1.5399 

.83867 



j COS 

cot 

tan 

1 sin 



57° 



sin 

tan 

cot 

cos j 


.54464 

.64941 

1.5399 

.83867 

60 

1 

488 

64982 

.5389 

851 

59 

2 

513 

.65024 

.5379 

835 

58 

3 

537 

065 

.5369 

819 

57 

4 

561 

106 

.5359 

804 

56 

6 

54586 

.65148 

1.5350 

.83788 

66 

6 

610 

189 

.5340 

772 

54 

7 

635 

231 

.5330 

756 

53 

8 

659 

272 

.5320 

740 

52 

9 

683 

314 

.5311 

724 

51 

10 

.54708 

.65355 

1.5301 

.83708 

60 

II 

732 

397 

.5291 

692 

49 

12 

756 

438 

.5282 

676 

48 

13 

781 

480 

.5272 

660 

47 

14 

805 

521 

.5262 

645 

46 

16 

.54829 

.65563 

1.5253 

.83629 

46 

16 

854 

604 

.5243 

613 

44 

17 

878 

646 

.5233 

597 

43 

18 

902 

688 

.5224 

581 

42 

19 

927 

729 

.5214 

565 

41 i 

20 

.54951 

.65771 

1.5204 

.83549 

40 

21 

975 

813 

.5195 

533 

39 

22 

.54999 

854 

.5185 

517 

38 

23 

.55024 

896 

.5175 

501 

37 

24 

048 

938 

.5166 

485 

36 

26 

.55072 

.65980 

1.5156 

.83469 

36 

26 

097 

.66021 

.5147 

453 

34 

27 

121 

063 

.5137 

437 

33 

28 

145 

105 

.5127 

421 

32 

| 29 

169 

147 

.5118 

405 

31 

30 

.55194 

.66189 

1.5108 

.83389 

30 

31 

218 

230 

.5099 

373 

29 

32 

242 

272 

.5089 

356 

28 

33 

266 

314 

.5080 

340 

27 

34 

291 

356 

.5070 

324 

26 

36 

.55315 

.66398 

1.5061 

.83308 

26 

36 

339 

440 

.5051 

292 

24 

37 

363 

482 

.5042 

276 

23 

38 

388 

524 

.5032 

260 

22 

39 

412 

566 

.5023 

244 

21 

40 

.55436 

.66608 

1.5013 

.83228 

20 

41 

460 

650 

.5004 

212 

19 

42 

484 

692 

.4994 

195 

18 

43 

509 

734 

.4985 

179 

17 

44 

533 

776 

.4975 

163 

16 

46 

.55557 

.66818 

1.4966 

.83147 

16 

46 

581 

860 

.4957 

131 

14 

1 47 

605 

902 

.4947 

115 

13 

48 

630 

944 

.4938 

098 

12 

49 

654 

.66986 

.4928 

082 

11 

60 

.55678 

.67028 

1.4919 

.83066 


51 

702 

071 

.4910 

050 


52 

726 

113 

.4900 

034 

8 

; 53 

750 

155 

.4891 

017 

7 

54 

775 

197 

.4882 

.83001 

6 

66 

.55799 

.67239 

1.4872 

.82985 

5 

56 

823 

282 

.4863 

969 

4 

57 

847 

324 

.4854 

953 

3 

58 

871 

366 

.4844 

936 

2 

59 

895 

409 

.4835 

920 

1 

60 

.55919 

.67451 

1.4826 


m 


I COS 

cot 

tan 

sin 

LJ 


108 


56° 
















34 ° table m 35 ° 


m 

sin 

tan 

cot 

COB 


1 


sin 

tan 

cot 

KMI 

Si 

.55919 

.67451 

1.4826 

.82904 

60 



.57358 

.70021 

1.4281 

.81915 

m\ 

i 

943 

493 

.4816 

887 

59 


1 

381 

064 

.4273 

899 

59 

2 

968 

536 

■Cf'lLri 

871 

58 


2 

405 

107 

.4264 

882 

58 

3 

.55992 

578 

.4798 

855 

57 


3 

429 

151 

.4255 

865 

57 

4 

.56016 

620 

.4788 

839 

56 


4 

453 

194 

.4246 

848 

56 

6 

.56040 

.67663 

1.4779 

.82822 

55 


5 

.57477 

.70238 

1.4237 

.81832 

mi 

6 

064 

705 

.4770 

806 

54 


6 

501 

281 

.4229 

815 

54 

7 

088 

748 

.4761 

790 

53 


7 

524 

325 

.4220 

798 

53 

8 

112 

790 

.4751 

773 

52 


8 

548 

368 

.4211 

782 

52 

9 

136 

832 

.4742 

757 

51 


gStS 

572 

412 

.4202 

765 

51 

10 

.56160 

.67875 

1.4733 

.82741 




.57596 

.70455 

Xm 

.81748 

m 

II 

184 

917 

want 

724 

49 

1 


619 

499 

m£a 

731 

49 

12 

208 

.67960 


708 

48 



643 

542 

.4176 

714 

48 

13 

232 

.68002 

.4705 

692 

47 

1 

!m 

667 

586 

.4167 

698 

47 

14 

256 

045 

.4696 

675 

46 


14 

691 

629 

.4158 

681 

46 

16 

.56280 

.68088 

1.4687 

.82659 

45 


15 

.57715 

.70673 

1.4150 

.81664 

45 

16 

305 

130 

.4678 

643 

44 


16 

738 

717 

.4141 

647 

44 

17 

329 

173 

.4669 

626 

43 


17 

762 

760 

.4132 

631 

43 

18 

353 

215 

.4659 

610 

42 


18 

786 

•804 


614 

42 

19 

377 

258 

.4650 

593 

41 


19 

810 

848 

Em 

597 

41 

20 

.56401 

.68301 

1.4641 

.82577 

40 


20 

.57833 

.70891 

I.4106 

.81580 

40 

21 

425 

343 

.4632 

561 

39 


21 

857 

935 

.4097 

563 

39 

22 

449 

386 

.4623 

544 

38 


22 

881 

.70979 

.4089 

546 

38 

23 

473 

429 

WKi M k 1 

528 

37 


23 

904 

.71023 

.4080 

530 

37 

24 

497 

471 


511 

36 


24 

928 

066 

.4071 

513 

36 

26 

.56521 

.68514 

1.4596 

.82495 

35 


25 

.57952 

.71110 

1.4063 

.81496 

35 

26 

545 

557 

.4586 

478 

34 


26 

976 

154 

.4054 

479 

34 

27 

569 

600 

.4577 

462 

33 


27 

.57999 

198 

.4045 

462 

33 

28 

593 

642 

.4568 

446 

32 


28 

.58023 

242 

.4037 

445 

32 

29 

617 

685 

.4559 

429 

31 


29 

047 

285 

.4028 

428 

31 

30 

.56641 

.68728 

1.4550 

.82413 

30 


30 

.58070 

.71329 

1.4019 

.81412 

30 

31 

665 

771 

.4541 

396 

29 


31 

694 

373 

.4011 

395 

29 

32 

689 

814 

.4532 

380 

28 


32 

118 

417 

.4002 

378 

28 

33 

713 

857 

.4523 

363 

27 


33 

141 

461 

.3994 

361 

27 

34 

736 

900 

.4514 

347 

26 


34 

165 

505 

.3985 

344 

26 

36 

.56760 

.68942 

1.4505 

.82330 

25 


36 

.58189 

.71549 

1.3976 

.81327 

25 

36 

784 

.68985 

.4496 

314 

24 


36 

212 

593 

.3968 

310 

24 

37 

808 

.69028 

.4487 

297 

23 


37 

236 

637 

.3959 

293 

23 

38 

832 

071 

.4478 

281 

22 


38 

260 

681 

.3951 

276 

22 

39 

856 

114 

.4469 

264 

21 


39 

283 

725 

.3942 

259 

21 

40 

.56880 

.69157 

1.4460 

.82248 

20 


40 

.58307 

.71769 

1.3934 

.81242 

20 

41 

904 

200 

.4451 

231 

19 


41 

330 

813 

.3925 

225 

19 

42 

928 

243 

.4442 

214 

18 


42 

354 

857 

.3916 

208 

18 

43 

952 

286 

.4433 

198 

17 


43 

378 

901 

.3908 

191 

17 

44 

.56976 

329 

.4424 

181 

16 


44 

401 

946 

.3899 

174 

16 

46 

.57000 

.69372 

1.4415 

.82165 

15 


45 

.58425 

.71990 

1.3891 

.81157 

15 

46 

024 

416 

.4406 

148 

14 


46 

449 

.72034 

.3882 

140 

14 

47 

047 

459 

.4397 

132 

13 


47 

472 

078 

.3874 

123 

13 

48 

071 

502 

.4388 

115 

12 


48 

496 

122 

.3865 

106 

12 

49 

095 

545 

.4379 

098 

11 


49 

519 

167 

.3857 

089 

11 


.57119 

.69588 

1.4370 

.82082 

10 


E 1 

.58543 

.72211 

1.3848 

.81072 

10 

51 

143 

631 

.4361 

065 

9 


51 

567 

255 

.3840 

055 

9 

52 

167 

675 

.4352 

048 

8 


52 

590 

299 

.3831 

038 

8 

53 

191 

718 

.4344 

032 

7 


53 

614 

344 

.3823 

021 

7 

54 

| 215 

761 

.4335 

.82015 

6 


54 

637 

388 

.3814 

.81004 

6 

66 

.57238 

.69804 

1.4326 

.81999 

6 


55 

.58661 

.72432 

1.3806 

80987 

5 

56 

262 

847 

.4317 

982 

4 


56 

684 

477 

.3798 

970 

4 

57 

286 

891 

.4308 

965 

3 


57 

708 

521 

.3789 

953 

3 

58 

310 

934 

.4299 

949 

2 


58 

731 

565 

.3781 

936 

2 

59 

334 

.69977 

.4290 

932 

1 


59 

755 

610 

.3772 

919 

1 

m 

1-57358 

.70021 

1.4281 

.81915 

D 


60 

.58779 

.72654 

1.3764 

.80902 

o 

1 


C6t 

tan 

sin 

1 ' 



1 cos 

cot 

tan 

tin 

LU 


65 ° 109 54 ° 





























TABLE III 




.58779 
802 
826 
849 
873 

.58896 
920 
943 
967 
.58990 

.59014 
037 
061 
084 
108 

.59131 
154 
178 
201 
225 

.59248 
272 
295 
318 
342 

.59365 
389 
412 
436 
459 

.59482 
506 
529 
552 
576 

.59599 
622 
646 
669 
693 

40 .59716 

41 739 

42 763 

43 786 

44 809 

46 .59832 

46 856 

47 879 

48 902 

49 926 

60 .59949 

51 972 

52 .59995 

53 .60019 

54 042 

66 .60065 

56 089 

57 112 

58 135 

59 158 

.60182 



72654 

699 

743 

788 

832 

72877 

921 

72966 

73010 

055 

73100 

144 

189 

234 

278 

73323 

368 

413 

457 

502 

73547 

592 

637 

681 

726 

.73771 

816 

861 

906 

951 

.73996 

74041 

086 

131 

176 

.74221 

267 

312 

357 

402 

.74447 

492 

538 

583 

628 

.74674 

719 

764 

810 

855 

.74900 

946 

.74991 

.75037 

082 

.75128 

173 

219 

264 

310 

.75355 


1.3764 
.3755 
.3747 
.3739 
.3730 

1.3722 

.3713 

.3705 

.3697 

.3688 

1.3680 

.3672 

.3663 

.3655 

.3647 

1.3638 
.3630 
.3622 
.3613 
.3605 

1.3597 

.3588 

.3580 

.3572 

.3564 

1.3555 

.3547 

.3539 

.3531 

.3522 

1.3514 

.3506 

.3498 

.3490 

.3481 

1.3473 

.3465 

.3457 

.3449 

.3440 

1.3432 

.3424 

.3416 

.3408 

.3400 

1.3392 

.3384 

.3375 

.3367 

.3359 

1.3351 

.3343 

.3335 

.3327 

.3319 

1.3311 

.3303 

.3295 

.3287 

.3278 

1.3270 


80902 

885 

867 

850 

833 

80816 

799 

782 

765 

748 

80730 

713 

696 

679 

662 

.80644 

627 

610 

593 

576 

.80558 

541 

524 

507 

489 

.80472 

455 

438 

420 

403 

.80386 

368 

351 

334 

316 

. 80299 
282 
264 
247 
230 

.80212 

195 

178 

160 

143 

.80125 

108 

091 

073 

056 

.80038 

021 

. 80003 

.79986 

968 

.79951 

934 

916 

899 

881 

.79864 


.60182 

205 

228 

251 

274 

.60298 

321 

344 

367 

390 

.60414 

437 

460 

483 

506 

.60529 

553 

576 

599 

622 

.60645 
668 
691 
714 
738 

.60761 

784 

807 

830 

853 

.60876 

899 

922 

945 

968 

.60991 

.61015 

038 

061 

084 

.61107 

130 

153 

176 

199 

.61222 

245 

268 

291 

314 

.61337 

360 

383 

406 

429 

.61451 

474 

497 

520 

543 

.61566 


76272 

318 

364 

410 

456 

76502 

548 

594 

640 

686 

76733 

779 

825 

871 

918 

76964 

77010 

057 

103 

149 

77196 

242 

289 

335 

382 

77428 

475 

521 

568 

615 

.77661 

708 

754 

801 

848 

.77895 

941 

.77988 

.78035 

082 

.78129 


1.3270 

.3262 

.3254 

.3246 

.3238 


.3222 

.3214 

.3206 

.3198 

1.3190 

.3182 

.3175 

.3167 

.3159 

1.3151 

.3143 

.3135 

.3127 

.3119 

I . 3111 
.3103 
.3095 
.3087 
.3079 

II . 3072 
.3064 
.3056 
.3048 
.3040 

1.3032 

.3024 

.3017 

.3009 

.3001 

1.2993 

.2985 

.2977 

.2970 

.2962 

1.2954 

.2946 

.2938 

.2931 

.2923 

1.2915 

.2907 

.2900 

.2892 

.2884 

1.2876 

.2869 

.2861 

.2853 

.2846 

1.2838 

.2830 

.2822 

.2815 

.2807 

1.2799 


79864 
846 
829 
811 
793 

79776 
758 

741 „ 

723 52 

706 51 

79688 60 
671 49 

653 48 

635 47 

618 46 

79600 46 
583 44 

565 43 
547 42 

530 41 

79512 
494 
477 
459 

441 jo 

.79424 36 

406 34 

388 33 

371 32 

353 31 

.79335 30 
318 29 

300 28 

282 27 

264 26 

.79247 26 
229 24 

211 23 

193 22 

176 21 

.79158 20 
140 19 

122 18 
105 17 

087 16 

.79069 16 

051 14 

033 13 

.79016 12 

.78998 II 

. 78980 10 

962 
944 
926 
908 

.78891 
873 
855 
837 
819 

.78801 





















TABLE III 


.61566 
589 
612 
635 
658 

.61681 

6 704 

7 726 

8 749 

9 772 

10 .61795 

11 818 

12 841 

13 864 

14 887 

16 .61909 

16 932 

17 955 

18 .61978 

19 .62001 

.62024 
046 
069 
092 
115 

.62138 
160 
183 
206 

Di 229 

SO .62251 

31 274 

32 297 

33 320 

34 342 

35 .62365 

36 388 

37 411 

38 433 

39 456 

40 .62479 

41 502 

42 524 

43 547 

44 570 

45 .62592 

46 615 

47 638 

48 660 

49 683 

.62706 
728 
751 
774 
796 

..<52819 
56 | 842 

864 
, 887 

59 1 909 

.62932 


.78129 

175 

222 

269 

316 

.78363 

410 

457 

504 

551 

.78598 

645 

692 

739 

786 

.78834 

881 

928 

.78975 

.79022 

.79070 

117 

164 

212 

259 

.79306 

354 

401 

449 
496 

.79544 
591 
639 
686 
734 

.79781 

829 

877 

924 

.79972 

.80020 

067 

115 

163 

211 

.80258 

306 

354 

402 

450 

.80498 

546 

594 

642 

690 

.80738 

786 

834 

882 

930 

.80978 


1.2799 

.2792 

.2784 

.2776 

.2769 

1.2761 

.2753 

.2746 

.2738 

.2731 

1.2723 
.2715 
.2708 
.2700 
.2693 

1.2685 

.2677 

.2670 

.2662 

.2655 

1.2647 

.2640 

.2632 

.2624 

.2617 

1.2609 

.2602 

.2594 

1.2587 

.2579 

1.2572 

.2564 

.2557 

.2549 

.2542 

1.2534 

.2527 

.2519 

.2512 

.2504 

1.2497 
.2489 
.2482 
.2475 
.2467 

1.2460 

.2452 

.2445 

.2437 

.2430 

1.2423 
.2415 
.2408 
.2401 
.2393 

I.2386 
.2378 
.2371 
.2364 
.2356 

1.2349 


.78801 60 

783 59 
765 58 
747 57 

729 56 

.78711 
694 
676 
658 
640 

.78622 
604 
586 
568 
550 

.78532 
514 .. 

496 43 
478 42 
460 41 

.78442 40 
424 39 

405 38 
387 37 
369 36 

.78351 36 

333 34 

315 33 

297 32 
279 31 

.78261 30 

243 29 

225 28 
206 27 
188 26 

.78170 26 
152 24 

134 23 

116 22 
098 21 

.78079 20 
061 19 

043 18 

025 17 

.78007 16 

.77988 " 

970 
952 
934 
916 

.77897 
879 
861 , 

843 
824 

.77806 
788 
769 
751 
733 

.77715 




.62932 
955 
.62977 
.63000 
022 

.63045 
068 
090 
113 
135 

63158 
180 
203 
225 
248 

63271 
293 
316 
338 
361 

63383 
406 
428 
451 
473 

.63496 
518 
540 
563 
585 

.63608 
630 
653 
675 
698 

.63720 
742 
765 
787 
810 

.63832 
854 
877 
899 

n 922 

46 .63944 

46 966 

47 .63989 

48 .64011 

49 033 

.64056 
078 
100 
123 
145 

.64167 
190 
212 
234 
256 


.80978 

.81027 

075 

123 

171 

.81220 

268 

316 

364 

413 

.81461 

510 

558 

606 

655 

.81703 

752 

800 

849 

898 

.81946 

.81995 

.82044 

092 

141 

.82190 

238 

287 

336 

385 

.82434 

483 

531 

580 

629 

.82678 
727 
776 
825 
874 

.82923 

.82972 

.83022 

071 

120 

.83169 

218 

268 

317 

366 
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.77439 


.2232 
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41 
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39 
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.77255 
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34 
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218 

33 
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31 
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940 

18 
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16 

1.2024 

.76884 
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866 

14 
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847 

13 
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12 
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11 

1.1988 

.76791 

10 
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772 
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8 
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7 
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6 
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.64279 
301 
323 
346 
368 

.64390 
412 
435 
457 
479 

.64501 
524 
546 
568 
590 

.64612 
635 
657 
679 
701 

.64723 
746 
768 
790 
812 

.64834 
856 
878 
901 
923 

.64945 
967 
.64989 
.65011 
033 

.65055 
077 
100 
122 
144 

.65166 
188 
210 
232 
254 

.65276 
298 
320 
342 
364 

60 .65386 

51 408 

52 430 

53 452 

54 474 

66 .65496 

56 518 

57 540 

58 562 

59 584 

60 .65606 


.83910 

.83960 

.84009 

059 

108 

.84158 

208 

258 

307 

357 

.84407 

457 
507 
556 
606 

.84656 

706 

756 

806 

856 

.84906 

.84956 

.85006 

057 

107 

.85157 

207 

257 

308 

358 

.85408 

458 
509 
559 
609 

.85660 

710 

761 

811 

862 

.85912 

.85963 

.86014 

064 

115 

.86166 

216 

267 

318 

368 

.86419 

470 

521 

572 

623 

.86674 

725 

776 

827 

878 

.86929 


1.1918 

.1910 

.1903 

.1896 

.1889 

1.1882 

.1875 

.1868 

.1861 

.1854 

1.1847 

.1840 

.1833 

.1826 

.1819 

1.1812 

.1806 

.1799 

.1792 

.1785 

1.1778 

1771 

.1764 

.1757 

.1750 

1.1743 

.1736 

.1729 

.1722 

.1715 

1.1708 

.1702 

.1695 

.1688 

.1681 

1.1674 

.1667 

.1660 

.1653 

.1647 

1.1640 

.1633 

.1626 

.1619 

.1612 

1.1606 

.1599 

.1592 

.1585 

.1578 

I .1571 
.1565 
.1558 
.1551 
.1544 

1.1538 

.1531 

.1524 

.1517 

.1510 

1.1504 


76604 

586 

567 

548 

530 

7651 1 
492 
473 
455 
436 

.76417 

398 

380 

361 

342 

.76323 

304 

286 

267 

248 

.76229 

210 

192 

173 

154 

.76135 

116 

097 

078 

059 

.76041 

022 

.76003 

.75984 

965 

.75946 

927 

908 

889 

870 

.75851 

832 

813 

794 

775 

.75756 

738 

719 

700 

680 

.75661 

642 

623 

604 

585 

.75566 

547 

528 

509 

490 

.75471 




65606 

628 

650 

672 

694 

65716 

738 

759 

781 


86929 

86980 

87031 

082 

133 

87184 

236 

287 

338 




803 

389 

.1443 

10 

.65825 

.87441 

1.1436 

11 

847 

492 

.1430 

12 

869 

543 

.1423 

13 

891 

595 

.1416 

14 

913 

646 

.1410 

15 

.65935 

.87698 

1.1403 

16 

956 

749 

.1396 

17 

.65978 

801 

.1389 

18 

.66000 

852 

.1383 

19 

022 

904 

.1376 

20 

.66044 

.87955 

1.1369 

21 

066 

.88007 

.1363 

22 

088 

059 

.1356 

23 

109 

110 

.1349 

24 

131 

162 

.1343 

26 

.66153 

.88214 

1.1336 

26 

175 

265 

.1329 

27 

197 

317 

.1323 

28 

218 

369 

.1316 

29 

240 

421 

.1310 

30 

.66262 

.88473 

1.1303 

31 

284 

524 

.1296 

32 

306 

576 

.1290 

33 

327 

628 

.1283 

34 

349 

680 

.1276 

35 

.66371 

.88732 

1.1270 

36 

393 

784 

.1263 

37 

414 

836 

.1257 

38 

436 

888 

.1250 

39 

458 

940 

.1243 

40 

.66480 

.88992 

1.1237 

41 

501 

.89045 

.1230 

42 

523 

097 

.1224 

43 

545 

149 

.1217 

44 

566 

201 

.1211 

46 

.66588 

.89253 

1.1204 

46 

610 

306 

.1197 

47 

632 

358 

.1191 

48 

653 

410 

.1184 

49 

675 

463 

.1178 

50 

.66697 

.89515 

1.1171 

51 

718 

567 

.1165 

52 

740 

620 

.1158 

53 

762 

672 

.1152 

54 

783 

725 

.1145 

66 

.66805 

.89777 

1.1139 

56 

827 

830 

.1132 

57 

848 

883 

.1126 

58 

870 

935 

.1119 

59 

891 

.89983 

.1113 

60 

.66913 

.90040 

1.1106 


COS 

cot 

tan 


75471 60 

452 59 
433 58 
414 57 

395 56 

.75375 65 
356 
337 
318 
299 

.75280 
261 
241 
222 
203 

.75184 
165 
146 
126 

107 .. 

.75088 40 
069 39 

050 38 
030 37 

.75011 36 

.74992 35 
973 34 

953 33 

934 32 

915 31 

. 74896 30 
876 *■* 

857 
838 
818 

.74799 26 

780 24 

760 23 

741 22 

722 21 

.74703 w 
683 
664 
644 
625 

.74606 
586 
567 
548 
528 

.74509 
489 
470 
451 
431 

.74412 
392 
373 
353 
334 

.74314 
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.90040 
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093 

men 

295 


956 

146 

.1093 

276 

H 

978 

199 

.1087 

256 

4 

.66999 

251 

||y^a 

237 

5 

.67021 

.90304 

mma 

.74217 

6 

043 

357 

.1067 

198 

7 

064 

410 

.1061 

178 

8 

086 

463 

.1054 

159 

9 

107 

516 

.1048 

139 

10 

.67129 

.90569 

1.1041 

.74120 

II 

151 

621 

.1035 

100 

12 

172 

674 

.1028 

080 

13 

194 

727 

.1022 

061 

14 

215 

781 

.1016 

041 

15 

.67237 

.90834 

[■fiTiia 

.74022 

16 

258 

887 

nfiiill 

.74002 

17 

280 

940 

InTfrl 

.73983 

18 

301 

.90993 

ircUl 

963 

19 

323 

.91046 

.0983 

944 

20 

.67344 

.91099 

1.0977 

.73924 

21 

366 

153 

.0971 

904 

22 

387 

206 

.0964 

885 

23 

409 

259 

.0958 

865 

24 

430 

313 

.0951 

846 

25 

.67452 

.91366 

1.0945 

.73826 

26 

473 

419 

.0939 

806 

27 

495 

473 

.0932 

787 

28 

516 

526 

.0926 

767 

29 

538 

580 

.0919 

747 

30 

.67559 

.91633 

1.0913 

.73728 

31 

580 

687 

.0907 

708 

32 

602 

740 

.0900 

688 

33 

623 

794 

.0894 

669 

34 

645 

847 


649 

35 

.67666 

.91901 

MM 

.73629 

36 

688 

.91955 

.0875 
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37 

709 

.92008 

.0869 

590 

38 
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062 

.0862 

570 

39 

752 

116 

.0856 

551 

40 

.67773 

.92170 

1.0850 

.73531 

41 

795 

224 

.0843 

511 

42 

816 

277 

.0837 

491 

43 

837 

331 

.0831 

472 

44 
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385 

.0824 

452 

45 

.67880 

.92439 

1.0818 

.73432 

46 

901 

493 

.0812 

413 

47 
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547 

.0805 
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48 
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601 
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.0793 
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60 

.67987 

.92709 

1.0786 
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.68008 
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52 
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817 
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53 
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TABLE IV. RADIAN MEASURE, 0° TO 180°, RADIUS = 1. 





Degrees 



r~ 

Minutes 

r~ 

Seconds 


0.00000 00 

60° 

1.04719 76 

120° 

2.09439 51 

O' 

0.00000 00 

0' 

0.00000 00 

1 

0.01745 33 

61 

1.06465 08 

121 

2.11184 84 

i 

0.00029 09 

i 

0.00000 48 

2 

0.03490 66 

62 

1.08210 41 

122 

2.12930 17 

2 

C. 00058 18 

2 

0.00000 97 

3 

0.05235 99 

63 

1.09955 74 

123 

2.14675 50 

3 

0.00087 27 

3 

0.00001 45 

4 

0.06981 32 

64 

1.11701 07 

124 

2.16420 83 

4 

0.00116 36 

4 

0.00001 94 

5 

0.08726 63 

65 

1.13446 40 

125 

2.18166 16 

6 

0.00145 44 

5 

0.00002 42 

6 

0,10471 98 

66 

1.15191 73 

126 

2.19911 49 

6 

0.00174 53 

6 

0.00002 91 

7 

0.12217 30 

67 

1.16937 06 

127 

2.21656 82 

7 

0.00203 62 

7 

0.00003 39 

8 

0.13962 63 

68 

1.18682 39 

128 

2.23402 14 

8 

0.00232 71 

8 

0.00003 88 

9 

0.15707 96 

69 

1.20427 72 

129 

2.25147 47 

9 

0.00261 80 

9 

0.00004 36 

10 

0.17453 29 

70 

1.22173 05 

130 

2.26892 80 

10 

0.00290 89 

10 

0.00004 85 

II 

0.19198 62 

71 

1.23918 38 

131 

2.28638 13 

II 

0.00319 98 

11 

0.00005 33 

12 

0.20943 95 

72 

1.25663 71 

132 

2.30383 46 

12 

0.00349 07 

12 

0.00005 82 

13 

0.22689 28 

73 

1.27409 04 

133 

2.32128 79 

13 

0.00378 15 

13 

0.00006 30 

14 

0.24434 61 

74 

1.29154 36 

134 

2.33874 12 

14 

0.00407 24 

14 

0.00006 79 

15 

0.26179 94 

75 

1.30899 69 

135 

2.35619 45 

16 

0.00436 33 

16 

0.00007 27 

16 

0.27925 27 

76 

1.32645 02 

136 

2.37364 78 

16 

0.00465 42 

16 

0.00007 76 

17 

0.29670 60 

77 

1.34390 35 

137 

2.39110 11 

17 

0.00494 51 

17 

0.00008 24 

18 

0.31415 93 

78 

1.36135 68 

138 

2.40855 44 

18 

0.00523 60 

18 

0.00008 73 

19 

0.33161 26 

79 

1.37881 01 

139 

2.42600 77 

19 

0.00552 69 

19 

0.00009 21 

20 

0.34906 59 

80 

1.39626 34 

140 

2.44346 10 

20 

0.00581 78 

20 

0.00009 70 

21 

0.36651 91 

81 

1.41371 67 

141 

2.46091 42 

21 

0.00610 87 

21 

0.00010 18 

22 

0.38397 24 

82 

1.43117 00 

142 

2.47836 75 

22 

0.00639 95 

22 

0.00010 67 

23 

0.40142 57 

83 

1.44862 33 

143 

2.49582 08 

23 

0.00669 04 

23 

0.00011 15 

24 

0.41887 90 

84 

1.46607 66 

144 

2.51327 41 

24 

0.00698 13 

24 

0.00011 64 

25 

0.43633 23 

85 

1.48352 99 

145 

2.53072 74 

26 

0.00727 22 

26 

0.00012 12 

26 

0.45378 56 

86 

1.50098 32 

146 

2.54818 07 

26 

0.00756 31 

26 

0.00012 61 

27 

0.47123 89 

87 

1.51843 64 

147 

2.56563 40 

27 

0.00785 40 

27 

0.00013 09 

28 

0.48869 22 

88 

1.53588 97 

148 

2.58308 73 

28 

0.00814 49 

28 

0.00013 57 

29 

0.50614 53 

89 

1.55334 30 

149 

2.60054 06 

29 

0.00843 58 

29 

0.00014 06 

30 

0.52359 88 

90 

1.57079 63 

150 

2.61799 39 

30 

0.00872 66 

SO 

0.00014 54 

31 

0.54105 21 

91 

1.58824 96 

151 

2.63544 72 

31 

0.00901 75 

31 

0.00015 03 

32 

0.55850 54 

92 

1.60570 29 

152 

2.65290 05 

32 

0.00930 84 

32 

0.00015 51 

33 

0.57595 87 

93 

1.62315 62 

153 

2.67035 38 

33 

0.00959 93 

33 

0.00016 00 

34 

0.59341 19 

94 

1.64060 95 

154 

2.68780 70 

34 

0.00989 02 

34 

0.00016 48 

35 

0.61086 52 

95 

1.65806 28 

165 

2.70526 03 

36 

0.01018 11 

35 

0.00016 97 

36 

0.62831 85 

96 

1.67551 61 

156 

2.72271 36 

36 

0.01047 20 

36 

0.00017 45 

37 

0.64577 18 

97 

1.69296 94 

157 

2.74016 69 

37 

0.01076 29 

37 

0.00017 94 

38 

0.66322 51 

98 

1.71042 27 

158 

2.75762 02 

38 

0.01105 38 

38 

0.00018 42 

39 

0.68067 84 

99 

1.72787 60 

159 

2.77507 35 

39 

0.01134 46 

39 

0.00018 91 

40 

0.69813 17 

100 

1.74532 93 

160 

2.79252 68 

40 

0.01163 55 

40 

0.00019 39 

41 

0.71558 50 

101 

1.76278 25 

161 

2.80998 01 

41 

0.01192 64 

41 

0.00019 88 

42 

0.73303 83 

102 

1.78023 58 

162 

2.82743 34 

42 

0.01221 73 

42 

0.00020 36 

43 

0.75049 16 

103 

1.79768 91 

163 

2.84488 67 

43 

0.01250 82 

43 

0.00020 85 

44 

0.76794 49 

104 

1.81514 24 

164 

2.86234 00 

44 

0.01279 91 

44 

0.00021 33 

45 

0.78539 82 

105 

1.83259 57 

165 

2.87979 33 

46 

0.01309 00 

46 

0.00021 82 

46 

0.80285 15 

106 

1.85004 90 

166 

2.89724 66 

46 

0.01338 09 

46 

0.00022 30 

47 

0.82030 47 

107 

1.86750 23 

167 

2.91469 99 

47 

0.01367 17 

47 

0.00022 79 

48 

0.83775 80 

108 

1.88495 56 

168 

2.93215 31 

48 

0.01396 26 

48 

0.00023 27 

49 

0.85521 13 

109 

1.90240 89 

169 

2.94960 64 

49 

0.01425 35 

49 

0.00023 76 

60 

0.87266 46 

no 

1.91986 22 

170 

2.96705 97 

60 

0.01454 44 

60 

0.00024 24 

51 

0.89011 79 

III 

1.93731 55 

171 

2.98451 30 

51 

0.01483 53 

51 

0.00024 73 

32 

0.90757 12 

112 

1.95476 88 

172 

3.00196 63 

52 

0.01512 62 

52 

0.00025 21 

53 

FJ 

0.92502 45 

113 

1.97222 21 

173 

3.01941 96 

53 

0.01541 71 

53 

0.00025 70 

54 

0.94247 78 

114 

1.98967 53 

174 

3.03687 29 

54 

0.01570 80 

54 

0.00026 18 

65 

0.95993 11 

115 

2.00712 86 

175 

3.05432 62 

65 

0.01599 89 

65 

0.00026 66 

56 

Cl 

0.97738 44 

116 

2.02458 19 

176 

3.07177 95 

56 

0.01628 97 

56 

0.00027 15 

57 

to 

0.99483 77 

117 

2.04203 52 

177 

3.08923 28 

57 

0.01656 06 

57 

0.00027 63 

58 

Cft 

1.01229 10 

118 

2.05948 85 

178 

3.10668 61 

58 

0.01687 15 

58 

0.00028 12 

59 

1.02974 43 

119 

2.07694 18 

179 

3.12413 94 

59 

0.01716 24 

59 

0.00028 60 

60 

1.04719 76 

120 

2.09439 51 

180 

3.14159 27 

60 

0.01745 33 

60 

0.00029 09 

_ _ 



Degrees 


1 

Minutes | 


Seconds 
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TABLE V. HAVERSINES 



20 ' 


30 ' 



g l hav |n hav| l hav |n hav| l hav |n hav| l hav |n hav| l hav ]n hav| l hav |n hav 
E Obtain characteristic of 1 hav by inspection of n hav 

O 















8817 

4837 

8358 

0856 


2794 

4376 

5714 

6872 

7893 


8806 

9631 

0385 

1077 

1718 


2314 

2871 

3394 

3887 

4352 


4793 

5213 

5612 

5993 

6358 


6707 

7042 

7364 

7674 

7972 

8260 

8538 

8807 

9067 

9319 


9563 

9800 

0030 

0253 

0470 


0681 

0887 

1087 

1282 

1472 

1657 

1838 

2014 

2186 

2355 


2519 

2680 

2837 

2991 

3141 


3288 

3432 

3573 

3711 

3847 


00 
01 
03 
07 
12 

0019 

0027 

0037 

0049 

0062 


3254 

0156 

5532 

8828 

1211 


3078 

4614 

5918 

7051 

8052 



0020 

0029 

0039 

0051 

0064 



0128 
01491 1820 



0272 


0302 

0332 

0364 

0397 

0432 


0468 

0606 

0545 

0685 

0627 


0670 

0714 

0760 

0807 

0865 


0904 

0955 

1007 

1060 

1114 


4865 

5281 

5677 

6055 

6417 


6764 

7096 

7416 

7724 

8021 


8307 

8583 

8851 

9109 

9360 


9603 

9838 

0067 

0289 

0505 


0131 

0162 


174 
198 
223 
249 
0277 


0307 

0337 

0370 

0403 

0438 


0476 

0612 

0552 

0592 

0634 


677 
722 
767 
0815 
0863 


913 
963 
016 
1069 
1123 


wt 


I 


3354 

4845 

6117 

7226 

8208 


9090 

9890 

0622 

1296 

1921 


2504 

3049 

3561 

4045 

4502 


4935 

5348 

5741 

6116 

6476 


6820 

7150 

7468 

7774 

8069 


8354 

8629 

8894 

9152 

9401 


9643 

9877 

0105 

0326 

0541 



1343 

1403 


1464 

1627 

1690 

1664 

1720 


1786 

1863 

1922 

1991 

2061 

2132 

2204 

2277 

2350 

2425 


1314 

1503 


1687 

1867 

2043 

2215 

2382 


2546 

2706 

2863 

3016 

3166 



3734 

38o9 


1363 

1413 


1476 

1637 

1601 

1666 

1731 

1797 

1865 

1933 

2003 

2073 


2144 

2216 

2289 

2363 

2437 


1345 

1534 



2243 

2410 


2573 

2732 

2888 

3041 

3190 


0022 

0031 

0041 

0053 

0066 


0081 

0097 

0116 

0135 

0166 


0178 

0202 

0227 

0264 

0282 

0312 

0343 

0376 

0409 

0444 

0481 

0519 

0668 

0599 

0641 

0684 

0729 

0776 

0823 

0871 

0921 

0972 

1024 

1078 

1133 

1189 

1246 

1304 

1363 

1424 

1486 

1648 

1611 

1676 

1742 

1808 

1876 

1946 

2014 

2086 


3021 

5071 

6312 

7397 

8361 


9229 

0016 

0738 

1404 

2021 


2597 

3137 

3644 

4123 

4576 


5006 

5415 

5805 

6177 

6534 


6876 

7204 

7520 

7824 

8117 


8400 

8673 

8938 

9194 

9442 


96S2 

9915 

0142 

0362 

0576 


0784 

0987 

1185 

1377 

1565 

1748 

1926 

2101 

2271 

2437 




2376 

2460 


3066 

3215 


3361 

3503 

3643 

3779 

3913 


0023 

0032 

0043 

0066 

0069 


0084 

0100 

0119 

0138 

0169 

0182 

0206 

0231 

0258 

0287 

0317 

0348 

0381 

0416 

0460 

0487 

0626 

0666 

0606 

0648 

0692 

0737 

0783 

0831 

0879 

0929 

0981 

1033 

1087 

1142 

1198 

1256 

1314 

1373 

1434 

1496 

1658 

1622 

1687 

1763 

1820 

1887 

1966 

2026 

2096 


5295 

3254 

7336 

0101 

2195 


3880 

5290 

6503 

7566 

8512 


9365 

0141 

0852 

1510 

2120 


2689 

3223 

3726 

4200 

4649 


5075 

5481 

5868 

6238 

6592 


6932 

7258 

7572 

7874 

3165 



9236 

9482 


9721 

9954 

0179 

0398 

0611 


0819 



1409 

1596 



2299 

2465 



0000 

0002 

0006 

0010 

0017 

0024 

0034 

0046 

0067 

0071 

0086 

0103 

0122 

0142 

0163 

0186 

0210 

0236 

0263 

0292 

0322 

0363 

0386 

0421 

0466 

0493 

0632 

0672 

0613 

0666 

0699 

0744 

0791 

0839 

0888 

0938 

0989 

1042 

1096 

1161 

1207 

1266 

1323 

1383 

1444 

1606 

1669 

1633 

1698 

176 

1831 

1899 

1968 

203 

2108 


7233 

4081 

7862 

0487 

2499 

4132 

5504 

6689 

7731 

8660 


9499 

0264 

0966 

1614 

2217 


2781 

3309 

3807 

4276 

4721 


5144 

5547 

5931 

6298 

6650 



0089 

0106 

0126 

0146 

0167 



0268 

0297 



7923 

8213 



9277 

9523 


9761 

9992 

0216 

0434 

0646 


0853 

1054 

1249 

1440 

1626 



2327 

2492 


2653 

2811 

2965 

3116 

3264 



2388 

2462 


3384 

3527 

3666 

3802 

3935 



2400 3824 
2476 3957 










































































































































TABLE V. HAVERSINES 



lhav n hav 

9 . 


60 3979 

61 4109 

62 4237 

63 4362 

64 4484 


4604 

4722 

4838 

4951 

5063 


5172 

5279 

5384 

5488 

5589 


5689 

5787 

5883 

5977 

6070 



2808 


2887 

2966 

3046 

3127 

3208 







4046 


4132 

4218 

4304 

4391 

4477 



K1 

71 

yi 

7T*1 

ST31 


6594 

6676 

6756 

6835 

6913 


6990 
7065 
7139 
7211 
94| 7283 


7353 

7421 

7489 

7556 

7621 


7685 
7748 
7810 
, 7871 
104| 7931 


7989 

8047 

8104 

8159 

8214 


110| 8267 
8320 
8371 
, 8422 
114 8472 



4738 

4826 

4913 


5 



6436 

6523 

6609 




6868 

5964 

6040 

6125 

6210 


6294 

6378 

6462 

6546 

6628 




l hav 


4001 

4131 

4258 

4382 

4504 


4624 

4742 

4857 

4970 

5081 


5190 

5297 

5402 

5505 

5606 


5705 

5803 

5899 

5993 

6086 


6176 

6266 

6353 

6440 

6524 


6607 

6689 

6770 

6848 

6926 


7002 

7077 

7151 

7223 

7294 


7364 

7433 

7500 

7567 

7632 


7696 

7759 

7820 

7881 

7940 


7999 

8056 

8113 

8168 

8223 


8276 

8329 

8380 

8430 

8480 



lhav n hav l hav 

9 . 9 . 



I hav n hav lhav 

9 . 9 . 


2513 

2589 

2665 

2743 

2821 


2900 

2980 

3060 

3140 

3222 


3304 

3386 

3469 

3552 

3636 


3720 

3805 

3889 

3976 

4060 


4146 

4232 

4319 

4405 

4492 



4023 

4152 

4279 

4403 

4524 


4644 

4761 

4876 

4989 

5099 


5208 

5314 

5419 

5522 

5623 


5722 

5819 

5915 

6009 

6101 


0101 

6280 

6368 

6454 

6538 


6621 

6703 

6783 

6862 

6939 



2678 

2766 

2834 


2913 

2993 

3073 

3164 

3236 


3317 

3400 

3483 

3666 

3650 


3734 

3819 

3904 

3989 

4076 


4160 

4247 

4333 

4420 

4606 


4045 

4173 

4300 

4423 

4545 


4664 

4780 

4895 

5007 

5117 


2538 

2614 

2691 

2769 

2847 


2927 

3006 

3087 

3167 

3249 


4U66 

4195 

4320 

4444 

4565 


4683 

4799 

4914 

5026 

5136 



3100 

3181 

3263 




4767 

4855 

4942 


6016 

6102 

5189 

5276 

5363 



7376 

7444 

7511 

7577 

7642 



6378 


5466 


6638 

6726 

5811 


6897 

6983 

6068 

6153 

6238 


5738 

5835 

5930 

6024 

6116 


6206 

6295 

6382 

6468 

6552 


6635 

6716 

6796 

6875 

6952 


7027 

7102 

7175 

7247 

7318 


7387 

7455 

7523 

7588 

7653 


7717 

7779 

7841 

7901 

7960 


3748 

3833 

3918 

4003 

4089 



4434 

4621 


460 



5754 

5851 

5946 

6039 

6131 


6221 

6310 

6397 

6482 

6566 


6648 

6730 

6809 

6887 

6964 


7040 


3762 

3847 

3932 

4017 

4103 



5392 



4448 

4636 


4622 

4709 

4796 

4884 

4971 


6068 

6146 

6233 

5320 

6407 


4088 

4216 

4341 

4464 

4584 


4703 

4819 

4932 

5044 

5154 


5261 

5367 

5471 

5572 

5672 


5771 

5867 

5962 

6055 

6146 


6236 

6324 

6411 

6496 

65S0 


6662 

6743 

6822 

6900 

6977 


4463 

4560 



6739 

5826 


7399 

7467 

7534 

7599 

7664 



6167 

6262 


6967 

7047 



8537 

8584 

8631 

8676 

8721 



7386 

7462 


7970 


8028 

8085 

8141 

8196 

8250 


8302 

8354 

8405 

8455 

850-1 


8553 

8600 

8646 

8691 

8736 




6360 


6927 

7007 

7087 


7410 

7478 

7545 

7610 

7674 


7738 

7800 

7861 

7921 

7980 


8037 

8094 

8150 

8205 

8258 


8311 

8363 

8414 

8464 

8513 


8561 

8608 

8654 

8699 

8743 


6696 


677 

686 

694 

702 


117 















































































































































































































TABLE V. HAVERSINES 



20 ' 


30 ' 



120 8751 

121 8794 

122 8836 

123 8878 

124 8919 



9146 
9 ISO 
9215 
9248 
9281 


9312 

9343 

9374 

9403 

9432 


7600 

7676 

7660 

7723 

7796 

7868 

7939 

8009 

8078 

8147 

8214 

8280 

8346 

8410 

8473 

8636 

8697 

8667 

8716 

8774 


l liav n hav l hav n hav l hav in hav l hav 'n ha 

9 . 9 . 9 . 9 . 



mmm. 




9487 

9513 

9539 

9564 


9588 

9612 

9635 

9657 

9678 


9699 

9719 

9738 

9757 

9774 


9792 

9S08 

9824 

9839 

9853 


8886 

8940 

8993 

9046 

9096 

9146 

9193 

9240 

9286 

9330 

9373 

9416 

9466 

9494 

9632 

9668 

9603 

9636 

9668 


9698 

9728 

9766 


0004 

9042 

9079 

0116 

9151 

9186 

9220 

9253 

9286 

9318 

9348 

9379 

9408 

9436 


9464 

9491 

9518 

9543 

9568 


9592 

9616 

9638 

9660 

9682 


9702 

9722 

9741 

9760 

9777 


9794 

9811 

9826 

9841 

9S56 


8 

8 


8226 

8291 

8366 

8421 

8484 

8646 

8607 

8667 

8726 

8783 

8840 

8896 

8949 

9002 

9064 

9104 

9163 

9201 

9248 

9293 



9608 

9641 

9673 


■ HI 

jBEll: IS!. 

•W»H 

• MJilJ 





9992 

9995 

9997 

9999 

9999 

0000 


9981 

9988 

9993 

9997 

9999 

0000 


9974 

9980 

9985 

9989 


9992 

9995 

9997 

9999 

9999 


8765 
88081 
8850 
8892 
89321 

8972 

9010 

9048 

9085 

9122 


9157 

9192 

9226 

9259 

9291 

9323 

9353 

9383 

9413 

9441 


9469 

9496 

9522 

9548 

9572 


9596 

9620 

9642 

9664 

9685 


9706 

9725 

9744 

9763 

9780 


9797 

9813 

9829 

9844 

9858 


9871 

9884 

9896 

9908 

9919 


9929 

9938 

9947 

9955 

9962 



7626 

7000 

7674 

7748 

7820 

7892 

7962 

8032 

8101 

8169 


8236 

8302 

8367 

8431 

8494 

8666 

8617 

8677 

8736 

8793 

8849 

8904 

8968 

9011 

9062 


9112 

9161 

9209 

9266 

9301 


9346 

9387 

9428 

9468 

9607 

9644 

9679 

9614 

9647 

9678 


9708 

9737 

9764 

9790 

9814 


9837 

9868 

9878 

9897 

9914 


9929 

9943 

9966 

9966 


9982 

9989 

9994 

9997 

9999 


9993 

9996 

9998 

9999 
0000 



8772 

8S15 

8857 

8898 

8939 

897S 
9017 
9055 
9092 
9128 

9163 

9198 

9231 

9264 

j)297 

9328 

9359 

9388 

9417 

9446 

9473 

9500 

9526 

9552 

9576 


9600 

9623 

9646 

9668 


9709 

9729 

9747 

9766 

97S3 


9800 

9816 

9831 

9846 

9860 


9874 

9886 

9898 

9910 

9920 


9930 

9940 

9948 

9956 

9963 


9970 

9976 

9981 

99S6 

9990 


9993 

9996 

9998 

9999 
0000 


7638 

7612 

7686 

7760 

7832 

7904 

7974 

8044 

8113 

8180 

8247 

8313 

8378 

8442 

8606 

8666 

8627 

8686 

8746 

8802 

8868 

8913 

8967 

9019 

9071 



9362 
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